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Foreword

Integral transformations have traditionally become essential working tools for engi-
neers and various other applied scientists. The Laplace transform, which undoubtedly
is the most familiar and classical example of integral transformations, provides one
of the basic (and most frequently used) tools in the solution of initial-value problems
involving differential equations (and indeed also various families of Volterra integral
equations of convolution type). The Fourier transform, while being suitable for solv-
ing boundary-value problems, is of fundamental importance in many areas of applied
mathematics including, for example, the frequency spectrum analysis of time-varying
wave forms. Although the aforementioned Laplace and Fourier transforms are by far
the most widely (and effectively) used among all classical integral transforms, yet
there are numerous other integral transformations which also have been used success-
fully in the solution of various boundary-value problems and in sundry other applica-
tions. One may include in this category such important integral transformations as
the Mellin, Hankel, Stieltjes, Hilbert, Weierstrass, finite and discrete transforms.

The so-called Index Transforms are integral transformations whose kernels de-
pend upon some of the indices (or parameters) of the special functions which are
involved in them. The special functions associated with such integral transforma-
tions are, in general, of hypergeometric type. Indeed the Gaussian hypergeometric
function:
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and (), denotes the Pochhammer symbol defined, in terms of Gamma functions,
by
1“(A+n)_{ 1 (n =0)

T~ WAQ+D--(dn=1)  (neNi={1,2,3,}),
have had a remarkably long and celebrated history. Furthermore, in Geometric Func-

tion Theory, which is the study of the relationship between the analytic properties
of a given function f(z) and the geometric properties of the image domain:

D= f(u)v

(M =

it is an extremely difficult open problem to find a (useful) set of conditions on the
coeflicients a, (n € Ng := NU {0}) that are both necessary and sufficient for the
function f(z) normalized by

f(z)=z+z-:2a,,z"

to be in the class S of (normalized) analytic and univalent functions in the open
unit disk #. One of the several partial results in connection with this problem is
provided by Louis de Branges’ theorem of 1984, which asserts the truth of the Milin
conjecture of 1971 and which implies the Robertson conjecture of 1936 and
indeed also the famous Bieberbach conjecture of 1916:

fz)eS=la<n  (n=23,4,--),

where the equality holds true for all integers n > 2 only if
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K4(z) being a rotation of the Koebe function:

(o]
z
K(z) = Ko(2) := Z_:l nz" = =
The key ingredients in de Branges’ proof of the Milin conjecture, and hence also
of the Robertson conjecture and the Bieberbach conjecture, include Léwner’s differ-
ential equation and a certain nonnegativity result which may readily be put in the
generalized hypergeometric form:

A +2)n F, —n, A+n+2, j(A+1);
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(0<z<l; A>-2; neN).

It should be remarked in passing that the theory of special functions (and, especially,
the generalized hypergeometric functions) has so far remained unavoidable in proving
the aforementioned conjectures of far-reaching consequences in Geometric Function
Theory. All these relatively recent developments in an area other, of course, than
the so-called traditional areas of applications of generalized hypergeometric functions
have naturally provided a new impetus for the study of the generalized hypergeometric
functions, especially in connection with various subclasses of analytic functions. The
present work: Index Transforms, on the other hand, aims at studying some of these
special functions when their indices or parameters happen to be the vital components
of the kernels K(s,t) of the integral transforms under consideration.

Some of the main index transformations, which are considered in this book, include
(i) the Kontorovich-Lebedev transform for which

K(S,t) = Kis(t) (S > 0)

in terms of the modified Bessel function of the third kind (popularly known as the
Macdonald function); (ii) the Mehler-Fock transform for which

K(s,t) = m \/g_ Pos(t) (=00 <s <o)

in terms of the familiar Legendre function; and (iii) the Lebedev-Skalskaya trans-
forms for which

K(s,t) = % cosh (g) {7;} KiW(t)  (s>0),

where, for convenience,
{R } K, = Kiyi {£} Ky, ,
I 2 9 { : }

again in terms of the Macdonald function. This book also systematically presents
the L,-theory of each of the aforementioned index transformations, and indeed also
of numerous such generalizations of these index transformations as those whose ker-
nels K(s,t) involve the Gaussian and generalized hypergeometric functions, Meijer’s
G-function, and Fox’s H-function. It should be recalled that the last two classes of
higher transcendental functions (together, of course, with MacRobert’s E-function)
stemmed essentially from an attempt to give a meaning to the hypergeometric sym-
bol ,F, when p > g + 1. And the H-function encompasses, as its special or limit
cases, most (if not all) of the commonly used special functions of one variable and
their numerous extensions and generalizations studied in the mathematical literature
from time to time. Various multivariable generalizations of the H-function have also
received considerable attention in recent years.

The following books are among those that have appeared recently on the subject
of integral transforms and related topics:
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1. Yu. A. Brychkov, H.-J. Glaeske, A.P. Prudnikov, and Vu Kim Tuan, Mult:-
dimensional Integral Transformations, Gordon and Breach Science Pub-
lishers, Philadelphia, Reading, Paris, Montreux, Tokyo, and Melbourne, 1992;

2. Nguyen Thanh Hai and S.B. Yakubovich, The Double Mellin-Barnes Type
Integrals and Their Applications to Convolution Theory, World Sci-
entific Publishing Company, Singapore, New Jersey, London, and Hong Kong,
1992;

3. H.M. Srivastava and R.G. Buschman, Theory and Applications of Con-
volution Integral Equations, Mathematics and Its Applications 79, Kluwer
Academic Publishers, Dordrecht, Boston, and London, 1992.

4. Semen B. Yakubovich and Yurii F. Luchko, The Hypergeometric Approach
to Integral Transforms and Convolutions, Mathematics and Its Applica-
tions 287, Kluwer Academic Publishers, Dordrecht, Boston, and London, 1994.

Two of these works were co-authored by Dr. Semen B. Yakubovich himself; Srivastava
and Buschman (1992) consider essentially convolution integral equations with special
function kernes; and Brychkov et al. (1992) deal mainly with the multidimensional
analogues and extensions of integral transformations. The aforementioned work of
Yakubovich and Luchko (1994) is undoubtedly most relevant to the subject-matter
of the present book. Each of these recent works [and, especially, Yakubovich and
Luchko (1994)] has been found to be a useful addition to the existing literature on
integral transformations and related topics. And it is my sincere hope that Index
Transforms will prove to be at least as successful as its predecessors listed above.

In conclusion, I am happy to recommend this state-of-the-art presentation of
index transformations to all those graduate students and researchers (and other users
of mathematics) in the fields of mathematical, physical, astrophysical, statistical, and
engineering sciences who may find the various mathematical tools developed in Index
Transforms to be potentially applicable in their works.

H.M. Srivastava
University of Victoria
Canada

June 1995
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Preface

This book is intended as an attempt to give a systematic investigation of the
integral transforms whose kernels depend from the index or parameter of special
functions. At first as is known the most familiar transforms are the Fourier, the
Laplace and the Mellin integral transforms. However, as is shown in this volume these
operators by their composition properties can generate other integral transforms. In
particular, compositions with simple arguments generated the Mellin and the Laplace
convolution type transforms (the Hankel, Stieltjes, Hilbert, Weierstrass, sine and
cosine Fourier transforms, Meijer transform etc.) We refer the reader on this matter
to the wide list of citations in the bibliography.

The key transforms considered here are the Kontorovich-Lebedev and the Mehler-
Fock integral transforms whose kernels are correspondingly either the modified Bessel
function of the third kind of the pure imaginary index (the Macdonald function) or
the associated Legendre function of the first kind. As it was established these trans-
forms involve compositions of the above mentioned operators of convolution type with
functional argument in general case. Furthermore, a special kind of integration is real-
ized within the inversion formulae for the Kontorovich-Lebedev and the Mehler-Fock
transforms. Precisely speaking it contains the integration with respect to an index
of the special functions noted above. Such integral operators are known as index
transforms and the L,-theory of theirs has been developed in this book. Considering
special functions of hypergeometric type whose Mellin transform is the ratio of prod-
ucts of Euler’s gamma-functions we generalized the Kontorovich-Lebedev and the
Mehler-Fock transforms for other kernels. Thus we obtained the Olevskii  F}-index
transform with Gauss’s hypergeometric function as the kernel, the Lebedev-Skalskaya
index transform with either a real or an imaginary part of an arbitrary complex index
of the Macdonald function, Lebedev’s index transform with the square of the Macdon-
ald function, the Wimp-Yakubovich index transform by index of Meijer’s G-function
and Fox’s H-function. The hypergeometric structure of special functions considered
in this book and the Mellin transform technique allows us to introduce index trans-
forms with arbitrary kernels like Watson transforms concerning Mellin convolution
type operators. These objects are discussed in detail in the present volume.

The organization of materials is as follows. In Chapter 1 we give some prelim-
inary notions of the L,-theory of the Lebesgue integral and various properties of
the hypergeometric type special functions. Also included are the important Fubini
and Lebesgue theorems, the weighted Holder inequalities, elements of the theory of
the Mellin-Barnes integrals and the Slater theorem, Meijer’s G-function and Fox’s

xi



xii Index Transforms

H-function and their particular cases. We completed the material of Chapter 1
by asymptotic behavior of special functions as well as by argument and by index.
Elements of the theory of the Mellin convolution type transforms are given too.

Chapter 2 deals with the L,-properties of the Kontorovich-Lebedev transform.
The mapping properties in the weighted Lebesgue spaces and inversion formula are
established. Special case of the Hilbert space is considered and the Parseval equality
is obtained. With the aid of familiar Laplace convolution the respective convolution
Hilbert space is introduced, and another method of inversion of the Kontorovich-
Lebedev transform is demonstrated. Finally, the index-convolution Kontorovich-
Lebedev operator is discussed as mapping from the Lebesgue space of functions of
one variable into the two-dimensional Lebesgue weighted L,-space.

Similar questions are considered for the Mehler-Fock index transform in
Chapter 3. We give various methods of its inversion including the use of the com-
position representation of the Mehler-Fock transform by means of the Kontorovich-
Lebedev transform and the Hankel transform.

Very important objects are exhibited in Chapter 4. We introduced so-called con-
volution of the Kontorovich-Lebedev transform that contains the double integral with
the symmetric exponential kernel and has remarkable operational properties. Several
useful estimates are proved for this convolution in power-weighted L, ,-spaces. The
corresponding Parseval equality and the factorization property are established. The
convolution Hilbert space is considered and applied for inversion of the Kontorovich-
Lebedev transform. Some integral equations of convolution type are demonstrated
and their solutions are discussed by using the theory of Banach algebras in commu-
tative normed rings.

In Chapter 5, the extension of the Kontorovich-Lebedev and the Mehler-Fock
transforms on the complex domain is given. Furthermore, the identifications of images
in the analogs of the Bergman-Selberg and Szegd Hilbert spaces are presented with
using the theory of reproducing kernels. In addition, the analogs of the Paley-Wiener
theorem for the Kontorovich-Lebedev type index transforms are established. More
general L,-cases of the Hardy spaces are considered too. This chapter contains general
index transforms that are constructed and inverted by means of their Mellin-Barnes
integral representations and using the Mellin transform L,-theory. As examples some
known and new pairs of the index transforms are presented. This material includes
composition theorems for these transforms and their inversions. The corresponding
kernels are explicitly calculated in terms of hypergeometric functions.

The series of examples of the index transforms is continued in Chapters 6-7. We
considered so-called Lebedev-Skalskaya type operators and comprised some cases of
index transforms with hypergeometric functions of ,F,-type as well as kernels that
involve combinations of the cylindrical functions.

Furthermore, in the final chapter we announce that our composition approach can
be spread on the essentially multidimensional Kontorovich-Lebedev transform. This
index transform one can represent as a composition of the multidimensional Fourier
transform and some modification of the multidimensional Laplace transform.

For the sake of convenience the author index, the subject index and notations are
given at the end of the book.
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Chapter 1

Preliminaries

This chapter is very important for our considerations throughout this book. We
present various notions and statements known in mathematical analysis, namely in
topics of hypergeometric type functions and Mellin convolution type integrals which
are repeatedly used to construct the index transforms theory.

1.1 The spaces L, and L,(p)

We assume that the reader is familiar with Lebesgue measurability of functions
and the Lebesgue integral. Let @ = [a,b], —00 < a < b < co. We denote by
L, = L,(Q) the set of all Lebesgue measurable functions f(z), complex valued in
general for which [, | f(z)|Pdz < oo, where 1 < p < co. In case Q = [—00, o] we shall
denote it by R and for @ = [0, 00] let us put & = R,. We set

1Fllor = ([ paz) ™ (1)

If p = oo the space L,(R2) is defined as the set of all measurable functions with a
finite norm

1f Loy = esssup|f(z)], (1.2)
T€EQ

where esssup|f(z)| is an essential maximum of the function |f(z)|-see details in
Kolmogorov and Fomin [1].

Everywhere below assume that 1 < p < co. As usual two equivalent functions,
i.e. differing on a set of zero measure, are considered to be equal to one element of
the space L,(2). That is, they are not distinguished as elements of this space.

For norms (1.1) and (1.2) we shall also use notations

A1l = 11 f1lz, = lIf1lzyc0)- (1.3)

Sometimes we shall use the notation L,(y — ¢00, 7y +i00), when the set Q is a vertical
straight line at complex plain s, Rs = +, where by sign "Rs” we denote a real part
of complex variable s.



2 Index Transforms

We use very often the notation [y f(z)dz to denote that the integral exists in some
sense or other. For instance, we mean the Lebesgue integral of f(z) over § in the
strict sense, implying that the integral is absolutely convergent, i.e [, |f(z)|dz < oco.
If for example, f(z) is integrable over [1/E, E] for every E > 0 that we denote by

/0 ” f(z)dz = Jim /1 fE f(2)dz, (1.4)

meaning that limit (1.4) exists and we call such integral as improper one.
By

1im.peeo /1 fE F(z,t)dt (1.5)

(limit in mean or L,-sense) we denote a function ¢(z) such that

E
lim || — / d
EI_{I;O' ©= Js f(z,t)dt
p
E P 1/p
= Ii / —/ At dz) =o. 1.6
jim ([ |o@) - [ 00 o2) (16)
Let us give some properties of the spaces L,:
a) The Minkowski inequality
ILf + gllzoc@) < UFllzpc) + llgllzya), (1.7)

so that L,(f) is a normed space. It is also known that L,({2) is a complete space;
b) The Holder inequality

[ 1 @)9(@)ldz < M flyallgllzge, @ =p/p=1), (18)

where f(z) € Ly(R), g(z) € Ly(2). Index g, which is connected with p by the relation

1 1
S+-=1, 1.9
. (1.9)
is called conjugate to p. We note that (1.8) is true if 1 < p < oo(g = 0o, if p = 1, and
g=1,if p = o0);

c) the Fubini theorem which allows us to interchange the order of integration in
iterated integrals:

Theorem 1.1. Let 2 = [a,b],922 =[c,d],—co <a< b< 0o, —c0<c<d< o0,
and let f(z,y) be a measurable function defined on Q) x Q,. If at least one of the
integrals

/m dz /92 f(z,y)dy, /m dy/ﬂ‘ f(z,y)dz, //n,xn, f(z,y)dzdy,
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is absolutely convergent then they coincide.
The generalized Minkowsk: inequality

(f, 2 V< [a(f veore)". )

adjoining the Fubini theorem is also true;
d) the property of mean continuity for functions in L,.

o, f(z,y)dy

Lemma 1.1.Let f(z) € Lpy(R),1 < p < co. Then

/Qlf(z +h) = f(z)|Pds — 0 (1.11)

as h — 0, the function f(z) is continued by zero for z + h ¢ Q;

e) let C§°(Q) be the space of all infinitely differentiable functions finite on Q.
Finiteness on 2 means that f(z) = 0 in the neighborhood of the end-points z = a
and z = b of the set @ = [a,b],—00 < @ < b < 0o0. The space C(R) is dense in
LP(Q)) 1<p<oo;

f) the so-called Lebesgue dominated convergence theorem on passage to a limit
under the integral sign:

Theorem 1.2. Let the function f(z,h) have summable majorant: |f(z,h)| <
F(z), where F(z) does not depend on the parameter h and F(z) € L,(Q). If
limy, o f(z,h) exists for almost all z, then

lim /ﬂ f(z,h)dz = /n lim £(z, h)dz. (1.12)

The proof of the above properties can be found for example in the book by
Kolmogorov and Fomin [1]. We shall use also the following statement.

Theorem 1.3. Let K(t) € L;(R) and fg K(t)dt = 1. Then the averaging

" K©f(e -~ ethae = % [ (é) (o —t)dt (1.13)

of the function f(z) € L,(R), 1 < p < oo, converges to f(z) ase — 0 in L,(R)-norm.
Moreover, if | K ()| < A(|t]), where A(r) € Li(R+), and monotonically decreases then
averaging (1.13) converges to f(z) almost everywhere.

The proof of this theorem see, for example, in the book by Bochner [1]. In
particular, the known Poisson kernel

1

)= = (1.14)
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satisfies the above theorem and moreover it is not difficult to establish the following
analog of Theorem 1.3 which is also worth mentioning.

Theorem 1.4. Let the function M(z,t,e) be bounded uniformly as the function
of three variables z > 0,t € R, e > 0 and lim,_,o4 M(z,t,€) = 1. Then the averaging

L(z) = % [ °1°/¢ M—(’%fitl (1 + et))dt (1.15)

of the function f(z) € Ly(R4), 1 < p < oo, converges to f(z) ase — 0 in L,(R4)-
norm. In addition, averaging (1.15) converges to f(z) almost everywhere.

Proof. Indeed, invoking with generalized Minkowski inequality (1.10) and condi-
tions of this theorem we have the estimate

(1+et)

@ leyr) <€ [ S50+ ez,

o (14 |t])-1r
< C”f”L,,(R_,)/_°° %dt < oo, (1.16)

where C' > 0 is an absolute constant and the last integral is convergent due to the
range of exponent p. Hence in view of Lebesgue’s dominated Theorem 1.2 we obtain

/°° dt
—o 1241
x [f(z) — M(z,t,€)(1+ et) H(1 + et) f(z(1 + )| 1 r,)

1 o dt
5'7?/_°ot2+1”f(z)

1) ~ L@y = -

—M(z,t,e)(1+et)H(1 +et) f(z(1 + et))l| m,) = 0+, €—0+. (1.17)

Here by H(t) we denoted the Heaviside function H(t) =1, t >0, H(t) =0, ¢t <O0.
Convergence almost everywhere follows from Theorem 1.3 by properties of the Poisson
kernel (1.14). Theorem 1.4 is proved. o

Let us define now the weighted L,-space L,(p).

Definition 1.1. Let p(z) be a nonnegative function. Denote by L,(p) = Ly(;p)
the space of functions f(z), measurable on Q for which

Wl = ([, @I se)az) " < o (118
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We shall deal below on the whole with power-exponential weights. Especially note

here the case when p(z) = 2"»~!, z € R,4,v € R. This weighted L,-space we shall
denote by L, ,(R4) with norm

00 dz i/p
”f“Lv,p(RI») = (]0 |sz(z)|P?) < oo. (1.19)
The space L,(p) is a Banach one in view of the isometry

£ Lyor = 110 ? fllLyc)- (1.20)

From (1.8) owing to (1.20) an analog of the Hélder inequality for weighted spaces
follows

S @e@ldz <l1fllzyollollzgnn, 1< p<oo. (1.21)

Lastly we give the following Banach theorem.

Theorem 1.5. Let A and B be linear bounded operators in a Banach space X.
If Ap = By for ¢ in the set which is dense in X, then Ap = By for all p € X.

1.2 Special functions of the hypergeometric type

Here we give elements of theory of special functions of the hypergeometric type,
mentioning various integral and series representations and asymptotic properties.
More detailed information can be found in the books by Erdélyi et al. [1], Marichev
[1], Prudnikov et al. [1-5] and Olver [1].

A. Gamma-function I'(z). The Euler integral of the second kind
I'(z) = /ow ez 'z, R2> 0 (1.22)

is called the gamma-function. It is obviously absolutely convergent for all z € C for
which Rz > 0 and uniformly convergent by t € R,z = Rz+it. Here z°~1 = ¢(+-Dlos=,
From the relation (1.22) one can derive the fact that the gamma-function is an analytic
function in the half-plane Rz > 0 (see Erdélyi et al. [1]). The gamma-function is
extended to the half-plane Rz < 0, z # 0, —1, —2, ... by analytic continuation of this
integral. Namely, the reduction formula

I(z+1) =zl(2), Rz >0, (1.23)



6 Index Transforms

obtained from relation (1.22) by integration by parts, yields the equality

T'(z+n)
2(z+1)(z+2)...(z+n-1)

I(z) = (1.24)

Rz>-n,n=12..., 2#0,-1,...,

which allows to carry out the analytic continuation into the half-plane Rz > —n
for any n. The other method of analytic continuation is based on the Euler-Gauss

formula -
nln

=l -1,-2,... 1.25

M) = Jim oy aany 2707072 (1:29)

which can be obtained from relation (1.22). The following useful estimate

IT(2)| < |T(R2)| (1.26)

is a consequence of formula (1.25) (see Olver [1]). It follows from relation (1.24)
that the function I'(z) is analytic everywhere in the complex plane except z =
0,—1,—2,..., where it has simple poles and is represented by the formula

I‘(z)=ld((:—]:2kk)[l+0(z+k)],z—»——k,k=0,1,2,.... (1.27)
Here and everywhere in the book, the equality f(z) = O(g(z)), z — a means |£((g| <
M < oo as |z — a| < e. The relation f(z) = o(g(z)), z — a means that lim ﬁ((% =0
and the equivalence f(z) = g(z), z — a means that 11_13 'gﬂ(g = 1. From representation
(1.27), we have
o

Kt
We formulate some other properties of the gamma-function now:
a) supplement formula

res,=_['(2) = =0,1,2,.... (1.28)

P(z)T(1-2) = Sn(mz) (1.29)
b) Gauss-Legendre formula
nz-l n-1
I(nz) = Py IIr ( ) n=23,...; (1.30)
(2m)" 7 k=0

c) Weierstrass formula

—I‘(l_z) = ze"* ﬁ ((1 + %) e"/k) , (1.31)

k=1

where v = lim ( > L —log n) is Euler’s constant;

m=1
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d) asymptotic Stirling’s formula
['(z)=Vv2r z ket [1+0(1/z2)], |arg(z)] < 7, |z| = o0 (1.32)
and its corollary

ID(z + iy)| = V2rly|*~5e=W2 [1 4 0(1/y)], ly| — oo, (1.33)
which related to the first formula of Binet

logT(2) =(z —1/2)logz — z + —;—log(%r)

- ( ! —) w, we>o. (1.34)
t 1—et) t
We introduce here for further convenience Slater’s notation ( see Slater [1], Mari-
chev [1])
..., T'(a4)...T ()
r P } =P 1.35
[ﬁl,...,ﬁq T(B1).---T(By) (1.35)
B. Pochhammer symbol (z), with integer n is defined by the equality
I'(z+n)
2)y = +k (1.36)
(= 5L =TT+ ).

From relation (1.36) and properties of gamma-function we obtain the following
formulae

(1), =nl, (1.37)
(1=n-=2), =(-1)"(2)n, (1.38)
_ (=D
(2)-n = a=a (1.39)
(2)2n = 47(2/2)a((1 + 2)/2)n, (1.40)
=y
—n)= . 1.41
M= n) = oy () (L41)
C. Euler integral of the first kind
1
B(s,t) = /0 2711 = 2)"ldz, Rs > 0, Rt >0 (1.42)
is called the beta-function. It is related to the gamma-function by the formula
L(s)L'(t)
= . 1.42)
B(s.0) = 731 (142)

Using representation (1.42)', obtain the following useful relations

B(s,t) = dz, Rs >0, Nt >0, (1.43)

00 CI)"-I
/o (14 z)s+t
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|B(s,1)] < B(Rs,Rt), Rs >0, Rt > 0. (1.44)

D. The generalized hypergeometric function ,Fy(z) is defined as a sum of
the series

a)p; | _ Ay - ., Gp;
pFal(a)p; (B)g; 2] =, F, ((b;:; z] =,F, [bi, o b:; z]
_ & ay(a)
n=0 ;l=1(bj)n n!
The series on the right-hand side of relation (1.45) is absolutely convergent for all

values of z, both real and complex, when p < q. Further, when p = ¢+ 1, the series
converges if |z| < 1. It converges when z = 1if

(1.45)

J=1 1=1

q P
%[Eb,-—z:a,] > 0,
and when |z|] = 1, z # 1,if

P

R Lz:;b,-—Za,] > 1.

=1

For other values of z the generalized hypergeometric function is defined as an analytic
continuation of this series. One of the methods of such a continuation is the Mellin-
Barnes integral representation

e+1F¢[(@)g41; (b)g; 2]

— g=1 F(b]) __1_ /THOQ Hg:: F(a,‘l - S)P(s)f—z)"ds (1 46)
M2 T (a;) 278 Jymico  TTI T(bj—s) ’ :
where 0 < Rs = v < 1<m<in+1 Raj; |arg(—z)] < 7. One can find complete list of
<5<q
particular cases and properties of the generalized hypergeometric function in Erdélyi
et al. [1], Prudnikov et al. [3], Marichev [1], Yakubovich and Luchko [2].
For our further discussions we need to note here very important particular case of
function (1.45) as hypergeometric function of Gauss, which is defined in the unit disk
as the sum of the hypergeometric series (1.45) when p = 2, ¢ = 1, namely

2Fi(a,b;¢;2) = i (@n (D). 2" (1.47)

n=0 (C)n n! '

Its parameters a,b and c and the variable z may be complex (¢ # 0,—1,-2,...).
The series (1.47) is absolutely convergent for |z| < 1. It is absolutely and uniformly
convergent on the circle |z| = 1 if ®(c — a — b) > 0. For other values of z the Gauss
hypergeometric function is defined as analytic continuation like (1.46). We shall
explain details of such continuation below using the Slater theorem (see Marichev
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[1]). Concerning the Gauss hypergeometric function (1.47) we have another method
of such continuation as the Euler integral representation

2Fi(a,b;c; 2) = ﬁm[; #1(1 = )=~ (1 — 2t)2dt,

0 < Rb < Re, |arg(l — z)| < , (1.48)

in which the right-hand side is defined under the indicated conditions insuring the
convergence of the integral. The condition |arg(1 — z)| < 7 means that the function
is considered in the complex plain z with the cut (1, 00), joining the singular points
z =1 and z = oo of the Gauss hypergeometric function. It should be noted that in
(1.48) we choose the principal branch (1 — tz)™® = =161~ where log(1 — tz) is
real for z € [0, 1].

One may find a most extensive list of particular cases and properties of the Gauss
hypergeometric function in Erdélyi et al. [1] and Prudnikov et al. [1-3]. We put down
here some of important properties of this function

2Fi(a, b;¢; 2) = 2 Fi(b, a5 ¢; 2), (1.49)
2Fi(a,b;b;2) = (1—2)7°, (1.50)

2Fi(a,b;¢;0) = 2 F1(0,b;¢;2) = 1, (1.51)
2Fi(a,byc;1) = %(:);—(‘z—:% R(c—a—b) >0, (1.52)
2Fi(a, b;¢,2) = (1 — 2) 7% Fy (a,c —b;¢c —z—i—l) , (1.53)
2Fi(a,byc;2) = (1= 2)* b Fi(c — a,c — b c; 2). (1.54)

Formula (1.53) usually is called as the Boltz formula and relation (1.54) is called the
self-transformation formula.

Many important special functions are defined via the Gauss hypergeometric func-
tion. Thus, we shall consider below the properties of the associated Legendre function
of the first kind P*(z) represented by

1 z 4+ 1\#? 1-2
(d = - —— _ I
Pv(z) I‘(l—p)(z—l) 2F1( V)1+V’l 1 2 )7
|arg(z £ 1)| <, (1.55)
1 14 z\*? 1-2z
" = — . — . —_— .
PHe) = 5y (_l—a:) 2F,( R R ) l—z|<2 (1.56)
and of the associated Legendre function of the second kind defined by
—v—1
m - iur —p=v=17_2 _ 1\n/2
Q4(2) Tt 3/2)1‘(;1 +v+1)e* /rz (z2-1)

2y (4 v +1)/2, (u+v +2)/2v +3/2,272),
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|arg(z £ 1)| < m, |argz| < m, (1.57)
Q4(z) = “"”[e"“”le"(z +140) + & ?QH(z —0)], —-1<z<1.  (1.58)

When p = 0 by (1.55), (1.57) we define usual Legendre functions of the first and
second kind respectively.

E. We introduced above by formula (1.46) so-called Mellin-Barnes representation
or Mellin-Barnes integral for generalized hypergeometric function. Developing this
approach in an attempt to give a meaning to ,Fy(z) in the case p > ¢ + 1 Meijer
[1] studied the special function which is now well-known in the literature as the G-
function and represented by the following Mellin-Barnes type of contour integral

() = o) = g f e @

Whefez#ovOS"‘S‘I,OS"SP,%GC,lﬁjﬁp,ﬁjGC,lﬁqu,

N7 T(6; + 8) 172, T(1 — o, — )
np—n+1 F(aj + 3) n]-m+l F(l - lBj - S)’

an empty product, if it occurs, is taken to be one, and an infinite contour L separates
all left poles s = —F; —k, j=1,2,...,m, k=0,1,2,... of the numerator from the
right ones s =1—a;+k,j=1,2,...,n,k=0,1,2,... and under suitable conditions
it may be one of the three types: L_o,, L4 OF L;o (in particular, even a rectilinear
line L = (y—1i00,y+1i00)). The description of contours and detailed list of properties
and particular cases of the G-function may be found in Marichev [1], Prudnikov et
al. [3], Luke [1].
We list here formulae of reflection and translation for the G-function:

U(s) =

(1.60)

o () =5 (h=). o
wa () = (G 1e): o

More general function mtroduced by Fox [1 [ ] which is well-known in the literature
as Fox’s H-function or the H-function. This function is also defined by the Mellin-
Barnes type of contour integral as follows

H,:: (z (a,,,a,,)) _ H'" n ( |(a a)l,p)

(Ba b,) (B,b)
- L [ a(s)z—ds (1.63)
2mi Ji ’ ’
Whefez#QOSqu,OS"SP, ajecy aj>0)ISj_<_p7:@j€C) bj>0)
1<j<q
=1 F(,BJ + bjs) n;‘=1 F(l - a; — ajs)

ia Doy 4 0;8) e mya T(1 = B — bjs)’

B(s) = (1.64)
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an empty product, if it occurs, is taken to be one, and L is a contour in the complex
s-plane, which is similar to the one in relation (1.59). If all a;, j = 1,2,...,p, and
bj, 7 = 1,2,...,q are equal to 1, then the kernel ®(s) (1.64) is equal to ¥(s) (1.60)
and Fox’s H-function (1.63) coincides with Meijer’s G-function (1.59).

The H-function was studied by various mathematicians and its properties are
listed, for example, in the known paper of Braaksma [1] and in the monograph by
Srivastava et al. [1]. The formulae of reflection and translation for the H-function

have the following form:
(o, a,)) —gmm (l
(Bas bg) 9P \%

gmn (z
b,
aH ( (ap)) Hm,n(z (ap+aa}”ap)).

(By) D9 (Bq + aby, by)

F. Slater’s theorem. This theorem provides, in particular, the problem of find-
ing the expression of the Meijer G-function (1.59) through linear combinations of
generalized hypergeometric functions (1.45) with power multipliers. This expression
is important for our purposes to establish the asymptotic expansions of Meijer’s G-
function and its particular cases by parameter. All details and proof of this theorem
can be found in Slater [1] and Marichev [1].

In order to formulate Slater’s theorem for our case we need to introduce some
symbols. First invoking with Slater’s notation (1.35) we rewrite the kernel ¥(s) by
formula (1.60) as follows

(1=, b")) , (1.65)

ap)

(1.66)

(ﬂm)+s=1 —(an) —-S

\II(S)=F (a;+1)+s,1—(,3:‘+1)—8 )

(1.67)

where the symbolic vectors (Bm), (an), (ap*!), (B7+") of parameters of G-function
(1.59) such that

(ﬁm)+8=ﬁ1+8,..., ,Bm+3y

1—(op)—s=1—-0a;—5s,..., 1 —a, —s,
(M) +s=anp1+5,..., o +s,
1-(Br*)—s=1—fms1—5,..., 1=y —s. (1.68)

Now let us define the following key functions for the Slater theorem

ip | (Bn)' =By 1= (n) + 5,
Y oml2) = Ezﬁl‘[( nt1) _ ﬁ,,l—(ﬁ"‘“)+ﬂal

< F [1—(a,.)+ﬂ,»,1—(a;+1)+ﬂ,-;
P = (B + B 1= (Bp) + By

where (8,,) — B; means by
(ﬂm)l ﬁj) ;ﬁj—l _ﬂj)ﬂj-ﬂ —ﬂj)"'iﬂm —ﬂja (170)

(—1)"-"-%] , (1.69)
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and

o pemp | @ () 1 ag+ (6a)
RUEED e B et

o . +1). (_1)g-n—m
) By |17 00 F (B 1 =2 4 (74 (21T (1.71)
1-— ay + (an)lr 1- a; + (a:+1) z
where o; — (o)’ means by
_ (a")l — C'tj —ag,... ’aj —_ aj—l) 011 - aJ'+1, e ,aJ' — Oly. (172)

Theorem 1.6. Let the following groups of conditions for the kernel ¥U(s) defined
by (1.60) hold

—RB < Rs<1—Roy, j=1,2,...,m, k=1,2,...,n, (1.73)
2(m+n)>2p+ty, (1.74)
(g—p)Rs < —Np, if 2(m+n)=p+yq, (1.75)
where

! L pP—gq

Q=Zﬂf_z:a"+T’ (1.76)
=1 k=1

Ro<0,if p=g=m+n. (1.77)

Then for real argument z > 0 Meijer’s G-function (1.59) equals to one of the following
ezpressions through functions (1.69), (1.71)

G ( E;:)) Ym(z), ©>0if ¢>p, (1.78)
G ( EZ;) Ym(z), 0<z<lifg=np, (1.79)
G ( EZ"D Y a(1/z), z>1if g=p, (1.80)
G ( EZ:;) S a(1/2), ©>0if g<p. (1.81)

Moreover, when ¢ = p and m + n > p then functions (1.69), (1.71) are analytic
continuations of one another as the functions of complex variable z and the equality
at the point z = 1 is true

Tl

p=¢q¢ Ro+p—m—-n+1<0, m+n>p. (1.83)

EZ’;) Y m(1) = Y a(1) (1.82)

under conditions
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Theorem 1.6 is a particular case of the Slater theorem concerning representations
of the Meijer G-function (1.59), which are useful for our further purposes. More gen-
eral Mellin-Barnes representations and the proof of the Slater theorem the reader can
find in books of Slater [1] and Marichev [1]. Inversely, the Slater theorem mentioned
above gives other expressions of hypergeometric functions through the Mellin-Barnes
integrals (1.60) and allows us to find their analytic continuations. We shall list below
some special functions which we need in terms of Meijer’s G-functions.

Let us return to the Gauss hypergeometric function (1.47) and observe that by
the Slater theorem one can introduce an equivalent definition of the Gauss function
in terms of Mellin-Barnes integrals, namely

i;.1.)(2‘)L17)2F1(a, b;c;2) = 21?/_': I‘(s)I‘(;(:—s_):‘)(b —s) (=z)~*ds
- Gi,i (_z : E,ai 1:17) , |larg(—2)| <7, |z] < L. (1.84)

This case related to formula (1.79), i.e. usual Gauss’s function (1.47) is the infinite
sum of residues (see (1.28)) of the integrand (1.84) at the left poles s = —n, n =
0,1,... of gamma-function I'(s). But due to formula (1.80) we can regard the integral
(1.84) for |z| > 1 also as a sum of "right” residues. Then, if there were no multiple
poles, that is, a — b is not an integer, the integral (1.84) can be evaluated by formula
(1.71) which gives the value of the Gauss hypergeometric function as

2Fl(a,b; C; Z) = %(—z)_“zf‘l(a, 1—c+ a;1— b+ a; l/z)
T(c)T(a —b) _ L -
Nareop "9 Ak 1-c+bl-atb1/2), (1.85)

where |z| > 1, a—b#k, k=0,%1, £2,...,|arg(—2)| < 7. Formula (1.85) shows
that for large |z|, when a — b is not an integer, Gauss’s function has the estimate

2Fi(a,byc;2) = Cyz7% + Coz7? + O(z7°7 1) + O(27%7Y), (1.86)

where C;, C, are constants.

G. We define the Bessel functions J,(z), Y,(z), I,(z), K,(z) based on the hyper-
geometric series

= <] Zn
. ) = - 1.87
OFl (C) z) é (c),,n! |z| < o, ( )

by the following formulae

J(2) = I‘—(u—l-{——l) (%)VoFl (u +1; —2—2 )
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0 (_1)n(z/2)2n+v

= e 1.88
ZT(v+n+1)n! (1.88)
(the Bessel function of the first kind),
1
= - J—v )
Y.(2) prm [Jo(2) cos v (2)]
Ya(z) = lim Y,(z), n=0,£1,%2,... (1.89)
(the Bessel function of the second kind or the Neumann function),
00 (2/2)2n+v —rivf2 )
— — L.31% Jv 1.90
Lo = 3 P = e (i) (1.90)
(the modified Bessel function),
T
K,,(Z) = m [I_,,(z) - I,,(Z)] , V ;é 0, :l:l, :i:2, ceny
Kn(z)=li_r§lKu(z), n=0,%+1,+2 ... (1.91)

(the Macdonald function). It is clear that K_,(z) = K, (2).
Bessel functions J,(z), I,(z), K,(z) have the following asymptotic behavior (see
Erdélyi et al. [1]):

J(z) = \/gcos(z —m(1+20)/4) + 0(z73?), 2 — 400, (1.92)

J,(z) = 0(z®¥), z — 0+, (1.93)

I(z) = O(e*/V21z), = — +o0, (1.94)

L(z) = 0(z®¥"), v £0, £ — 0+, (1.95)
K,(z)=0 (e_‘\/g) , 2 = 400, (1.96)

K,(z) = O(z™®®N) v £0, Ko(z) = O(logz), = — 0 +. (1.97)

Here we also note some integral representations connected with the Macdonald
function of pure imaginary index K (z), z > 0, 7 € R. Sometimes it is sufficient to
consider 7 > 0 due to the evenness of the Macdonald function by its index. We need
to give also some integrals, which involve the Legendre functions mentioned above to
use theirs in further considerations. Thus we have the following formula (see Erdélyi

et al. [1])

00
Ki.(z) =/0 e~=<h v cos Tudu

1 oo .
= / emreoshugiTegy >0, (1.98)
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By the analytic property of the integrand in (1.98) and by its asymptotic behavior at
the contour we can shift it along the horizontal open infinite strip (¢6 — 0o, 6 + 00)
with 6 € [0, 7/2) as

1 fis+oo

KlT(m) 2

e~=hBeBdR > 0. (1.99)

From representation (1.99) we easily obtain useful uniform estimate of the Mac-
donald function K;,(z) by its index 7 > 0 and argument z > 0, namely

X l —ér had —zcosfcoshu
|Kir(z)| <€ 2¢ e du

= e " Ko(zcosé), €0, n/2). (1.100)

Let us give other integral formulae from Prudnikov et al. [2], which involve the
Macdonald function K;-(z) and the Gauss, Legendre, Bessel functions considered
above. Indeed, by formula 2.16.21.1 from Prudnikov et al. [2] we have

T((a+p+i1)/2)T((a+ p —1i7)/2)
T(p+1)

/0 y* 1 (zy) Kir(y)dy = 2272z

atpt+it atp-—
A ( ,
X2l 2 2
This integral contains as particular cases formulae for the Legendre functions (see
(1.55), (1.56)), in which we shall need later. For the Legendre function of the first
kind it has own integral representation by formula 2.16.6.3 from Prudnikov et al. [2],
namely

' u+1;—z2), R(a+ p) > 0. (1.101)

/m v e K, (y)dy = \/gI‘(a + 7)o — i7)

x(1— 2)a=2plie. (2), ¢ >0, Ra > 0. (1.102)

We note the Macdonald formula from Erdélyi et al. [1] (see also Prudnikov et al. [2])
as

Ko ()K.(y) = 2/ exp (—% (ﬂ+ Ly ))K(u)—, vecC.  (1.109)

u

The following integral 2.2.4.5 from Prudnikov et al. [2] by arguments of the Euler
gamma-functions is useful in further considerations too

oo s it T
hd 2_Z - . 104
/0 r(2+ 2) 1“(2 2)cos(rt)dt S T(s)cosh™' 7, R > 0. (1.104)

We include here two conditionally convergent integrals from Erdélyi et al. [1], which
are worth mentioning

cosh( ) K;.(z) = / cos(z sinh u) cos(Tu)du, z > 0, (1.105)
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sinh (%T—) K (z) = /oo sin(z sinh u) sin(7u)dy, z > 0. (1.106)
0

Now to introduce some special functions of hypergeometric type we use the Mellin-
Barnes integral (1.59) for the Meijer G-function of a real argument z > 0 and list its
important particular cases based on the table from Prudnikov et al. [3] as

the Bessel functions

G(l)g (a: " _,,/2) = J,(2V/3), (1.107)
2c—°i§;—”)G§;i (z ) 1_/3: g’ 0) = J2,(V7) + J2(V7), (1.108)
Y C P RN Vo B Vo N RS
sin(27v) 3,1 1/2
w3/2 G1,3 (:c 0,v, —u)
= L(Vo)Y_.(Vz) - J.(Vo)Y. (Va), (1.110)
2cos(mv) 3,1 1/2
1r5/2y G'1,3 (m 0,v, —1/)
= J(Vz) + Y (V) (1.111)
sin(27v) 2,1 1/2
w32 G1,3 (z v, —v, 0)
= I2,(Vz) - I}(V7), (1.112)
%ng (1: v/, _V/2> = K,(2V=), (1.113)
\/?Gig (:c V}/_zy) = ¢k, (%) (1.114)
cos(mv) 2,1 1/2 . T
_\/—7r_Gl,2 (z ) _U) = ’K, (5) , (1.115)
cos(mv) 2,1 1/2
/7 C13 (z v, —v, 0)
= [I..(V=) + L(V2)IK,(V7), (1.116)
6y (e V) - K2vmn (1117)

the Lommel functions

G L G AP C R A
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=s,,(2V7), (1.118)

241 ol (z| (r+1)/2 )
N(1—p=v)AT((1-p+1)/2) 1,3\l +1)/2, v/2, —v/2
= S5,.(2Vz); (1.119)

the Thompson’s functions

8\1/_ 04( 0, 1/2, v/2, ——1//2)

= ker?(2(4z)'/*) + kei?(2(42)'/4); (1.120)

the Legendre functions

2,0
G )
2,2(”‘

where H(z) is the Heaviside function;

1, 1-
-v, 1+

) H(1 - 2)(1 - z) /2 p» (— - 1) Rp<l,  (L121)

_sin(m/)Gl,Z (“’ll +v—pf2, —v-—

T 22 —u/2, pf2 “/2)=(1+z)—u/2P5(21+1)’ (1.122)

optlg

% (z (1+v)/2, —1//2)
F(A=(u=v)/2)T(1 - p—v)/[2) 2,2 B2, —pf2

= H(1-z)(1-2)"? [PA(VT=2z) + PA(-V1-2)|, (1.123)
1 13($ —v, 1+, 1/2)
VATl = p+v)T(-p—v) 3,3 -4, 0,
= [P,j‘(\/1+:c)] , (1.124)
sin(wv) 3,1 ( |-v, 1+v, 1/2
~or Y33 (z 0, —p, p )
= P *(V1+z)PH(V1+ ), (1.125)
1 1,3 (:z: v, —V, 1/2)
VAT(1— p+v)I(1—p —-V) 3,3 —u, 0, p

_PB(/1+2)PL(V1+ z)

YT (1.126)
gu-1iur L+ (04 1)[2) 2,1 ( |(1 v)/2, 1+u/2)
N(A-p+v)/2) 2,2 ul2, —p/2
=Qi(v1i+ m) (1.127)

i (121
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_ v[2p 24z
= (1+z)"?Q" (2\/13)’ (1.128)
\/7-IT 2iprr(l+l~‘+y)G3:1 -V, 1/2) 1+V)
2 Ta-p+v) 3,3 "’l 0, p, —p
= [esviFo) (1.129)

the Whittaker functions

I?(20 + 1) 21 ( 11/2—0,1/240, 0,1/2
N A= gt o) T2 5 0) a2 zl

Py —P
2 -2
- () e (Z2) (1130
2,0 1-p _ e
G1,2 (x|1/2+a, 1/2—0) =W, o(2), (1.131)
140 14p 1—p
vTo4,2\711/2, 1, 1/240, 1/2-0
=W_, . (2vV2) W, . (2vz); (1.132)
the Kummer function
r®) 1,1 l—a ) _ . )
F9C12 (z|0 1-1;) = Fy(a b —z), b#0, =1, 2,...; (1.133)

the Tricomi function

1 o>l
T@a—b+1) 1,2\"

1—a
0, l—b) = ¥(a; b; z); (1.134)

the Gauss hypergeometric function
T'(c) 1,2 ( |1—a, 1=b
T@r® 2,2 (x 0, 1-c

2¥%-1T2(q 4+ b +1/2) 3,1 |1, 1/24+a+b, 2a+2b
VT T(20)T(26) 3,3 2a, 2b, a+b

) =,Fi(a, b; ¢; —z), c#0, =1, =2,..., (1.135)

1
=, F? (a, b a+b+1/2 —;), (1.136)

2421 12(a+ b+1)/2) 3,1 ,1, a+b, (a+b+1)/2
JT T(a)T(6) 3,3 a, b, (a+b)/2
g p AFEHL VZ-Vits
=205 y Uy 2 ) 2\/; )
(1= 2a—2b)cos(a—b)w 3,1
2/rcos(a+b)r 3,3

(1.137)

L, 1+a+, %—a—b)
-15, %+a—b, %+b—a
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1 1 1 1 3 1
—gFl (a, b, a+b+§, _‘2_:)2F1 (-2——a, E—b, E—a—b, —;), (1138)

the Clausen function

F(b])r(bz) G1,3 ll—al, l—az, 1—(13
T(an)T(a2)T(a3) 3,3 \"| 0, 1—b;, 1 b,

=3Fz(a1, ar, ag; by, by; —17); (1.139)
the Appel F3-function

0,3
I‘(c)Gs, 3 (z

ay+by, c—a, c—b)

ay, by, c—a—>

=H(z —1)(z — 1)*'F3 (a, ai, b, by, c; 1—2, 1— l) . (1.140)

T

The last part of this section deals with the asymptotic expansions of some special
functions mentioned above by their index or parameter. Conventionally, the respec-
tive questions are more popular for the asymptotic expansions of special functions
by argument and already are investigated in detail (see Erdélyi et al. [1], Olver [1]).
Nevertheless, we can find several formulae of asymptotic expansions, for instance of
the Bessel functions by index in Erdélyi et al. [1] and Lebedev [9] and these questions
are worth mentioning for further investigation of the index integrals. Here we give
rigorous proofs of such formulae extensively used the Stirling formula (1.32) of the
asymptotic expansion of the gamma-function. Thus we shall call such formulae as
the Stirling type formulae.

First we need to estimate the remainder term of the Stirling formula (1.32) starting
from the formula of Binet (1.34). Indeed, taking z = o + i, where o > 0 denote by

©rl 1 1 7 elatine
ir) = 4o dt
plo+ir) /o [2+t l—e“] ¢
=/°° Pt Te T, 0 < y < 1. (1.141)
0
Here we mean that
1 1 1
P t=Be=at B _ 1 _ . 1.142
W(t) [2+t 1_6_,} et B=1—1 (1.142)

It is evident, that (¢) is of bounded variation in (0,00). Moreover, we have the
following asymptotic relations

P(t) =0 (1), t — 0+, (1.143)

P(t) = 0 (t7Pe™), t > +oo. (1.144)
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Now one can use the result from Titchmarsh [1, Theorem 126] to estimate the function
o(a + ir), when 7 — 400 for all @ > 0 uniformly, taking into account asymptotic
relations (1.143)-(1.144). Thus we obtain

ola+ir) = /0 % (t)t cos(rt)dt

+i /0 % ()t~ sin(rt)dt = O(1/7), T — +oo. (1.145)

So one can rewrite Stirling’s formula (1.32) for our further purposes using the Binet
formula (1.34) and the derived asymptotic (1.145) as follows

T(a+ir) = V2rexp [(a - % + ir) (log Vit o +i tan'l(r/a)) —a—ir— O(l/'r)]

Y R exp[ ((“ 1/ +Tlog7'—7') -0(1/7)], 7 — +oo. (1.146)

Note here that in the case @ < 0 it is not difficult to write asymptotic expansion
of the respective gamma-function using formula (1.146) and expressing it by means
of supplement formula (1.29). Moreover, without loss of generality we shall mean
that free parameters of gamma-functions I'(« + i7) are real numbers. Let us give
the asymptotic expansion of the Macdonald function (1.98) for |7| — co. As it is
evident from integral (1.98) this function is continuous by index 7 € R due to its
absolute and uniform convergence which gives rough (comparing with (1.100)) but
useful inequality

|Kir(z)| < Ko(z), TER, z>0. (1.147)

Due to the evenness of the Macdonald function by its index we can consider index
7 — +00.

Theorem 1.7. For the Macdonald function K;,(z) by an arbitrary variable z €
(0, X], X > 0 the next asymptotic expansion by its indez is true

2 2 2
Ki.(z)= \[%re""/z sin (‘rlog ?T -7+ §+ :—T)

x[14 0(1/71)], T — +o0. (1.148)

Proof. By definition of the Macdonald function (1.91) use series (1.90) for the
Bessel function I;;(z), which is absolutely and uniformly convergent by 7 > 0 and
0 < £ < X as it is easily seen from the estimate (accounting inequality (1.44))

(X/2)*
Z < BT(k+1)

(1.149)

it

F(l/2 +i7)
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Therefore, setting o = k + 1 at formula (1.46) and applying it to the Bessel function
I;;(z) we have the following asymptotic expansion

M (x/2)2k+ir
I, (z)= 1 _—
(z) Ml—l»nookz:% KIT(k+i7+ 1)
e

\/%_Texp[ (Tlog——r+ )](1+0(1/T)) lim é@ (1.150)

We note that it is possible to carry out of the limit asymptotic terms in (1.150),
because for sufficiently large 7 the remainder in Stirling’s formula becomes O(1/7)
uniformly for k£ € [0, M]. Hence passing to the limit at the series due its absolute
and uniform convergence we obtain the following expansion

xr

Lin(z) = \/62_exp [—z (Tlog2 —'r+4+ )] (14 0(1/7)), T — +oo. (1.151)

For the Bessel function I_;,(z) we have similar (1.151) expansion as

xT

e 2

I_,-,(:z:)=\/Z_r;exp[i(rlogz——7'+4+ )](1+0(1/T))7‘—>+00 (1.152)

invoking with the asymptotic value of the respective gamma-function, namely

L(k+1—ir) = V2rrk 25

2

Substituting the obtained results into formula (1.91) with v = i7 and making use
the supplement formula (1.29) for the gamma-function to express the multiplier
w(sin(in7))™! as

T

xexp[ ((—kil—ﬂ—)—ﬂ—+rlogr—r) ——O(l/r)], T = +oo. (1.153)

i) = TUND( —in) = 2me™ (14 0(1/7)), 7= 40 (1154)

we lead to formula (1.148). Theorem 1.7 is proved. o

Now we turn to the asymptotic expansion by index v = —1/2+17 of the associated
Legendre function of the first kind defined by formulae (1.55)-(1.56). Its expansion
depends upon the range of variable z as we see from formulae (1.47) and (1.85) for
the Gauss hypergeometric function and its analytic continuation.

Theorem 1.8. For the associated Legendre function of the first kind P* 1/24_"(:5)
by arbitrary variable z > 1 the next asymptotic expansions by its index 7 — +oo take
place

x4+ 1\*?

Py pan(e) = (537) 7 o/l = D) (14 0(1/m), 1<2<3;  (L155)
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P ()= \/E 2 s
—1/2+4ir r\z—1 ,.’E —1

x cos (Tlog(2(z — 1)+ (u— 1/2)% + ﬁ) (1+0(1/7), z>3  (1.156)

Pty eir(3) = T2 (rV2) [1 4+ O(1/7)], <0, (1.157)
where J,(z) is the Bessel function (1.88).

Proof. Let us prove formula (1.155). For our purpose we consider the values
z > 1. So representation (1.56) involves the case 1 < z < 3 . Putting v = —1/2 + 47
at (1.56) use series (1.47) for the Gauss hypergeometric function. By definition (1.36)
of the Pochhammer symbol with inequality (1.26) from (1.56) we have the uniform
estimate for | 1 —z |[< 29 < 2 as

1-—
N2 (1/2 i 1/2+ i1 - 5 — ’”)

1 e T%1/2+n) [z0\"
= | T(1/2 — i7)T(1/2 + iT) |n2=:0 (1= p)n | n! (7) ’

Formula (1.146) gives asymptotic expansions of the Pochhammer symbols and we
have

(1.158)

(1/2 = im)a(1/2 + i7)p = 72 (1 4+ O(1/7)), T — 4o00. (1.159)
Thus we obtain the following asymptotic equality
1 z + 1\*/?
L . = — D—
P_1/2+"_(1:) F(l _ #) (:l: _ 1)
« (5

n=0
Since the remainder O(1/7) is independent from k for 7 — +o0o one can pass to the
limit and invoking with relation for the Bessel function (1.88) we arrive to equality

M (7—21;:)” 1—g
li 227 —F (1 — Y 2——)
Moo 2t (1= )t U THT T

=T(1— p)r*((z — 1)/2)**J_,(r\/2(z - 1)). (1.161)
By substituting it into (1.160) we immediately establish (1.155).

The asymptotic expansion for 7 — 400 at the point £ = 3 given by formula
(1.157) follows from Boltz’s formula (1.53). Indeed, for u < 0 series (1.56) keeps as
an absolutely convergent at the point z = 3 and we have from formula (1.53) that

1

2F1 (1/2— ir, 1/2+1T; 1 —/,l;‘—l) = 2‘7_1/22};11 (1/2— 1T,1/2—/1 —iT; 1 — M 5)



Preliminaries 23

2

uf2
= 27-12p(1 = 1) (%) J_F(T\/E)[l +0(1/7)], T = 400, (1.162)

which reduces to (1.157).

Concerning the case of (1.156) in order to prove it we need to use formula (1.85) of
analytic continuation of the Gauss function, because we have situation, when z > 3
or in particular |1 — z| > 2. Therefore formula (1.85) gives the representation of the
Gauss function in (1.56) as follows

oF (1/2— i, 1/24+i1;1 — p; ! ; m)

- I'(1— p)l(2i7) (1 — z)i1-1/2
P(1/2+4n)0(1/2 - p+ir) \ 2

2

1—1:)

I'(1 — p)T(—2i7) (1 - x)—i‘r—llz
Iz inl(1/2—p—in) \_ 2

x F) (1/2 —ir,1/2 4 p— ir; 1 — 247

+

2
o F) (1/2+ i, 1/2+ o+ i 1+ 2075 2 m)

— o, T'(1— p)T(2i7) 1— g\ T-1/2
~ [F(l/2 +ir)0(1/2 = p +ir) ()

X, Fy (l/Z—iT, 1/24+ p—ir;1 =27 &)] , (1.163)

where we denote by the symbol R, [F(2)] (or respectively by &, [F(z)]) the real (imag-
inary) part of function F(z) by variable z. So it consists of two Gauss’s hypergeomet-
ric functions and each of theirs can be treated similarly to case (1.155) involving the
asymptotic of gamma-multipliers by using Stirling’s formula (1.32). Thus we have
the relation

I'(2ir)
T(1/2 +inL(1/2 = p+i7)
2i7—1
= -1/ =71+ 0(1/r)}, 7 — +oo. (1.164)

For the last Gauss function at the right-hand side of (1.163) we have the expansion
of type

2
JFy (1/2 —in, /24 p— iy 1 — 2T 1—9:)

S (1/2—air) (/24 p—ir), f 2 \"
=2 (1—2it),n! (l—z)
- 5 i+ ou/n)

n=0
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—exp( ‘ )(1+0(1/T) T — +o00. (1.165)

Thus, finally substituting these expansions to (1.163) and invoking with (1.56) as well
as an elementary Euler’s formula we obtain the asymptotic equality (1.156). Theorem
1.8 is completely proved. o

Now we turn to write the asymptotic expansion for the square of the Macdonald
function (1.98). In this case we use its representation through Meijer’s G-function
(1.117). Conversely this G-function can be expressed by the Slater theorem 1.6
through key function (1.69) as the combination of the hypergeometric ; F>-functions.
Namely, we find (using notation as in (1.163))

K2(z) = wlg(l/z; 14ir, 1—ir; o?)

T (ir)T(2ir)

. =27
VTR [z T(1/2 + ir)

1F(1/2 —ir; 1—ir, 1= 2ir, xz)], z>0. (1.166)

Theorem 1.9. For the square of the Macdonald function the following asymptotic
expansion by its index takes place

-7 2
K2 _ T _me . _ oz (i)
(@) (25inh(1r‘r)\fr2 — 12 r o ar T 2rlog 27

x[14+0(1/7)], 7= 400, 0<z< X, X >0. (1.167)

Proof. We start from formula (1.166). As in previous theorem use the Stirling
formula (1.146) to treat gamma-functions and Pochhammer symbols accounting the
uniform convergence of the series. So we reduce expansion (1.166) for sufficiently
large 7 > 0 to the following equality

) (1/2

2*rsmh (wT) 2_" (—ir)n n‘

Ki(z) = )

ﬂ.e—ﬂ’T

%ir

exp (2ir (log % + 1)) > M] [1+0(1/7)]

n=0

m e~ T 9 z? +2rlog &
= - sin | 27 — — —
2sinh(77)V/72 — 12 T 2r T %807

x[14+0(1/7)], 0<z< X, X>0,7— +oo. (1.168)

Theorem 1.9 is proved. e

Let us consider several other particular cases of G-function (1.59) to establish
their asymptotic expansions by index 7. For example, applying the Slater theorem
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to G-function (1.116) with » = it we have the following relation for the respective
Bessel functions, namely

[Lir(z) + Ii-(2)] Kir(2)
_cosh(rr) ,  [[(=247)['(1/2 + i) 2T
Y T(1+17)
x1Fy(1/2 +ir; 14ir, 14 2ir; 2?)] . (1.169)

Similarly to previous asymptotic expansion (1.167) for the square of the Macdon-
ald function it is not difficult to obtain the next theorem.

Theorem 1.10. For the combination of Bessel functions (1.169) the following
asymptotic expansion by indez is true

[Lir(z) + 1-ir(2)] Kir(2)

1 T z?
= _cos (2Tlog§+2r+z) 1+0(1/7n)], 1 — +oo, (1.170)
and argument z belongs to some interval (0, X], X > 0.

Actually, using representation (1.169) by Stirling’s formula one can reduce the
hypergeometric series to elementary exponents and by Euler’s trigonometric formula
lead to asymptotic equality (1.170).

In order to investigate the asymptotic by the second index of the Whittaker func-
tion (1.131) put there ¢ = i and express it by the Slater theorem in terms of
Kummer’s function (1.133). As a result we arrive to the following equality

(=27 ; . .
e"an,;,(z) =2R;, —_F(I/Z(— ; _) iT)z'T+1/21F1(1/2 +ir+p; 14 2i1; —2)],
0<z< X, X>0. (1.171)

The proof of the next theorem is absolutely analogously to previous ones and can
be reestablished by the reader without difficulties. Nevertheless, we demonstrate it
briefly here.

Theorem 1.11. Under condition z € (0, X], X > 0 p € R for the Whittaker
function (1.131) the asymptotic ezpansion by index T holds

W,-(z) = 2ze~"T/2rP—1/2

X cos <Tlog4—w; - g(p —-1/2) + T) 1+0(1/7)],7 — +oo. (1.172)
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Proof. Indeed, turning to representation (1.171) write the series for the Kummer
function 1 F1(1/2 + i + p; 1+ 2i7; —z) owing to formula (1.45) as follows

: . & (/24474 p)w (—2)"
1Fi(1/2+ i1+ p; 14 2im;—z) = A}Enw'g a2, ~

M

: ()" (=2)"
= 1‘}11’11“,23(—27:)—" oY) {1 + O(I/T)]’ T — 400,z € (0, X].

Consequently, we obtain the asymptotic expansion of the Kummer function by index
T as

1Fi(1/2 4 i1 + p; 14 2im;—z) = e~*I*[1 4+ O(1/7)], T — +00,z € (0, X],p €R.

Meanwhile, the gamma-ratio in (1.171) can be treated by Stirling’s formula (1.32)
and we arrive to the expansion

F(_2iT) — __1__7_p—1 26—1" 2e ilr— 1 _ rlo _l__
r(1/2—p—i1) V2 / ! XP( ( 2('0 1/2)+l g4r))
x[14+0(1/7)], T € +o0.

Hence, substituting these expressions into equality (1.171) and appealing to the ele-

mentary Euler trigonometric formula lead finally to (1.172). Theorem 1.11 is proved.
[ ]

It is interesting to consider now special case of the Gauss hypergeometric function
(1.47) in view of its asymptotic by isolated parameter i7. Indeed, setting at (1.47)
a=&—ir, b=§€+ 11, c =1+ € — g, where €, o are some real parameters we have
more general result as Theorem 1.8, namely

Theorem 1.12. For Gauss’s hypergeometric function the next asymptotic expan-
stons by its index T take place

(6 —iné+ir1+€—0;—z) =T(1 + € — o) ¢glo"0/2

xJi—s(21/2)[1 4+ 0(1/7)], 0< 2 < 1, T — +00; (1.173)
2P —ir € +im; 14+ € — 05 —1) = T(1 + £ — ) 7727 ~(e+30)/2
xJe—o(TV2) [14+ O(1/7)], T — 400, E+0 < 2 (1.174)
T1+£—-0)

2P —inE+inl+E—0i—2) = — e on

X cos (Tlog(4z) -(¢+1/2-0)r/2+ %) [1+0(1/7)], 7 — +o0; £ > 1. (1.175)

Finally we attract our attention to investigate the asymptotic of the Meijer G-
function (1.60) by two isolated parameters. Indeed, let us take the following G-
function

()

Gm +2,n . .
ir, —it, (B,

pgt+2

)), z >0, (1.176)
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provided that parameters satisfy conditions described above. First of all consider
key functions (1.69), (1.71) related to G-function (1.176). Namely, invoking with the
Gauss-Legendre formula (1.30) functions (1.69), (1.71) take forms

(g _ 1y 2)7 it, 1/2 4147, (Bm) +i7, 1 = () —i7
2n@) = =R [(4 )T [ (@2*)) + i1, 1— (g7 —ir ]

Y R Gy =i 0|

ﬁ;a -1 ﬂj!(ﬂm) :3.1': 1—(an)+ﬁj
+Zz"F[( n+l) ﬂ,,l—(ﬁ"‘“)+ﬂ,‘ ]
prq+1

1—(an) + B;, 1= (ag*) + 655 I
[ L—ir+ B, 1+im+ 65, 1= (Bn)' + B, 1= (7)) + B; =1 f] (1.177)

(BF), 1= a;+ (ap*)
Xg42Fp1

1—oj+i7, 1—a; — i1, 1= a; + (Bm), 1 — o + (B7+); (=1) ™ (1.178)
1-— a; + (an)l» 1- @y + (a;+1) ’ ‘ .

Hence, assuming that all conditions of the Slater Theorem 1.6 are fulfilled for
G-function (1.176) one can define it as in formulae (1.78)- (1.81), precisely

=1

Y i(i/z) = Z#‘J’"I‘[O’J (2a)', 1= 5 + (Bm), 1 a,+i7,1_aj_ir}

GTZ:i; (m ir, _(?:) ([i,)) =3 m@), 0<z<X, X>1ifg+2>p, (1.179)
71:242-; (m ir, —((::) (ﬁq)) =Y m@), 0<z<l ifg+2=p,  (1180)
Gr;:i; (m ir, —(?:) (ﬂq)) =Y 7(/z), 1<z<X, ifqg+2=p, (1181)
Gr::i; (z i, —(?:) (ﬁq)> =y7(1/z), 0<z<X,ifqg+2<p (1182)

Now our purpose is to write asymptotic expansions of sums (1.177), (1.178). For this
use formula (1.146) and its analog for I'(a — i7) which can be easily derived from the
Stirling formula (1.32). Let us consider sum (1.177). We have for sufficiently large
positive 7 that

r

i, 1/2+17, (Bm) + 17,1 = (o) — 47
(a;"‘l) +ir,1— (ﬂ;n+l) —ir

= (27I’)m+n+1_&215_("‘"‘"4’1‘2}")1"’7. varrho—1/2

X exp [z ((2 +q—p)(rlogr — 1) + -;Ex)] (1+0(1/7)), T — 400, (1.183)
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where

x=36- % B+Ya- Y a-m-n+ L] (1.184)

1=1 3=m+1 1=1 J=n+1 2

and parameter g is defined by formula (1.76). As we presupposed above that all free
parameters are real numbers to omit their unessential imaginary parts at asymptotic
expansions. Further one can write that

1—(a) —i7, 1 = (o) —i7;

—1)p—n—m
plar| g _9ir 1= (Bm) —ir, 1—(@;"“)—”( D ’

e (1= (o) = 37)i(1 = (ap*?) — i) ((~1)pmm )
= A}l—rblloolg’ 1-— 2iT)k(1 - (,Bm) — ZT))‘(I —_ (ﬁ;n+l) _ iT)k ]

m+n+q+1z i p—q—1\k

= J‘L“WE (=1 . G (14 0(1/)

k=0

= exp [(—1)"'+"+"+1::(i1')”""_1] (1+0(1/7)), T — +co. (1.185)

As it is easily seen accounting the asymptotic expansion of the product of Pochham-
mer symbols like (1.159) the last sum in (1.177) for sufficiently large positive 7 can
be changed by the following expression, namely

5 = By =it = B, (Bm) — B;y 1= () + B;
Zmﬂ r [ ( n+1) B;, l_J(ﬁ;n+1)+ﬁj 7 ]
prq-H
1- (an) + ﬁj) 1- (a:+1) + ﬂ]) ( I)P— —-m,
L=+ By, 14T+ By 1= (B + 85,1 (BP*) + 5,
o (2 VL Ba) = By 1 () 5
= 27 - ;(72 ) r (a,',,'“)—lﬂ,', l_(ﬁ;ﬂ+l)+ﬂj }
X F [ (a") + ﬁ]) 1 - (a"+1) + ﬁ]? (_l)p_."'_’":E
P (IBM) +ﬂ1a1—(ﬁm+l)+ﬁj T2
x(1+ 0(1/7)), T — +oo0. (1.186)
It is clear from relation (1.185) that we may consider two cases of asymptotic of sum

(1.177). Indeed, iff p—q=2l+1, | =0, £1, £2,..., then one can deduce the final
asymptotic formula as

—~ Bty
i — (27r)m+n+1 2 —(m+n+1—m)rr
Zm z) = -————\/7? e 2

x re1/2 exp [(_l)m+n+q+l+1$7_2l]

X COoS ((2 +q—p)(rlogT — 7) + Tlog(4z) + g-x)
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e[z \P (ﬂm)l - :Bjr 1- (Ot,,) + ﬁ
+27 7 Jz=:1 (E ) T Ot;+1) _ ,Bj; 1- (13;1!+1)J+ ﬂj

X, F, [1—(a,.)+ﬂ,, 1—(ap*!) + 55 (=12 ]
P (:Bm) +ﬂ1)1_(ﬁm+1)+ﬁj T2

x(14+ 0(1/7)), 7 — +oo. (1.187)
Forp—q=2l, | = =1, £2, ..., we obtain

(27|.)m+n+1—&,-’-

‘ - ~Bte
Z ar(z) - e (m+n+1 3 )rrTg—I/2
m ﬁ

X cos ((2 +9 - p)(rlog T — 7) + Tlog(4z) + (—1)™"He¥g At 4 QX)

w3 (5) e [ B2 e

x F [1_(an)+ﬂ1’ 1—(a”+l)+ﬁj ( l)p_" i ]
4 (ﬂm) +ﬂ1:1_(ﬂm+l)+ﬂ T2

x(14+0(1/7)), 7 — +oo. (1.188)

By the same treatment for sum (1.178) immediately arrive to the asymptotic expan-
sion by index 7 of type

S ir(1/z) = 2n— e‘"Z (%)ai T [ "‘j ~ (em), 1=+ (Bn) ]

= o5 — (B7+), 1— o+ (o)

x,F, [ 1= a5+ (Bn), 1= o + (F7*); (=)™ ]
TP — o+ (), 1—q +(a"+1) T

x(1+0(1/7)), T — +o0. (1.189)

Thus we obtained the following theorem.

Theorem 1.13. For the Meijer G-function (1.176) with real free parameters
(ap), (B,) and argument z € (0, X], X > 1 asymptotic ezpansions (1.187) — (1.189)
by its index T — +o00 are true provided that the respective sums (1.177) — (1.178) are
chosen according to Slater’s theorem described by formulae (1.179) — (1.182).
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1.3 Fourier’s, Mellin’s and Laplace’s transforms

In this section we give briefly some auxiliary results from classical one-dimensional
integral transforms theory, namely some definitions and theorems concerning the
Fourier, the Mellin and the Laplace integral transforms. Details and proofs of the
theorems the reader can find in Titchmarsh [1]. These results are repeatedly used
below to establish the respective properties for index integral transforms.

As it is known, the classical one-dimensional integral transforms are of the form

K fl(z) = /_:" K(z,8)f()dt, z € R, (1.190)

where K(z,t) is some given function (kernel of the transform), f(t) is an original in a
certain space of functions, and [K f](z) is the image of the function f(¢). Undoubtedly,
among the most important classical integral transforms one is the Fourier transform
with K(z,t) = ¢'*, precisely

1 +oo .
Ffl(z =——/ ¢= f(1)dt, z € R. 1.191
(A = 7= [ 1) (9
According to discussions at the beginning of this chapter one can imply the conver-
gence of the integral (1.191) in different meaning. In this book we attract mostly
our attention to L,-theorems for integral transforms. In particular, for the Fourier
transform (1.191) we formulate the theorem from Titchmarsh [1] in terms of L,(R)-

convergence like, for example (1.6).

Theorem 1.14. Let f(z) belong to Ly(R), where 1 < p < 2.Then, as E — oo,

[Ff)(z, E) = \/—127 i i o=t (1) dt (1.192)

converges in mean with exponent ¢ = p/(p — 1). The mean limit [F f)(z), called the
Fourier transform of f(z), satisfies

LR Ao < [ irope. (1.193)

(2)'1

The Fourier reciprocity holds in the sense that

[Ffl(z) = \/—:m /+°° o1 (1.194)

10 = S [ r e (1.195

almost everywhere on R.
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Let us note that we might replace [F f](z, E) by

1 M
[F1)(e, B, M) = = [ =t (1.196)

where E — 0o, M — 00, in any manner.
Letting at Theorem 1.14 p = 2, we obtain known Plancherel’s theorem and in-

equality (1.193) becomes the Parseval equality for the Fourier transform (see details
in Titchmarsh [1]).

Using elementary Euler’s trigonometric formula e* = coszt + isinzt one can
introduce and formulate the same theorem for the cosine- and the sine-Fourier trans-
forms, namely

[F.f](z) = \/‘ / F(t) cos stdt, (1.197)

[Ffl(z) = \/%/:o f(t)sinztdt, (1.198)

where we consider these transforms in spaces L,(R4), 1 < p < 2. Asit is well known
these transforms have symmetric inversion formulae, namely almost everywhere on
R, the following reciprocities or dual formulae hold

[F.fl(2) = f I 2, (1.199)

sin zt

f(&) = 2 [“1Ese)
[F.fl(z) = \/%% /om f(t)l—ctﬁdt, (1.201)

flz) =4[22 / (7, (1) L=<t C““dt. (1.202)

In spite of the fact, that the Fourier transform (1.191) is the most important one
we may consider separately the Mellin transform, which can be obtained from the
Fourier transform by an exponential replacement and by rotating the complex plane
through a right angle

(1.200)

£1(5) = Mo = [FVERS(@)=is) = [ S0 (1.203)

In fact, its inversion is given by the formula

v+ioco
f(z) = MY f*(s);z} = %/ ~ fr(s)zTds, v="Rs, >0, (1.204)
and undoubtedly, we can observe its connection with the class of hypergeometric type
functions as it was described in detail in Marichev [1]. Definitions of the Meijer G-
function (1.59), the Fox H-function (1.63) and wide list of their particular cases can
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be interpreted in terms of the Mellin transform formulae (1.203)-(1.204). Here if we
denote by — the correspondence between a function and its Mellin’s transform, then
the following formulae of general type can be easily proved

f(az) = a™*f*(s), a> 0; (1.205)
P f(z) = f*(s +p); (1.206)
£°) = T f(s/), 2 # 0 (1.207)
1) = SEFISD e ), lig a4 90) = 0,
k=0,1,...,n—1; (1.208)
(e5) 1@~ orro) (1.209)
(d—i—z) f(z) = (1= s)"f*(s). (1.210)

The corresponding L,-theorems for the Mellin transform (1.203) and its inversion
(1.204) are more suitable formulated in the weighted L, ,-spaces (1.19). According to
the definition of the Mellin transform these results can be easily obtained from the
Fourier transform theory (see details in Titchmarsh [1]).

Theorem 1.15. Let f(z) belong to the space L,p(R4), 1<p <2, v €R. Then
its Mellin’s transform (1.203) f*(s) = f*(v+1t) exists and belongs to the space Lo(R.).
Moreover, the convergence of the integral (1.203) is in mean with exponent q by the
norm of the space Lq(v — 0o, v + 100), namely

N
1576 = [ FOF el iy =0, N w00, (1.211)
where
. 1 vtico dsle 1/q 1212
1 Naytomion, iy = 5= ([ 1£()dsl?) (1212

Theorem 1.16. Let f*(v +it) € Ly(R), 1 < p <2, v € R. Then the inverse
Mellin transform (1.204) exists and belongs to the space L,4(Ry). Moreover, the
convergence of integral (1.204) is in mean with exponent q by the norm of the space
L, 4(R4) and almost everywhere on Ry the dual equality is true

v+ioo f*
1 d / F6) prsgs, 2 > 0. (1.213)

f@)= o ds Joiee T=s
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Theorem 1.17. Let f*(v +it) € L,(R), 1<p<2, v €R, h(z) € Li_, ,(R4).
Then the Mellin-Parseval equality takes place

/ F(zt)h(t)dt [ F(s)h"(1 = s)z~*ds, z > 0, (1.214)

where h*(s) is the Mellin transform (1.203) of the function h(z).

To introduce the Laplace transform for positive variable z one can call just demon-
strated equality (1.214). Indeed, letting there f(z) = e~ we find, that the left-hand
side of (1.214) becomes the Laplace transform like (1.190) and usually we shall define

it as
[Lf)(=z) =/O e~ f(t)dt, z > 0. (1.215)

From Euler’s integral (1.22) observe that the Mellin transform (1.203) of exponent
function e™* is the gamma-function I'(s) and Stirling’s formula (1.32) allows us to
conclude that T'(v+1t) € L,(R), 1 < p <2, v € Ry. Therefore, if f(t) € L1, ,(R4),
then we have the following equality from (1.214) as

[Lf)(z) = —/ T(s)f*(1— s)z=*ds, z > 0. (1.216)

As is known (see Titchmarsh [1], Marichev [1], Yakubovich and Luchko [2]) the left-
hand side of (1.214) is slightly different from the Mellin convolution

(o)) = [ 1(2) o2 (1217
and we can definitely call the Laplace transform of positive variable z as the Mellin
convolution type integral transform as noted in Widder [1], Hirschman and Widder
[1], Marichev [1], Brychkov et al. [1, 1983]. In the next section we shall consider some
properties of such transforms.

Let us demonstrate the known Post-Widder inversion formula for the Laplace
transform (1.215) (see details in Widder [1])

10 = jim e (%) (5) (1218)

t

This formula involves derivatives of the Laplace transform [Lf](z) and it is clear
that one needs to know it only for large positive values of z. Furthermore, (see
in Widder [1]) the range of the Laplace transform is completely described for L,-
functions, namely arbitrary function g(z) is the Laplace transform (1.215) of some
function f(t) € Ly(R4), 1 < p < oo if and only if g is infinitely differentiable and,
for some constant M,

k /oo d*q*
(k)P Jo

=g P2 < M, k=0, 1, 2,.... (1.219)
z
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1.4 General Mellin convolution type integral
transforms

In this section we collect some results concerning properties of general integral
transforms of convolution type of (1.214), (1.217). We note the basic works on this
matter as Titchmarsh [1], Widder [1], Hirschman and Widder [1], Watson [1], Sri-
vastava and Buschman [1], Samko et al. [1], Dzrbasjan [1], Rooney [1], [2], Fox [1],
Marichev [1], Nguyen Thanh Hai and Yakubovich [1], Yakubovich and Luchko [2].

We discuss here the following Mellin convolution type transforms

[Kf@) = [ ken)fw)dy, 2 >0, (1.220)

(K f)(z) = /omk (%) f(y)d?y, z>0. (1.221)

In order to describe the range of these transforms we need to remind one remarkable
theorem from Titchmarsh [1] on the Fourier convolution of two L,-functions. After
that one can appeal to this theorem following Rooney [2] to formulate the correspond-
ing theorems for Mellin convolution transforms.

Theorem 1.18. Let f(z), [Ffl(z) be transforms of L,(R), L, (R), and
g(z), [Fgl(z) of L,(R), Ly(R), ' = r[/(r — 1), where p~! + r~1 > 1. Then the
product of Fourier transforms [F f](z)[Fg){z) and the Fourier convolution

1 oo
= — - y)d .22
(F*o)(@)= 7= [ fw)o(z ~ v)dy (1.222)
are Fourier transforms (1.191) of classes Lpi(R), Lp(R) respectively, where
pr
. pp/P-1) (1.223)

From the definition of the Mellin transform (1.203) we see that if s = v + iz,
where v € R, z € R, then we obtain

f*(v +iz) = [FVERf()e)(z) = [ ey, (1.224)

Hence, it is clear that for the case of the Mellin transform is more suitable to use the
weighted Lebesgue spaces L, ,(R4) with norm (1.19). Namely, for the Mellin convo-
lution type transforms (1.220), (1.221) Theorem 1.18 gives respectively, (see Rooney

2D)

Theorem 1.19. Let f(z) € L, p(Ry4), k(z) € L1—,,(R4), where1 <p< o0, 1<
r < oo and p~t +r71 > 1. Then the transform (1.220) ezists for almost all z € R,
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and [K f] is the operator from the space L, (R.) into the space Li—, p(R4), where
parameter P is defined by equality (1.223).

Theorem 1.20. Let f(z) € L, ,(R4), k(z) € L, (R4), where 1 < p< oo, 1<
r < o0 and p~' + 771 > 1. Then the transform (1.221) exists for almost all z € Ry
and [K f] is operator from the space L, ,(Ry) into the space L, p(R+), where param-
eter P is defined by equality (1.223).

There are many works, which are devoted to study of various particular cases of
the Mellin convolution type transforms. We already announced some of theirs above.
Note here, that inversions of these transforms can be established using the Mellin-
Parseval equality (1.214) (see details in Yakubovich and Luchko [2]). There is also
the approach to define these transforms by the right-hand side of equality (1.214),
namely so-called G- and H-transforms described in Vu Kim Tuan et al. [1], Vu Kim
Tuan [3], Yakubovich and Luchko [2], Samko et al. [1]. These general transforms
with hypergeometric type of special functions comprise a wide set of examples. We
defined some of theirs as the cosine and the sine Fourier transforms (1.197), (1.198).
Moreover, one can use the table of G-functions from Section 1.2 as the kernels of
such transforms. The general theory of the Mellin convolution type transforms with
so-called Watson or Fourier kernels from Titchmarsh [1], Watson [1] and Yakubovich
and Luchko [2] is also worth mentioning on this matter. In addition, for our further
purposes it is important to define here the Hankel transform as

[Jufl(=) = fo ” VERT(2y) fy)dy, p > —1 (1.225)

with the Bessel function of the first kind (1.88). The boundedness of the Hankel
transform (1.225) is given, for example by the following statement (see Rooney [2]).

Theorem 1.21. If 1 < p < co and y(p) < v < Rp + 3/2, where

7(p) = max E %] ya=p/(p-1),

then the operator [J,f](z) given by (1.225) is bounded from L, (R4) to L1_, p(Ry)
and is a one-to-one transform on L,p(R4) for all P > p such that P' > v™! and
1/P+1/P' =1. For 1<p<2and f(z) € L, ,(R4)

Y = a-llzr((l‘+s+1/2)/2) s s= 11—y
MA@ sk = 2 R T3 ) /Q)M{f(t), b Re=1-v. (1226

Let us remark finally that Mellin convolution type transforms contain the respec-
tive kernels K(z,y) as the function of one variable z = zy or z = z/y. This is
fundamental difference of the considered convolution transforms from so-called index
transforms,which we shall announce in the next section.
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1.5 Notion of the index transforms

This book was intended as a first attempt to emphasize a special class of integral
transforms whose kernels involve special functions of hypergeometric type with iso-
lated parameters, so-called indez transforms. As is shown throughout of this book
the integration in inversion formulae of these transforms is realized with respect to
the index and not the arguments as in the preceding examples of convolution trans-
forms. Although we shall use very extensively the theory of convolution transforms
and general integral operators below to construct the index transforms theory in
L,-spaces. More precisely, we need to describe their properties, to prove inversion
formulae and to comprise various examples of such transforms. Furthermore, we
shall consider so-called indez-convolution integral transforms as mappings from one-
to two-dimensional functional spaces. The choice of the hypergeometric approach (see
details in Yakubovich and Luchko [2]) seems to be the best adapted to our theory.

The index transforms first appear from integral representations of arbitrary func-
tions of Fourier type integrals (see Titchmarsh [1]) under respective conditions. We
appeal to Erdélyi et al. [1] to demonstrate such known expansions with Bessel and
Legendre functions as the kernels, namely

1@ = =5 [ et " 1O L, (1.221)

where
H®(z) = J,(z) — 1Y, (z), (1.228)

(Kontorovich and Lebedev [1]);

1 oo £29) oo {
f@) == /_ wel‘—lz Kiziey(a)dt /_ weﬁ—”f Kiyro(a)f(v)dy, a>0,  (1.229)

(Crum [1]);

f(z) = % I ﬁ%m [T + e i)y, (1.250)

(Titchmarsh [2]);

2 f(z) = % [ tsinh (e [ Kty f(0)dy, (1.231)
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(Lebedev [1]);
_ 1 fo+ioo o0 dy
f@) = [ ke [ L)), (1.232)
(Lebedev [2]);
flz) = /0 cmttanh7rtP.-¢_1/z(vc)dt /1 ” Pi1/2(y) f(y)dy, (1.233)

(Mehler [1], Fock [1]);

@)= )2/ tsinh 27tT(1/2 — p — t)T(1/2 — p + it)W, so(c)dt
x fo Wiae(y) f(y)dy, (1.234)
(Wimp [1]);
f(z) = ———/ tsinh 7t KZ(z)dt
x A (Lie(y) + I-e(y)] Kie(y) £ (y)dy, (1.235)

(Lebedev [8]); % 1o d
f@) =2 [7 Z @
x [ Kaw)fw)dy, (1.236)

(Lebedev [8));
f(z) = l/mtsinh27rt

_ —(Antl —-
«G 1= ™P n+2(|u+zt,# it, —(ap*), (a))dt

Pt24 (B+), ~(Bn)
></o G;n;n;ﬁ ( (lﬁ:)“ﬂt Pmpmi (o) )f(y)dy, (1.237)

(Wimp [1], Yakubovich [2]).
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Thus these representations as it is easily seen generate the index transforms that
we shall consider in detail in next chapters. Let us note here briefly that the results
related to Mellin’s transform (1.203), its convolution (1.217) and Slater’s Theorem
1.6 are very useful to obtain various representations of hypergeometric functions as
the kernels of the index transforms as well as to construct new kernels and index
transforms. For instance, along with integrals (1.98)-(1.99), (1.105)-(1.106) for the
Macdonald function we need to consider the following one

1 /z\~"7 foo 2, .
Ki(z) == (—) / e~ THT1dt £ > 0. (1.238)
2\2 0
Appealing to Marichev [1] write this result through the hypergeometric function
oFi(a;z) using Slater’s Theorem 1.6, because the integral (1.238) can be easily re-
duced to the Mellin convolution (1.217). Thus we obtain the expression of type

[t4 2

Kir(z) = R, [(g) T(=ir)oFy (1+ irs %)] , 2> 0. (1.239)
This simple example enables us to deduce different representations for the index
transforms kernels like (1.239) and to recognize many index integrals reducing theirs
to the known index transform expansions. We shall use it extensively below in our
further considerations.



Chapter 2

The Kontorovich-Lebedev
Transform

In previous Chapter 1 we already gave some auxiliary results for our further consid-
erations of the index transforms and slightly touched the index expansions of arbi-
trary functions. Here we start to study index transforms from famous Kontorovich-
Lebedev’s transform (the K-L transform) introduced by Kontorovich and Lebedev
[1] and developed by Lebedev later in Lebedev [1]-[3], [7]. As it was shown by the
author (see Yakubovich [1], [3]-[4], Yakubovich and Luchko [2]), the Kontorovich-
Lebedev transform generates the respective class of so-called index transforms of the
Kontorovich-Lebedev type and consequently, it is one of the basic integral transforms
by index of the Macdonald function (1.98).

This chapter deals with modern results on this matter recently obtained by the
author. We shall attract our attention to L,-theory of the Kontorovich-Lebedev trans-
form. Certain results in different functional spaces the reader can find in Yakubovich
and Luchko [2] and in extensive bibliographical references of the present book. In
particular, we note some other papers devoted to the Kontorovich-Lebedev transform
and applications as Ben-Menahem [1], Buggle [1], Cessenat [1], Chakrabarti [1], For-
ristal and Ingram [1], Glaeske [4], Gomilko [1])-[3], Isaeva [1], Jones [1], Lebedev [5],
[9], Lebedev and Kontorovich [1], Lisena [1], Lowndes [1]-[3], Naylor [1]-[2], Negrin
[1]-[4], Orlyuk [1], Pandey [1], Pathak and Pandey [1], Pestun [1], [2], Vu Kim Tuan
and Yakubovich [1]-[2], Vu Kim Tuan et al. [1], Wong [2], Yakubovich [6], Yakubovich
and Vu Kim Tuan [1], Yakubovich and Fisher [1], Yakubovich et al. [1].

2.1 Definition, inversion in L, ,

In this section we introduce as usually the Kontorovich-Lebedev transform refer-

39



40 Index Transforms

ring to the expansion (1.231) as

Kulf) = [ KalD)f @)y, (2.)

where the index 7 > 0, K;,(y) is the Macdonald function (1.98), and we mean to take
an arbitrary function f(z) from the weighted space L, ,(R4) (1.19) with » € R and
p > 1. First of all observe from the integral representation (2.1) and definition of the
Macdonald function (1.91) that the Kontorovich-Lebedev transform of the function f
is even function of real variable 7 and without loss of generality we can consider only
nonnegative variable 7. From the asymptotic behavior of the Macdonald function
given by formulae (1.96)-(1.97) and the Holder inequality (1.21) for weighted spaces
we immediately obtain that integral (2.1) is absolutely convergent for any function
f(z) € L, p(R4+) with v < 1. Namely, we have the following lemma.

Lemma 2.1. Let f(z) be from the space L, ,(R4) with v < 1. Then the following
uniform estimate by 7 > 0 for the Kontorovich-Lebedev transform (2.1) holds

|Kir [f]] < ClAl L pRo ) (2.2)

where C 1s an absolute positive constant,

oo 1/q
o= ([7Kswyrtay) T, o =p/p- 1) (23)
and Ko(z) is the Macdonald function of zero index.

Proof. To establish this estimate one can appeal to inequality (1.147) and invok-
ing with the Holder inequality (1.21) we have

Kl < [ K@l Wldy

< ([" mswema) " ([T rwrera)”

= ClIfllzy p(Ry)- (2.4)

Indeed, according to asymptotic formulae (1.96)-(1.97) the integral (2.3) is obviously
convergent when v < 1. This completes the proof of Lemma 2.1.

Lemma 2.1 shows that the Kontorovich-Lebedev transform of L, ,-functions is at
least continuous function on 7 € R4 in view of uniform convergence of the integral
(2.1). Moreover, we can deduce its differential properties. Precisely, performing the
differentiation by T of arbitrary order k = 0, 1,... under the integral sign in formula
(1.98) by Lebesgue Theorem 1.2 we arrive to the following formula

ak

1 fee —zcoshu jiru
E’:K‘T(z) = 5/_00e hueime (ju)* du (2.5)
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and evidently

ak © - coshu
67](&(:6) S/o e he ok du. (2-6)

Lemma 2.2. Under conditions of Lemma 2.1 the K-L transform is an infinitely
differentiable function on the nonnegative real axis and for any k =0, 1,... we have
the uniform estimate of type

dk

Koo [f)) < Bullfllz R (2.7)

where

B =g e(q(1 = v) [~ —m—du < +oo, k=0, 1,. (28)

cos hl"’

Proof. As in the previous Lemma 2.1 making use the Hélder inequality (1.21)
for weighted spaces we obtain

(I

Invoking with the generalized Minkowski inequality (1.10) and using estimate (2.6)

we continue
oo q 1/q
( [) (1)1 dy)

S /oo uk (/oo e—qycoshuy(l—v)q—ldy) s du

= ¢ -v) [

Lemma 2.2 is proved. o

dk o
5 Kir(y)

er[f] ark

1/q
yﬂ-m-’dy) Moy (29)

ak
_Ki'r
oY)

shl"’ ————du= By <400, v < 1. (2.10)

From the above properties for the K-L transform it follows that we can discuss
its belonging to L,(R,)-space for some 1 < r < oo investigating only its behavior at
infinity. The answer can be obtained applying more precise estimate (1.100).

Lemma 2.3. The operator of the K-L transform (2.1) is a bounded mapping from

any space L,,(Ry), v < 1, p > 1 into the space L,(Ry), where r > 1 and the pa-
rameters p,r have no dependence.

Proof. Indeed, treating like Lemma 2.1 with using estimate (1.100) we establish
the following inequality

Kl S 7 [ Kalycos )| fw)ldy
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oo 1/q o 1/p
<e™® (/0 K&'(ycosé)y“"’)"“ldy) (/0 If(y)l"y””'ldy)

= Cse™ %" || fll Ly p(Ro)s (2.11)

where the constant C; > 0 and it depends from 6§ € [0,7/2). Thus from (2.11)
it is obviously to see that the norm like (1.1) for the K-L transform (2.1) in space
L,(R,), 7 > 1is finite putting in (2.11) any fixed number § € (0, 7/2). Moreover,
we established the fact that the K-L transform belongs to weighted space L,(Ry;p),
if the weighted function p(7) satisfies the condition

'/oo p(T)e™¥"dr < oco. (2.12)
0

So we led to the desired result. Lemma 2.3 is proved. e

These lemmas show that the K-L transform (2.1) of an arbitrary L, ,- function
f(z) possesses as well as the smoothness and L,-properties and furthermore, it is
evident fact that the range of the K-L transform (we denote it as K L(L, ,)), precisely

KL(L,p) ={9:9(7) = Kis[f], fE€E Lp(R4)}, v<1,p2>1 (2.13)

does not coincide with the space L,(R+). Indeed, we know that the K-L transform
belongs to the weighted space L,(R4;p) too with condition (2.12). But choosing
different weights one can easily verify that there exists some function, which belongs
to L,(R4), but does not belong to the space L,(R4;p) and vice versa. Thus it is
necessary to describe the range of the K-L transform (2.1).

For this purpose we shall use the inverse operator formally following to expansion
(1.230). It was introduced in slightly different form in Yakubovich and Luchko [2],
Chapter 6. Namely, let us consider the operator of type

(Lg)(z) = —2— /0 * rsinh((r — £)7) K (2)g(r)dr, (2.14)

m2pl-e
where € € (0, 7).
Theorem 2.1.0n functions g(r) = K [f] which are represented by the

Kontorovich-Lebedev transform (2.1) with the density f(y) € L, ,(R4), v < 1, 1 <
p < 00, the operator (2.14) has the following form

sine /°° Ki((2? + y* — 2zy cose)'/?)
o

(Icg) (1:) = Tr—¢ (122 + y2 - 2zyCOS€)1/2 yf(y)dy’ z> 0’ (215)

where K1(z) is the Macdonald function (1.91) of the order 1.

Proof. Substituting the value of g(7) as the K-L transform (2.1) in formula (2.14)
and appealing to inequality (1.100) we have the estimate as

2 o _ ]
I(L.g) (2)] < mKo(z cos 61)[) rsinh((m — €)7)e~ O+ 4
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x [7 Ko(ycos62)|(v)ldy (2.16)

provided that we choose §; + 6, + € > n. Obviously two integrals in (2.16) are
convergent (the second one is provided by Lemma 2.3). Hence we can apply Fubini’s
Theorem 1.1 and interchange the order of integration in obtained iterated integral.
As a result we use formula 2.16.51.8 from Prudnikov et al. [2], namely

/ooo 7sinh((7 — €)7) K, (z) Kir (y)dr

_ wzysine Ki((z? + y? — 2zy cose)'/?) 917
T2 (z? + y? — 2zy cos €)1/2 (2.17)
which gives us representation (2.15). This completes the proof of Theorem 2.1. o
The inversion formula of the K-L transform (2.1) at the space L, (R4 ) is estab-
lished by our next theorem.

Theorem 2.2. Let g(7) = Ki;[f], f(y) € Lp(Ry), 0 <v <1, 1< p< oo.
Then
f(z) = (1g) (=), (2.18)

where (Ig) (z) is understood as

(Ig) (z) = lim.cno4 (I9) (z), >0 (2.19)

and the limit in (2.19) is meant in terms of the norm in L, ,(R4) by formula (1.19).
Moreover, the limit in (2.19) also ezists almost everywhere on R,.

Proof. Considering the integral (2.15) by replacement of variable y = z(cose +
tsine), we arrive to the following equality

(Lg) () = /Z Rt(a:7+tle)

- f(z(cose + tsine))(cose + tsine)dt, (2.20)

where we denote by R(z,t,¢) the function of type

1 ot 2 1/2 : 2 1/2 —
R(z,t,¢) = {:c sing(t? + 1)1/2K (z sine(t? + 1)1/2), t > —cot ¢,

2.21
0, t < —cote. ( )

From the asymptotic behavior (1.96)-(1.97) of the Macdonald function K;(z) we
obtain that for any t € R, = € R4, and € € (0,7), R(z,t,€) < C uniformly as the
function of three variables. In addition, we observe the limit equality

Elir& R(z,t,e) =1.

Further, we use the approximation properties of the Poisson kernel (1.14) and Theo-
rem 1.4 to estimate the L, ,-norm0 < v < 1, 1 < p < oo (1.19) of difference (I.g) — f
applying the generalized Minkowski inequality (1.10). Namely, find that

1 o 1
1(1e9) = fllsiry < 5 [

m”f(:c(cose + tsine)(cose
oo
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+tsine)R(z,t,€) — f(z)l|L, R4yt — 0, e > 0+. (2.22)

Moreover, we have the estimate from (2.20) as

1
¢¢t2+1

C f[o°
1) lzmairny < = [

x(cose + tsine)||L, (r,)dt

1 g (14+]¢])
< ClIf Nl pre) =~ /_w %li—
where C; is a positive absolute constant, because the integral by ¢ is convergent
under condition on parameter v. Thus from Lebesgue’s Theorem 1.2 and the con-
tinuity of the L,,-norm we proved the equality (2.19). The existence of the limit
almost everywhere on R, follows from the radial property of the Poisson kernel
(1.14) P(t) = P(|t]) € L1(R+) and Theorem 1.3, which can be formulated without
difficulties also for L, ,-spaces . Theorem 2.2 is proved. o

||f(z(cose + tsine))

dt = Ci|fl|z, R4y 0< V<1, (2.23)

Theorem 2.2 yields the inequality

Il (Zeg) s o) < ClITG) s pRs ), (2.24)

where
g€KL(L,,), 0<v<1 1<p<oo.

It follows from Theorem 2.2 that K;,[f] =0, f(y) € L, p(R4),0<v <1, 1 < p < oo,
iff f(y) = 0 almost everywhere on R.. So, in the space KL(L,,) one can introduce
a norm by the equality

l9llxriznpy = 1fllL,, 9 = Kir[f]. (2.25)

As it is evident, the space KL(L,,) is a Banach one with norm (2.25) and as an
isometric to L, p.

The next theorem of this section gives the characterization of the space KL(L,,)
in terms of operators (2.14).

Theorem 2.3. The necessary and sufficient conditions for g(7) € KL(L,,),0 <
r<1l 1<p<ooare
g(r) € L,(R;),1 < r < o0, (2.26)

Lim..oo4 (I.g) € Lup(R4). (2.27)

Proof. The necessity in this theorem is a simple fact, being a corollary of Lemma
2.3, of Theorem 2.2 and of inequality (2.24). The sufficiency part is more complicated.

Let g(7) € L,(R4) and assume that condition (2.27) is valid. We are to show that
there exists a function f € L, ,, such that

9 = Ki:[f] (2.28)
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(then g € KL(L,)). From condition (2.27) conclude that (I.g) € L, for sufficiently
small € € (0, 7) and one can calculate the following composition

Kal(L.o)] = [~ Kue(y) (o) ()dy. (2.29)
Take functions g(7) being sufficiently good, e.g. smooth functions with compact
support Cg° on R, the set of whose is dense in L,. Hence we have by substituting
(2.14) into equality (2.29) the possibility to change the order of integration by the

Fubini Theorem 1.1. Using the value of the integral 2.16.33.2 from Prudnikov et al.
[2], namely

/0 ” ¥* ' Kir (y) Kip(y)dy

_ ;(; - (e+i(2f+ﬂ)) . (e+i(;'—ﬁ)) ’, (2.30)
we obtain

Ko [(19)] = 0.() = s [ Bsinh((x - 2)p)

"IF (e+i(27+ﬂ)) . (e+z’(;—ﬁ)) ? o(B)dB. (231)

In order to prove the validity of equality (2.31) for all g € L,(R4) we may prove
now the boundedness of the operator in the right-hand side of (2.31) and use after
the Banach Theorem 1.5. But as it is not difficult to see from the asymptotic formula
for gamma-function (1.33) the kernel of the integrand in (2.31) is equal to

O(el™/2-¥=xlr=Bli2=x7/2y (B 1) € Ry x Ry, ¢ € (0, 7). (2.32)

Hence we have the following estimate

| Kal(Lg) |< Ce12 [ etrla=0p=rls=rlig(g)]dp

< Celérlar [ el=e=08)g(g)]dp, (2.33)
0

where the value of some parameter § is taken from the interval (7/2—¢, 7/2). So from
estimate (2.33) with the aid of the Holder inequality, we establish the boundedness
of the operator in the right-hand side of (2.31) in the space L,(R4), 1 < r < oco.

Now let us calculate the limit of the right-hand side of (2.31), when ¢ — 0+
in norm of the space L,(R4). We begin by representing the function g.(7) after
substitution f = 7 + ¢t as follows

Ll eartet)
ge(7) = T BT h(r, t,€)dt, (2.34)
where
2¢=2¢(r + €t)(t2 + 1) sinh((w — €)(7 + &t))

h(r,t,e) = H(T + €t) T
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2

x (2.35)

. € . € .
r (zr +501 +zt)) r(Za- zt))
and H(z) as usually is the Heaviside function. From the previous discussion, we
conclude that the function h(7,t,¢) is bounded uniformly for all parameters 7 >

0, t € R, € € (0, 7). Moreover, from the supplement formulae (1.29) for the gamma-
function the following limit relation takes place

el_i}& h(r,t,e)=1. (2.36)
Hence we obtain the following estimate for norm of the function g.(7) in the space
L, (R+4)
lge(r) = 9(l.cry)
1 o 1
< —/ 3 llg(r + et)h(r,t,€) — g(T)|lL.(ry)dt = 0, e = 0 +. (2.37)
i —oot + 1

However, on the other side, appealing to estimate (2.11) we see that operator of the
K-L transform (2.1) is a bounded mapping in L, ,-space, where 0 < » < 1,1 < p < o0,
because due to inequality (2.12) the weight p(7) = 77~ satisfies this condition. Thus
there exists the following limit in L, ,-norm

Lim..o+ Kir[(L.9)] = Kir[lim. .ot (Le9)] = Kir[f], (2.38)

where f = Ig € L, ,. Since the operator K;.[(I.g)] converges in the norm L, too,
then limit functions must coincide almost everywhere on Ry. Thus, from equality
(2.38) we obtain (2.28). Theorem 2.3 is completely proved. o

By means of Theorem 2.3 we already described the range of the Kontorovich-
Lebedev transform (2.1) of the space L, ,(R4), when 0 < v < 1 and p > 1. However,
as is known in the theory of integral transforms the very important case is p = 2,
when the Lebesgue space L,, becomes the Hilbert space with respect to the inner
product of two in general complex-valued functions as

(,0) = [ e f(2)s(@)da (2:39)

and the norm ||f]|,.2 = \/(f, f). For the K-L transform the most transparent case is
v = 1 that is the limit case for the above theorems. Nevertheless, we can describe
exactly the range K'L(L1,) and be succeeded in proving of the Parseval equality like
for instance (1.193) for the Fourier transform when p = ¢ = 2 (it becomes equality
for these values).

2.2 Note on the K-L-summability of integrals
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In the previous section we investigated the K-L transform at L,, space and de-
scribed the range of this transform. We started from expansion (1.231) to define the
K-L transform (2.1). As it was established earlier (see Lebedev [1], Yakubovich and
Luchko [2]) the iterated integral (1.231) is meant in definite sense. Usually the inside
integral by y is absolutely convergent and outside integral is understood in princi-
pal value sense as, for instance in the theory of Fourier integrals from Titchmarsh
[1]. Nevertheless, one can find there the notion of the summability of integrals. In
particular, for Fourier integrals we have several types of such summability, namely
(Titchmarsh [1]) Fejér’s Integral

f(@) = Jim % 0‘ (1 - ;) du ]_ ‘: £(t) cos(u(z — t))dt
o 2sin? (2(z — ¢
= Jim % [ f(t)—lt\(g—ziw)—)dt, (2.39)

Cauchy’s Singular Integral

f(z) = !l_ig_lo %[_: f(@)dt /:o e™** cos(u(z —t))du

.1 foe €
= lim ~ /_ SOt (2.40)

Weierstrass’s Singular Integral

f(z) = ,l_i.’?o;lr' /_: f(t)dt /ow e cos(u(z — t))du

= ¢l—ig‘o ﬁ/:; f(t) exp (—- (x;:)z) dt. (2.41)

These formulae are valid under different conditions and in different spaces of func-
tions. By Theorem 1.3 we demonstrated also some general notion of the summability
through the notion of the averaging.

Thus we have the right to consider the introduced operator (2.14) and its repre-
sentation (2.15) by Theorem 2.1 as Kontorovich-Lebedev’s Singular Integral, namely
by meaning the limit in different senses we have the equality

£(0) = Jim, 2 [ rsinh(r = ) Ko (o) [ Kinlo) f(5)dydr

_ sine /°° Ki((z® + y* — 2zy cose)'/?)
- clIEO = Jo (.1:2 + y? — 2zy cos 6)1/2

yf(y)dy, z > 0. (2.42)
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2.3 The space L;z(Ry). Parseval’s relation.
Plancherel’s theorem

In this section we consider the K-L transform (2.1) at the weighted Hilbert space
L,(R4). As we seek from the inversion Theorem 2.2 this case of the Lebesgue space
is the limit case when v = 1 and integral (2.1) does not exist as absolutely convergent
improper integral. For example, let us take the function f(z) = e™*/z, z > 0. Then
as we can see from the definition of the norm L, 2(R4), by formula (1.19) the function
e~%/z belongs to this space although the integral (2.1) is divergent in usual sense (see
the asymptotic of the Macdonald function (1.97) at the neighborhood of the point
z = 0). Nevertheless, we shall show that the Kontorovich-Lebedev transform (2.1)
can be defined as follows

Kalf) =i e | fN Kir(9) f(4)dy, (2.43)

where f(y) € L12(R+) and the limit in (2.43) is meant by some weighted Hilbert
space too, which we shall define later. Obviously, if f(z) € L;2(R), then f(z) €
L,([1/N, N]) for any number N > 0. Moreover, we have the estimate

N N
PPy <O [ lW)Pdy = O sqmay, (249

1N
where C is an absolute positive constant and it gives that f(z) € L,»([1/N,N])
for any 0 < v < 1. Therefore, according to Lemma 2.1 integral (2.43) is ab-
solutely convergent and the Kontorovich-Lebedev transform (2.1) of the function
fv = f(z), = €[1/N,N], f(z) =0, 0 <z < 1/N exists.

As usually let us define the inner product of two complex-valued functions

f(z),g(z) of the Hilbert space L; 2(R4) by formula

(f9)= /0 ” yf (v)e(w)dy. (2.45)

We shall prove that the range of the K-L transform (2.43) coincides with the weighted
Hilbert space L, (R+; Zr sinh(7r7')) normed by
V27 o . 1/2
1Al Ry rsimscensy = o ([ 7sinh(er)[h(r) Pdr ) (2.46)
and the limit in (2.43) is understood by means of the convergence by norm (2.46).

Considering the respective inner product (K;,[f], Ki-[g]) of the K-L images in the
space (2.46) we have formally the chain of equalities

(Kalf) Kirlo) = 5 [ rsinh(nr) K ST Gl
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2 [ rsinh e 1] Ko w)a(o)dyr

/ow mdy% /:o rsinh(r7) K, (y) Kir[fldT

= [" v w)st)dy = (1, 9), (2.47)

where we use the Kontorovich-Lebedev singular integral (2.42) passing to the limit
under the sign of the integral or appealing to expansion (1.231). The corresponding
conditions of the validity of equalities (2.47) are given for example, by the following

Lemma 2.4. If g(z) € Li(Ry4; Ko(z cosé)) and Ki,[f] € Li(Ry;Texp((m —
§)7)), 6 €[0,7/2), then the equality between inner products takes place, namely

(Kir[f], Kir[g]) = (£, 9)- (2.48)

Remark 2.1. Equality (2.48) is called as usually the Parseval equality for the
Kontorovich-Lebedev transform (2.1).

Proof. The proof of this lemma can be easily obtained by Fubini’s theorem under
the above conditions, which provide the absolute convergence of the iterated integrals
at the chain of equalities (2.47) and can be written invoking with inequality (1.100).
This completes the proof of Lemma 2.4. o

Remark 2.2. Letting f = g at the previous lemma we obtain that f € L;,(R4)
and h(7) = K;,[f] € L, (R+; =1 sinh(wr)) with equality for the corresponding norms
as

||f”Ll,J(R+) = ”h”Iq(R.g,;;’,-‘rsinh(r‘r))‘ (249)

Let us turn now to the space C?(R,) of the smooth functions of the order two
with compact support on R. As is known, for instance, in Titchmarsh [1] the space
C®(R,) is dense everywhere in L 5(R4).

Lemma 2.5. If the function f(z) € C®(R,) and its support is compact one, then
the Kontorovich-Lebedev transform (2.1) belongs to the space Li(R4;+/T exp(n7/2)).

Proof. It is clear that f(z) satisfies to the conditions of Lemma 2.1 and conse-
quently, K,.[f] is continuous function of variable 7 € R,. The compact support of
the function f(z) allows us to use Theorem 1.7 of asymptotic behavior of the Mac-
donald function K;,(z) by index 7 — +oo. Indeed, making use formula (1.148) we
obtain

—x7[2

Kalf) = S0 ([ emosr )ay)
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e~ 72

= 70 (LZ e"'f(e')e'dt) , T — +00. (2.50)

Denoting by f1(t) = f(e)e’ conclude that f;(t) has the compact support too on R, if
the function f(z) possesses by this property at the half axis R, and f(z) € C®(R).
Hence we appeal to the known result from the Fourier transform theory (see, for
example Knyazev [1]) of the smooth functions from the space C(®(R) with compact
support that gives the final estimate for the K-L transform as

—-n7[2

€
|Ki[f]l < C—g >0, (2.51)

where C > 0 is an absolute constant. Thus we obtain the proof of the Lemma 2.5. ¢

Corollary 2.1. For functions f(z) from the space C®(R..) the Parseval equality
(2.48) is true.

Proof. Actually, in this case for a function f(z) the inversion Theorem 2.2 takes
place and according to Lemma 2.5 and asymptotic formula (1.148) by index of the
Macdonald function we perform to pass to the limit under the sign of integral in
formula (2.14) due the Lebesgue theorem which gives us the representation of type

2f(z) = % [ wsinb(ar) K (2) K, [, (2.52)

where the last integral is absolutely convergent. Hence at the chain of equalities (2.47)
the changing of the order of integration is possible due to Fubini’s theorem and we
obtain the Parseval equality (2.48). Corollary 2.1 is proved.

Let now f(z) be an arbitrary function from the space L;;(R+). Choose some
sequence of functions from the space C®?(R.,) with the compact support that is
convergent to the given function f by the norm of the space L; 3(R+). Let us denote
through f, the common term of this sequence and through the symbol I, the least
segment which contains the support of the function f,,. Since the operator of the K-L
transform is linear one, then from the previous corollary we obtain the equality

/ow z|fo(z) = fm(2)|?dz = ;22- /:o 7sinh(77)|Kir[fa] = Kir[fm]2dT. (2.53)

In fact, as the left-hand side of equality (2.53) tends to zero by m,n — oo, there-
fore the sequence {K,[f,]} is the Cauchy sequence. The completeness of the re-
spective Hilbert space L, (R+;;2,-1'sinh(7r1')) means the existence of the function

h(r) = Ki,[f] € L, (R+; ;zyrsinh(vrr)) such that K [f,] — h(7) by the norm of
this space. Since

Kolf = [ Kali)falo)d, (2:54)
then integrating the function K;[f,] by segment [0, 7] we obtain

| xalsdar= [ oy [ Kaw)et
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= /0 K(7,9) fa(y)dy, (2.55)
where ,

K(r,y) = /o Kie(y)dt. (2.56)
Let us consider the left-hand side of equality (2.55). As K;J[f,] belongs to
L, (Rg;’;t sinh(vrt)), consequently Ki[f,] € L,([0;7]). Since Ky[f.] — Ki[f] by
the norm of the space L, (R...; 3t sinh(vrt)) and

/(; | Kie[fa] — Kit[f]|2dt < C”K“[fn] - Kft[f]lli,(m;ﬁ.t,;nh(ﬂ))a (2.57)
then Ki(f,] — Kui[f] by the norm L,([0;7]). Hence by the Cauchy-Schwarz-

Bunyakovskii inequality that is a particular case of the Hélder inequality (1.21) for
the Hilbert spaces we have

| Gl = Kal D] < [ 1Kalfa) - Kalrlat

< VT Kiel fa] = Kiel AUl ooz (2.58)
Therefore, i .
lim [ Kl Jdt = /0 Ki[f)dt. (2.59)

Similarly we establish the limit at the right-hand side of (2.55). Indeed, the function
fa(z) € L1 2(R4) and invoking with inequality (1.21) we obtain the estimate

o 0 )2 1/2
[ e annoi s ([TE0L8) Si,w, @

Thus the problem arises to show that for each 7 > 0 the function K(7,y) € Lo2(R+).
In fact, as is obvious from (2.56) and the simple inequality

|K (7, 9)] < TKo(y) (2.61)

the function K(,y) belongs to the space Lg2([a,00)), where a > 0 is some fixed
number. To prove that K(7,y) € Lo2((0, a]) we use integral (1.106). Indeed, invoking
with the mean value theorem and substituting (1.106) into (2.56) we obtain

K(r,y) =C, /0' sinh (%) K (y)dt

=C, /r dt /0o sin(y sinh u) sin(tu)du, (2.62)
o Jo

where C, is some constant, which depends from 7 and arises by the mean value
theorem. The Abel’s test of uniform convergence of the integrals enables us to perform
the integration by ¢ and it gives the representation

K(r,y)=C, /ow sin(y sinh u)l—:-c;i(@du
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oo 1— cos (rlog (v +(v2 + 1)‘/2))
=C, / sin(yv) v,

o log (v + (v2 4+ 1)1/2) 2 + 1
where we let the replacement v = sinhu. Hence decomposing the integral (2.63) as
two by v € (0,y] and v € [y, 00) we estimate each one, namely

(2.63)

/Oy sin(y) 1—cos (Tlog (v + (v + 1)1/2)) o

log (v + (v2 + 1)1/2) V42 + 1
a v
C
Yo log (v + (v2 + 1)1/2) Vo2 + 1

o 1- log (v + (v* + 1)/2
/ cin(yv) cos (7' og (v (v ) )) 0
Y log (v + (v2 + 1)1/2) /2 + 1

1 M sint 1
_o(logy/1 —t—dt)—O(@>,0<y<a<l. (2.65)

Note here, that we treated integral (2.65) by using the second mean value theorem.
Thus we can choose 0 < a < 1 and conclude that K(7,y) € L 2((0, a]) from the above
estimates. So finally K(7,y) € Lo2(R4). From the relation f, — f by the norm of
L,,(R4) and the Cauchy-Schwarz-Bunyakovskii inequality we have that

dv=0(y), 0<y<a, (2.64)

lim [T h@dy = [T K@y, (2:66)
and after passage to the limit in the equality (2.55) it gives us
| Kt = [ K(r, )5 @) (267)

Since K;[f] € L, (R+; 2t sinh(vrt)), then Ky[f] € L,((0, N]) and therefore K;[f] €
L1((0,N]). Consequently, one can differentiate through in equality (2.67) by the
upper limit. As is known, the respective derivative equals almost everywhere on R
the integrand. So finally for almost all 7 > 0 we obtain the formula

Kalfl= 2 [ K1) {0y (269

Return now to the Parseval equality (2.49), which we spread for all functions
f(z) € L12(R4) and the corresponding Kontorovich-Lebedev transforms K;,[f] €
L, (R+; ;277' sinh(7r'r)). This fact provided by continuity of norms from the relation
(see (2.53))

||fn”L|,z(R.+) = |IK‘T[f"]l|L3(R+;;’rfsinh(1rr))' (269)

Hence let us take in (2.48) g(y) =1, 0 < y < z, g(y) = 0,y > z. We arrive to the
following formula

[ vrtwydy = 2 [ rsinh(rr) [ K ()i [l (2.70)

T2
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Meanwhile, we apply formula 1.12.1.2 from Prudnikov et al. [2], which gives the
calculation of the inner integral by u at the right-hand side of (2.70), namely

z _ =727 (i) 1—ir . 3—ir z?
/0 Kir(u)du = R, [ T 1Fy ( 5 1—i7, 57 (2.71)

through the hypergeometric function 1 Fy(a; b, c; z) (see definition (1.45)). Thus carry
out the differentiation and for almost all z > 0 we obtain the dual formula for the
inverse Kontorovich-Lebedev transform as

2 d [
2f(@)= =5 ),
772 (i) 1—ir . 3—ir 2?
xR; [ T 15 5 1—ir, 5 T K [f]dr. (2.72)

Prove now that formula (2.43) takes place, precisely we establish that the K-L trans-

form K;,[f] is the limit in mean square by the norm of space L, (R+; Zr sinh(7r1'))
of the integral

7 sinh(77)

N
S K} ),

where f(z) is an arbitrary function from the space L 5(R4). For this in the equality

Kilful = o= [ K () fwu)dy

= 4 Jo K @ (273)

perform the differentiation under the sign of integral due to uniform convergence of
the differentiated integral. This leads us to the formula

Kalfil = [ K@) ). (274)

If now K;,[f] defined by formula (2.68), then the Parseval equality (2.49) provides
the relation

1K [ f] ~ Kiv[fN]lli, Ry 2 reimh(er)) = I — I ®y)
(Re4s 27 simh(rr))

= 2dy — 0, N — oo, 2.75
L e @) (2.75)

which means that Ki,[fv] — Ki-[f] by norm of the space L, (R+; Zr sinh(vr'r)).
Similarly we prove the convergence in mean of the sequence {fy} to f by the norm

of Ll'g, if
2 N
fule) = o /0 7 sinh(n7) Kir (2) Kir [ f]d7. (2.76)

Thus we summarize our results in this section by the following Plancherel theorem.
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Theorem 2.4. The operator of the Kontorovich-Lebedev transform given by for-
maula (2.68) maps the space Ly2(Ry) onto the space L, (R+; :—,'rsinh(m-)) and the
inverse operator described by relation (2.72). These operators are the limits in mean
by the respective norm of Hilbert weighted spaces of integrals (2.74), (2.76).

2.4 Composition representations of the K-L
transform. A convolution Hilbert space

As we see the K-L transform (2.1) is quite different from the convolution type
integral transforms as in view of the fact that its kernel is essentially a function of
two variables. But nevertheless, we can derive a connection between K-L transform
and on the other hand the Fourier, Laplace and Mellin transforms. Namely, from
integral representation (1.98) substituting it into integral (2.1) for arbitrary function
f(z) € L,,(R4), ¥ < 1,p > 1 we obtain the estimate with the aid of the Holder
inequality (1.21) as (see also (2.4))

Kl < 5 [T 1@y [ eveohea
= [7 Kol s w)ldy

< ( /0 " K (y)y“"”"'"dy) e ( /0 il (y)l”y””“dy) v
= Cl|fllz, pry)- (2.77)

Hence the Fubini’s theorem allows us to interchange the order of integration in the
last iterated integral. As a result we arrive to the following composition

Kilf1= |/ [FILf)cosh w)]} () (2.78)

in terms of the Fourier transform (1.191) and the Laplace transform (1.215) being
calculated at the point z = coshu. All integrals in (2.78) are absolutely convergent.
Also we assume in this case that 7 € R which is possible in view of the evenness
of the Macdonald function by its index. Moreover, with the generalized Minkowski
inequality (1.10) one can easily conclude the belonging of [Lf](coshu) to the space
L,(R), g > 1, precisely

Aol = [ | [ e e au)

< [" 1wy ([7 emeovan) = o [Z K@l @79)
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The Holder inequality (1.21) gives us to continue the estimate (2.79) as

Kl/q dy < OOK (l—u)q—ld s
(gy)1f(y)ldy < | Kolay)y v L, ,®e) (2.80)

where p = q/ (¢ — 1). But according to formula 2.16.2.2 from Prudnikov et al. [2] we

can calculate the integral at the right-hand side of inequality (2.80) to obtain finally
the estimate

2,1 o2 [((L=v
1L f)(cosh u)] |,y < 25~*"1¢"~'T (( )‘1) @y (281)

This inequality can be used to estimate the L,-norm of the K-L transform by Theorem
1.14 when p > 2. Namely, from (1.193) we find that

yersn |

2(1 v)g-1 q("—l)q 1— I/)q
- -1 (( 2 ) 1L, o4y 9 =P/(P— 1) (2.82)

7|'2

< el l(cosh W)l
L) (2) 1 Lq¢(R)

The composition equality (2.78) is needed for further investigations of the mapping
properties of the Kontorovich-Lebedev transform (2.1). However, we shall demon-
strate now another composition representation of the Kontorovich-Lebedev transform
involving the Mellin transform (1.203) as well as the Laplace transform (1.215) which
is to be calculated at different from (2.78) point. This enable us to introduce the
Kontorovich-Lebedev transform of an arbitrary complex index.

Actually, turning to the integral (1.238) write it in slightly different, but symmetric
form, changing variable u = J; and letting there an arbitrary complex index s instead
of pure imaginary number 7. As result we find that

K,(z) = % /0 ¥ ey 1y 7 >0, (2.83)

where h(u) = 3(u + u~!). Hence immediately define the Kontorovich-Lebedev trans-
form of an arbitrary complex index s = y + i7 as follows

K,[f]= /ooo K,(y)f(y)dy. (2.84)

Appealing to the asymptotic behavior of the Macdonald function (1.97) and integral
(2.83) deduce the inequality

|Ks(z)] £ Kgo(z), > 0. (2.85)

This estimate allows us to formulate the important result concerning analytic proper-
ties of the K-L transform (2.84) as a complex-valued function of variable s, mapping
the Lebesgue space L, ,(R;) into the space of analytic functions at definite vertical
strip. Thus our discussions at the beginning of the present chapter, concerning dif-
ferential properties of the Kontorovich-Lebedev integral (2.1) at the real positive half
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axis should be naturally extended to the complex case.

Theorem 2.5. Under conditions of Lemma 2.1 the Kontorovich-Lebedev trans-
form K,[f] is analytic function at the open vertical strip |Rs| < 1 —v.

Proof. Indeed, appealing to Lemma 2.1 and invoking with inequality (2.85) we
obtain the uniform estimate like (2.4) with respect to an imaginary part of the variable
s, namely

KA < [ Kew)l/)ldy

< ( /0 ” Ké’e,(y)y("”"’"dy)llq ( /0 i (y)l’y"”'ldy)llp

= Cl|fllzs o(re)» (2.86)
where the integral

oo 1/q
C= (/(; K;,(y)y(l_")"'ldy) < o0 (2.87)

under condition |Rs| < 1 — v which provides the uniform convergence of the
Kontorovich-Lebedev integral (2.84) and consequently, its analyticity at this strip.
Theorem 2.5 is proved. e

Corollary 2.2. The Kontorovich-Lebedev transform (2.84) of an arbitrary com-

plez index s of the function f(z) € L,p(R4), p > 1,v < 1 can be represented at the
strip |Rs| < 1 — v by the formula

K[fl= %M ([L b (% (t + %)) ;s) , (2.88)

involving the Laplace transform (1.215) at the point h(t) = 1(t +¢7*) and the Mellin
transform (1.203).

Proof. From estimate (2.86) using integral (2.83) we immediately arrive to com-
position (2.88) by Fubini’s theorem. o

To inverse the Kontorovich-Lebedev transform (2.84) of an arbitrary index we
have to choose the respective space of functions, which describes its range. Following
to Ditkin [1]-[2] we shall construct the so-called convolution Hilbert spaces of functions
and apply theirs to integral representations, in particular, to the K-L transform (2.84).

Let h(u) and g(u) be positive functions on R4 such that the integral

/Ooo e~ M)g(u)du = w(z) (2.89)

converges for all z > 0 and defines some weight function. Let us assume for arbitrary
function h(u) mentioned above that if

/o * e~ f(2)dz = 0 (2.90)



The Kontorovich-Lebedev Transform 57

for any number u > 0, then f(z) = 0 almost everywhere on R .

Denote by Sy the set of all absolutely integrable functions f(z) defined on the
domain R, such that f(z) is compactly supported in this domain. If f(z) € S, and
g(z) € Sy, then as is known their Laplace convolution

(F*9)(=) = /: f(z —y)g(y)dy (2.91)
belongs also to the space Sy. Therefore, the integral
[ D@z = (£,9) (2.92)

exists. Hence on the linear set S, we can define operator of the Laplace transform
(1.215) [Lnf)(w) = [Lf](h(uw)), f € So. Setting by @(u) = [Lnf](u) and by ¥(u) =
[Lxg)(u) due to the known factorization property of the Laplace convolution (2.91)
(see, for example Titchmarsh [1]) we obtain the following equality

P(P(@) = [ (FxD@)e™da = [La(f + D)(w). (2.93)
Condition (2.89) and Fubini’s theorem give us the convergence of the integral
| ewpatwdu
and the equality
|7 ewi@atwdu = [7(f +9e)le)ds = (£,). (2.94)

It follows from (2.94) and condition (2.90) that (2.92) has all properties of an inner
product. The set Sy becomes a pre-Hilbert space with this inner product. Its com-
pletion is called a convolution Hilbert space and is denoted by S(g). Thus, an inner

product (f, g} and a norm
1flls = V{f, )

are defined for any elements f,g € Sp. If f, g € S, then as is obvious

{9y = [T (D @w(a)ds

= /0 /o F(2)g@)w(z + y)dzdy. (2.95)
The last equality implies that if f(z) satisfies the condition
L 1@ @)z + y)dady < oo, (2.96)

then f € S(q). Further, if f(z) and g(z) satisfy (2.96), then the Cauchy-Schwarz-
Bunyakovskii inequality gives us a convergence of the integral

L7 [C 1 @e@lete +y)dedy (2.97)
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and the equality -
(1,90 = [ (f *De)o(e)ds. (2.98)

Let us consider now the weighted Hilbert space L,(R;¢(u)) formed by the functions
©(u), u € Ry such that

[ le(Pa(wdu < oo.

The inner product here is

(09 = [ o(wPlg(u)du

llell = (e, 9). (2.99)

As we have shown (see (2.94)), the operator [L;f] maps the set S; into the space
Ly(Ry; q(u)), and for all f € Sp

and the norm is

IZWAIP = [ lo(u)Pa(w)du

= [T *D@le)ds = 11 (2.100)

The extension of [Lf] by continuity to the whole space S(g) is denoted by [L] f].
Thus, [L} f] is defined for all f € S(q), its range LS belongs to La(R,;q(u)), and
for all f € S(q)

1£1ls = NELR A (2.101)

and [L{ f] = 0 if and only if f = 0. Consequently, the inverse operator exists and is
bounded.

Let us return now to the Kontorovich-Lebedev transform (2.84) with the Macdon-
ald function (2.83) and h(u) = J(u+ u™?). As far as the Corollary 2.2 is concerned,
from composition (2.88) we obtain that for ¢ = [L] f] is obviously ¢(u) = ¢(1/u) for
any u > 0. Consequently, the range L]S does not coincide with Ly(R4;q(u)). The
set of functions satisfying p(u) = ¢(1/u) is a subspace of La(R4;g(u)). We prove
that this subspace coincides with L}S. Indeed, otherwise there would exist a nonzero
function @p(u) such that go(u) = @o(1/u) for any u > 0 and ¢, is orthogonal to
L?S. But this cannot be, because (g, [L]f]) = 0 for any f € S(q) implies that in
particular

/0 > wo(u)e™*®g(u)du = 0 (2.102)

for all a > 0 if we establish that the function e=**®) is an element of the space L{S.
If it is true then from the properties of the Laplace transform (1.215) we lead to
conclusion that po(u) = 0 for 1 < u < oo, and hence for all u > 0 according to
analytic properties of the Laplace transform (1.215).

Concerning the fact that e=***) € LIS for any a > 0 let us observe first that
from (2.89) it follows the conclusion e~**®) € Ly(Ry;q(u)). Let now f,(z) = 0 for
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0<z<aorz>a+1l/nand f,=nfora<z<a+1/n, n=12,.... Thenitis
not difficult to calculate the corresponding image of the Laplace transform, namely
1—exp -—M"ﬂ
falu) = [Lifa]) = <>—h(()——) (2.103)
which implies that
lim [1e7* — gy (w)]] = 0. (2.10)

Consequently, e=®*®) € LS. Therefore, there exists in S(g) an element, namely
delta-function §(z, a) such that [L{6](u) = e~o(¥),

Thus we proved that the set of Laplace transforms p(u) = [L] f](u) = ¢(1/u)
coincides with the range L} S. Since h(u) = 3(u+ u™!) > 1 for any u > 0, we have

naturally that
lle(w)/A()Il < llell

for any function p(u) € Ly(R4;q(u)). If ¢ € LS, then p(u)/h(u) € LS. Further-
more, if f € S(g) is a regular function, then integration by parts it is not difficult to
motivate the fact that

s © s(utus z 20(u)
L"/ d] =/ —§utTg / dy=——. 2.105
22 [ 1wy ) = [ s [ p)ay = 222 (2.105)
Choose now concrete weight function g(u) = 4**~!; ¢ € R and we obtain the Hilbert
space L, 2(R+). Soif some function ¢(u) € L, 2(R4), then according to Theorem 1.15
its Mellin’s transform (1.203) ¢*(s) exists and belongs to the space L;(o —ioco, 0 +100)
and

N
©*(s) =limyoe /;/N o(u)u* " du. (2.106)
Inversely we have formula like (1.204)
1 o+i00
olz) = glimy- L L ¢le)eds. (2.107)

Calculating integral (2.89) for our case of functions h(u) and ¢(u) use formula (2.83)
and immediately obtain w(z) = 2K3,(z), = > 0. Hence turn to the equality (see
(2.96))

2[7 [71/@) fW)| Koz + y)drdy
- /0 w4y ( /0 % gmvh()| f(y)|dy)2, (2.108)

provided that f(z) € L, ,, p > 1,v < 1, which is obtained by Fubini’s theorem. In-
deed, invoking with generalized Minkowski’s inequality (1.10) and Hélder’s inequality
(1.21) we have the estimate

(/o“’ w24 (/ow e—yh(u)‘f(y)|dy) 2) "
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< ["1slay ([ wemte o)™ = v [7 Kol sy

<Vl ([ KL ) <00, a=pip-1)  (2109)

under conditions f(z) € L,,, p > 1,v < 1,|0| < 1—v. Hence we find from inequality
(2.96) that this function f(z) is an element of the respective convolution Hilbert space
S(q) (2.98) with the inner product as

(f,9)= 2/0°°(f *7)(2) Kz (z)dz, |o| <1—v. (2.110)

Corollary 2.2, precisely equality (2.88) enables us to put ¢*(s) = 2K,[f]. Moreover,
since for the Kontorovich-Lebedev transform the inside Laplace transform in compo-
sition (2.88) satisfies the condition ¢(u) = ¢(1/u) for any u > 0 from equality (2.107)
we obtain the related one as

o+iN
o(z) = —11 M.y oo " (s)z’ds, (2.111)

where the integral (2.111) converges in L_,,g(R.,.). This implies the following equality

:((3 27rzl AMyoe /ﬂ‘N <P'(s)$;;l:_) ’d (2.112)

Meanwhile, the function (z~* + z°*)/h(z) belongs to the range of convolution Hilbert
space S(g) by means of the Laplace transform ¢(z) = [L} f](z) with h(u) = J(u+
u™Y), q(u) = u¥tif

00 | 4,—3 s |2

/ yu_tu ¥ 1du < oo. (2.113)

o |u+ul

From the inequality
—s s)? 20 2
®lu™ +u 20—1 /°° u“’ +1

—_— < —_ d 1 114
/0 | W [T S ) wdu<oo, ol <172 (2.114)

the desired result has been satisfied. Considering equality (2.105), we achieve that
the function

| fwdy € Lmsp(®),
if f(z) € L,,(R4),v < 1. Actually it follows from estimate

© p\ 1/p oo 1 p\ 1/7
(v—-1)p—-1 = vp—1
(7 2mrmaa] sl ) = (7 2| [ sra]

1
<M fllp [ y7dy <00, v<1. (2.115)

Thus if we choose |¢| < min(1/2,1 — v) from inequalities (2.109), (2.115) we ob-
tain that functions f(z) and [; f(y)dy are elements of the convolution Hilbert space

/0 ’ f(y)dy
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(2.110). The respective Laplace transforms ¢(z) and ¢(z)/h(z) belong to the range
L3S.

Making use integral 2.16.6.1 from Prudnikov et al. [2] it is not difficult to show
that for any complex s = ¢ + i7 with || < min(1/2,1 — v) the following formula is

true
z7° + o (ssin(ns) o K,(t) s -1
- e dt (_) —u(z+z~1)
z+z! /o ( T /u t +cos 2/)°¢ du

= [L;{ (SSi“:”) /u°° K’t(t)dt+ cos (’;—s))] (). (2.116)

On the other hand, substituting it in (2.112) and invoking with relation (2.105) we
find the following equality

[ [ 1] ) = sdiman [ 7(9)

[L" (ssm(“) /°° K()dt+ (2 ))} (z)ds. (2.117)

However, according to Theorem 2.5 the K-L transform (2.84) K,[f] = ¢*(s)/2 is an
analytic function at the strip |0] < 1 — v and therefore one can interchange the order
of integration at the right-hand side of equality (2.117 ) which gives

(22 [ 1] =) = [Lz;r—l;;l-i-mwm /:;N k.lf]

x (ssin(ws) I K. ( K g 4 cos (%) )ds] (2). (2.118)

Since the linear operator [L{ f] is bounded on the convolution space S(g) due to the
norm equality (2.101) we can omit it and deduce that

o+iN

[ 1@y = iy [ K]

x (ssin(vrs)/z LAV (7;8)) ds, >0, (2.119)

where the convergence of the integral in (2.119) means by norm (2.100) defined by the
inner product (2.110). Obviously, if f(z) € L, , C S(g) under conditions p > 1,v < 1
then f(z) € L1([0,z]) and one can differentiate the left-hand side of equality (2.119)
almost everywhere. Meanwhile, for the Macdonald function (2.83) by the interchange
u = e’ we arrive to the respective integral representation (1.99) as

1 fié+oo

K@) =5 e~=eohvtsvdy 250, § € [0, 7/2). (2.120)

Hence we immediately obtain the uniform estimate like (1.100), precisely

|K.(2)| < e K, (zcos§), s =0 +ir,7 €R. (2.121)
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Thus if K,4:,[f] € L1(R; 7e™ ™), 6 € [0, 7/2), then owing to estimate

< C/ Korir[f)| 7e™ " Odr /m

where C' is a positive constant we conclude that the integral in the right-hand side of
equality (2.119) is absolutely convergent and moreover, we perform the differentiation
under its sign. So we lead to the inversion formula for the Kontorovich-Lebedev
transform (2.84) in the form

Kosir[fl(o + it)sin(n(o + i1)) / 0’+tf(t) Botir(t) oo

K. ———=dt < 00, >0, (2.122)

f(z) = i—z-/:::o ssin(ws)———= ( )K s[f]ds, (2.123)

which is valid for almost all £ € R4 and is natural generalization of the inversion
formula for the K-L transform for ¢ = 0. Thus we established the following final
theorem.

Theorem 2.6. Let f(z) be from the space L,,(R4) provided that p > 1,v < 1.
Then the Kontorovich-Lebedev transform (2.84) K,[f], s = o + i exists and belongs
to the space Ly(o — i00,0 + 100), |o| < min(1/2,1 — v). Moreover, almost for all
z € Ry inversion formula (2.119) is true, where the convergence of the integral is
meant by the norm generated by the convolution Hilbert space (2.110). If besides
Koyir[f] € Li(R;7e™"9), § € [0,7/2), then almost everywhere on R, the repre-
sentation (2.123) holds.

2.5 Representations through the Mellin trans-
form. Watson’s type lemma

In this section we give another representation of the Kontorovich-Lebedev trans-
form (2.1) generated by the Mellin-Parseval equality (1.214). Such approach enables
us to investigate the composition structure of the K-L transform and gives a method
of the various other constructions of index transforms and their inversions. These
questions were already considered recently by the author in Vu Kim Tuan et al. [1],
Yakubovich [1], [3]-[4], Samko et al. [1], Yakubovich and Luchko [2] for the so-called
Kontorovich-Lebedev type indexr transforms in special functional spaces that account
asymptotic behavior of the gamma-functions at infinity. Here we attract our atten-
tion to L,-theory of these mentioned transforms and first describe the corresponding
properties for the K-L transform (2.1).

Let us consider the Mellin-Barnes integral (1.59) for Meijer’s G-function related
to the Macdonald function K;;(2,/y), ¥ > 0, namely formula (1.113). Hence after
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changing the variable 2,/y = z this easily yields to the following relation

1 vtieo s+ir s — it
o= g [ () (55 |
(2) ol S 27T 3 r 7 )¢ ds, £ >0, (2.124)
where the variable s lies along the vertical contour s = v + 4t with v > 0, t € R. The
reciprocal Mellin formula (1.203) in this case becomes as

/0 K (y)y*~'dy = 22T (#) T (3 ‘2”) , Rs >0, (2.125)
(see formula 2.16.2.2 from Prudnikov et al. [2]). Further, all series of poles of the
gamma-functions in (2.124) are separated by this contour, and Stirling’s formula
(1.32) gives their asymptotic behavior at infinity for each index 7 > 0 as

s+iT s —1T
P57 (59)
Therefore we easily conclude that integral (2.124) is absolutely convergent and more-
over its integrand belongs to any space L,(v — 0o, v + i00), p > 1. Turning now to
Theorem 1.17 that allows us to write for the K-L transform (2.1) the Parseval equality
(1.214), considering the Kontorovich-Lebedev transform for each fixed index  as the
Mellin convolution type integral transform (1.220) at the point z = 1. Precisely, if

f(z) € L,p(R4) for 1 < p < 2, then invoking with relation (2.124) we obtain the
formula

1 vt (1—s+ir 1-s—ir\ ,
Kulfl= o= [ 2t ( : ) r ( . ) Fs)ds, v<1, (2.127)
where f*(s) = f*(v + it) is the Mellin transform of the function f(z) and it is from
the space Ly(R), ¢ = p/(p — 1) according to Theorem 1.15. Thus we established the
following result.

=0 (e7FMjep1). (2.126)

Theorem 2.7. Let f(z) be from the space f(z) € L,,(Ry), 1<p<2, v< 1
Then the K-L transform (2.1) can be represented by formula (2.127) and both of in-
tegrals are absolutely convergent.

Note that integral (2.1) is absolutely convergent due to Lemma 2.1 and the abso-
lute convergence of integral (2.127) can be easily verified by the Holder inequality.

Now we briefly concern the question of generalization the Kontorovich-Lebedev
transform on the index transforms with different hypergeometric type of special func-
tions as the kernels that have been considered in Chapter 1. Namely, using the
list of formulae (1.107)-(1.140) of particular cases of Meijer’s G-function, which cor-
responds by the structure to index kernels, one can introduce index transforms by
formula (2.127). Some of theirs are familiar and shall be considered in detail in the
next chapters. We can construct also the new operators basing on the L,-theory of
the Kontorovich-Lebedev transform and Mellin convolution type transforms.

Let us substitute into formula (2.127) instead of the function f*(s) the product
6*(s)f*(s), where the function 6*(s) is fixed and in most cases, especially for the
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index transforms constructions it is gamma-ratios like formulae (1.60), (1.64).
6*(v +it) € L, (R; e'ﬁl|'||t|“’) , 1< p< 2, then denote by Y(z) the function

1-v+ico s 4T s —1iT _
= ami N G 6*(1—s)z™*d 2.128
Yile) = 47|"l/—v—ioo 2 F( 2 )F( 2 ) (1-s)z7ds, v <1, ( )

where the integral (2.128) is convergent at least by the norm L;_, ,(R.). Hence we
introduce the new index transform as follows

Y= /+°° 27T (1 = ”) r (1 R z'T) 6*(s)f*(s)ds

—100

= /o “ Y2 () f(t)dt. (2.129)

Obviously, we used here the Mellin-Parseval equality (1.214). The general index
transform (2.129) comprises a wide set of familiar examples as well as new ones. For
instance, taking formula (1.117) after simple interchange of variable and invoking
with the Mellin transform property (1.207) write the respective integral (2.128) as

1-v+ico s+t s —iT
( ) :1-;; /—v—ioo r ( 2 ) r ( 2 )
(s/2) _,, 1 ( )

x TG+ 1)/2)1: ds = \/_K"/Z 5)- (2.130)
Here 6*(s) = I'((1—s)/2)/T'(1—s/2) and as we can verified by Stirling’s formula (1.32),
this function satisfies the above condition 6*(v +it) € L, (R.; e'§|‘||t|“’) ,1<p<2.
Hence we obtain the index transform with the square of the Macdonald function first
introduced by Lebedev [8], namely

Kl = 2= [ K (3) S (2.131)

Similarly we can write other examples of the index transforms and shall do it later.
Now it is important to note the fact of connection between the K-L transform, general
index transforms and the Mellin convolution type integral transforms. Actually, we
can express general transform (2.129) through the K-L transform (2.1) by means the
same Mellin-Parseval equality (1.214). Let us denote by

[©f](z) = / 8*(s)f*(s)z—*ds (2.132)

the operator being connected with the inverse Mellin transform (1.204), meaning
that the integral (2.132) is convergent by L, ,-norm. Then applying Theorem 1.17
we immediately obtain the composition equality as

Yi[f] = K [[©f]) (2.133)

Conversely, as is known operator (2.132) by the Mellin-Parseval equality (1.214) be-
comes the Mellin convolution type operator like (1.220) provided that there exists
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the inverse Mellin transform (1.204) of the function 6*(s) at the respective sense.
Although this condition is not necessary for existence the general index transform
(2.129), because integral (2.128) can be convergent in spite of the fact, that integral
(1.204) for 6*(s) remains divergent one.

Theorem 2.8. Let f(z) € L, ,(R4), 1< p <2, v<1. Let also 0(s) be a complex
valued function defined on the line s = v+it, t e R. If0*(v+it) € L, (R; e"%|t||t|"’)
then the general index transform Y2 (z) exists by formula (2.129) with the respective

indexr kernel (2.128). Besides the composition representation (2.133) is true, where
the operator [Of] 1s defined by formula (2.132).

Our purpose now is to consider the analog of the familiar Watson lemma concern-
ing asymptotic expansion of the Laplace transform like (1.215) for analytic functions
at the neighborhood of infinity (see details, for example, in Olver [1]). As is turned
out to be this analog of the Watson lemma is valid for the K-L transform (2.1), pre-
cisely one can obtain its asymptotic when 7 — +oo for functions f(z) associated
with functions of the exponential type.

Let f(2) = £ @az" be an analytic function in closed circle |z| < r. Then as is
known for instance in Titchmarsh [2], by Cauchy’s inequality for Taylor’s coefficients
we obtain the uniform estimate |a,r"| < M, where M is independent of n. Hence, if
we denote by

2z n
n(z) = 2_% ECERYE) (3) (2.134)

the function associated with f(z), then we have the inequality

o |2
In(2)] < ME:O (2r)"T2((n + 1)/2)

Meanwhile, due to the Stirling formula (1.32)

o (0) =2 (%) b+ oum

= @@;[1 + 0(1/n)], n — oo. (2.136)

(2.135)

Hence,
% [ n1/(2n) n o n n
In(z)| < C Y ( ) !i <CcY. (é) |_z|'_ = Cellt/T, (2.137)
= n! so\r n!

where there exists some constant £ such that 1 < n1/(?") < ¢ < 2. Thus the function
n(2) is exponential type function. Let us show that the K-L transform (2.1) of function
7(y),y € R4 exists under condition r > £. Indeed, invoking with inequality (1.147)

we obtain oo
|Kanlrll < [~ Ko(w)ln(y)ldy
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< c/c’o Ko(y)edy < o0, a = €/r < 1, (2.138)
0

and the convergence of the last integral is motivated by asymptotic formulae (1.96)-
(1.97) of the Macdonald function. Therefore, substituting series (2.134) into formula
(2.1) perform to change the order of integration and summation which gives

/ Kor(g)dy 3

n=0

oo

a a oo

— oy =5 — % [Tk () dy.

S = LT b KWl
(2.139)

The inner integral can be calculated by formula (2.125) and we have the result

00 ; 2
[) Ki(y)y"dy =27 [T (Pi;—ﬂl) (2.140)
So the final equality from (2.139) becomes as
n + 1 + 1T
K., | ) 2.141
=33 o 17 (2141)
The last series can be written as follows
a, n4 144\
Kir[n] = + ) lI‘ ( )
n=3(5+ %) w7

The remainder term Ry(7) can be estimated uniformly by 7 > 0 applying inequality
(1.26), namely

- M,

[Ry(T)] < 5 Z lan] < M Z =gy (2.143)
n=N n=0

where r > £ > 1 by the assumption above. Therefore, Ry(7) — 0, N — oo uniformly

for all 7 > 0. Choose and settle some enough large number N. Appealing then to

asymptotic formula (1.33) we write that

|r (leﬂi) =2r (%)" =571+ 0(1/7)], T — +oo. (2.144)
Hence
_x, N Ay
Sy(r) = 73 gm( ) [140(1/7)], 7 — 400,  (2.145)

and it tends to me~77n(r). Thus finally we obtain that
Kir[n) ~ me™37n(r) (2.146)

as 7 — 400 and the following analog of the Watson lemma for the Kontorovich-
Lebedev transform (2.1) is true.
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Lemma 2.6. Let n(z) be a complez valued function defined by series (2.134),
which associated with an analytic in the closed circle |z| < r, r > £ > 1 function
f(2). Then asymptotic equality (2.146) holds as 7 — +oo.

We can consider instead of function 7(z) familiar Borel’s function

> an (z\™
$(z) = :L,:o - (2) (2.147)
associated with an analytic function f(z) in the circle |z| < r by means of the Laplace
transform (see, for example Akhiezer [1]). In this case as one can see from Stirling’s
formula for factorials and by using the above estimates the function ¢(z) also satisfies
the asymptotic equality (2.146).

The Watson type Lemma 2.6 for the K-L transform (2.1) can be applied to obtain
the asymptotic solution of the following homogeneous integral equation of the second
kind .

27 foo

= [7 K lw)e(w)dy = o(r). (2.148)
It should be pointed out that the solution of integral equations of the second kind
with index operators in the closed form is an open problem. Nevertheless, we can seek
the asymptotic solution in the case of equation (2.148) near infinity if the asymptotic
expansions of f near this point is known. We note that the uniqueness of an asymp-
totic solution follows from the uniqueness property of the asymptotic expansion of the
given function with respect to the given asymptotic sequence. However, the existence
of the solution itself does not follow in general from the existence of its asymptotic
solution.

Thus from Lemma 2.6 it follows that the asymptotic solution of the (2.148) is
representable as

oly) ~ i b (1), (2.149)

as y — +oo and the coefficients b,, n = 0,1,... such that b, = a,I*((n + 1)/2),
where a,, n = 0,1,... are the coefficients of analytic in some closed circle |z| < r
function f(z) associated with ¢(z).

2.6 The index-convolution Kontorovich-Lebedev
transform

In this last section of the present chapter we introduce the integral transform with
the kernel as the Macdonald function (1.91) Kj;,(zy) of three independent variables
z’ y) T

KL[f)(r,z) = g(r,z) = /0 ” Kir(o9)f (v)dy, (2.150)
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which has been announced first in Yakubovich [10] and we called it the indez-
convolution Kontorovich-Lebedev transform. Here as usually z,y,7 € Ry, f(y) is
arbitrary measurable function from the respective Lebesgue space. The transform
(2.150) is the function g(7,z) of two variables (7,z) € R} x Ry and it maps func-
tions from one-dimensional into two-dimensional Lebesgue spaces. As is known when
we fixed the parameter 7, we obtained Meijer’s transform like (1.220) of the Mellin
convolution type (see Zemanian [1], Prudnikov et al. [5]). Otherwise, when the pa-
rameter z is fixed we have the usual K-L transform like (2.1) the inversion formula
of which can be written formally following to expansion (1.231) as

uf(4) = = [ wsinh(rr) K an) KLLf)(r, ) (2.151)

For our further consideration let us denote by L,,(R4+ xR;), wherep > 1, v € R
the Lebesgue space of measurable functions normed by

oo foo 1/p
lotr, 2z roxrny = ([ [ 2 la(r, 2)Pdrda) (2.152)

Lemma 2.7. Let f(z) be from the space Ly, (R,), where v > 0. Then the
operator K L[f] of the index-convolution K-L transform (2.150) is bounded from the
space L1_,1(R4) into the space L, ,(R4+ x Ry),p > 1.

Proof. Indeed, applying the generalized Minkowski inequality (1.10) and invoking
with estimate (1.100) we obtain the chain of relations

N B Mansirnrny = ([ [ 27 [ Kioton) )] araz) ™

< [Tl ([ [ e Kateards) " ay

< /000 |F ()| (/Ooo /Ooo P KB (zy cos 5)6"5’drdm) e dy, 6§ €[0,7/2). (2.153)

Performing the interchange zy = ¢ continue to estimate, namely

00 o0 1/p
K LU Mewy oy < [ 9710y ([ 077 K3 (¢ cos )at)

00 1/p
x ([T edr) " < Cupallfllimu, (2.154)

provided that » > 0,p > 1,6 € (0,7/2) and therefore C,,s is a constant due to
convergence of the integrals by ¢ and 7 (see also asymptotic formulae (1.96)-(1.97)).
This completes the proof of Lemma 2.7. e
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Drawing a parallel with the results of Section 2.1 (see (2.13)) we define the space
of functions g(7,z), which can be represented by the index-convolution transform
(2.150), where the respective function f(y) belongs to L;_,1(R), namely

KL[LI—V,I] = {g : g(Ta 2:) = KL[f](T’z)) fe Ll—v,l(R'+)})
(r,z) € Ry x Ry (2.155)

To construct the inversion transform of (2.150) we introduce the following operator

2z sine

(Ig)(z) = — /ooo /:0 ycosh((m — €)7) K (zy)g(r, y)drdy, (2.156)

where € € (0, 7).

Theorem 2.9. On the functions g(r,z) = KL[f](r, z), which are represented by
the indez-convolution Kontorovich-Lebedev transform (2.150) with the density f(y) €
Li—,1(R4), 0 < v <2 operator (2.156) has the following form

_ zsine [ @)
(Lo)(z) = s /(; z2 + 12 — 2zt cos sdt’ z>0. (2.157)

Proof. Substituting in formula (2.156) the value of g(7,z) estimate the iterated
integral for each z > 0 and € € (0, 7) , using inequality (1.100) as follows

(L)@ < =225 [T [T yoosh(x = e)r)|Kin(ay)

2zsine

T2

x |7 1K (ut) 10) iy
0

< C.z /m elrme=bi=tr g, /m /w yKo(zycos 8;) Ko(yt cos )| f (t)|dydt, (2.158)
0 o Jo

where C, > 0 is a constant and there exist some parameters é;, §; € (0, 7/2) to satisfy
the inequality @ — e — §; — 6, < 0 which gives the convergence of the integral by 7.
The integral by y can be calculated by formula 2.16.33.1 from Prudnikov et al. [2],
namely

/0 y* T K, (by) K, (cy)dy

_ ga-3ga—u_¥ F(a+y+v)P(a+u—v)r(a—u+v)r(a—n—v)

I'(a) 2 2 2 2
at+pt+v a—p+v b?
XzFl( g ’ g ;a;l—c—z),
b+c>0, Ra> |Ru|+ [Ry|. (2.159)

Letting here « =2, p=v =0, b=z cosé;, c=1tcos, we have the formula

/000 yKo(zy cos 6;) Ko(yt cos 6,)dy
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1 zcosd 2
= —— s 21— . 2.160
2t?c082522Fl (1’ L 21 (tcoséz) ) ( )

Hence for our purposes we may complete the asymptotic formula (1.86) for the Gauss
hypergeometric function ,Fj(a,b;c; z) in the logarithmic case, i.e. when b —a =
m, m=0,1,.... Precisely, for this case we should write

2Fi(a,b;¢;2) = Cy27% + Coz log z + O(z7*7) + O(z7"log 2), (2.161)

where C;, C, are some positive constants. Therefore, when ¢ — 0+ we obtain that
for each z > 0

1 z cos 6, 2
—_— 3 251 — = t). .
5 o2 622F1 (1, 1; 2;1 (tc 62) ) O(log t) (2.162)

Thus, continuing to estimate integral (2.156) attract now attention to the double
integral by y and t. Namely, we have

/; /0 yKo(zy cos 81) Ko(yt cos 6,)| f (t)|dydt

= (/(}A.'_Aw) If(t)ldt /(;oo yKo(zyCOS(Sl)Ko(yt COS&Q)dy = Il + 12, (2.163)

where A > 0 is some fixed number. Hence for the integral I; use the asymptotic value
(2.161) and we have

A
L< c/ |£(t) log t]dt
0
4
<c /0 t=1F()ldt < Cillf 1o < 0. (2.164)
The second one can be treated like estimate (2.154) in Lemma 2.7, precisely

oo oo 1/?
< [T (/0 y(z'")”'IK{,’(zycosél)dy)

® 1 pra 1/q
x (/(; y Ko(ycoség)dy) < o0 (2.165)

under condition 0 < v < 2. The above estimates motivate the interchange of integra-
tion orders in (2.156) after substitution of the value g(7, z) by Fubini’s theorem. The
inner integral by 7 is calculated in 2.16.52.6 of Prudnikov et al. [2], precisely

/Ooo cosh((m — €)7) K- (zy) Ki,(yt)dr

= gKo (y\/.'c2 +12 — 2zt cose) . (2.166)
Appealing to formula (2.140) calculate the integral by y. We find

/Oo yKo (y\/a:"’+t2 - 2:ctcose) dy
0
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1
T 22412 — 2xtcose’
and arrive finally to the equality (2.157). This completes the proof of Theorem 2.9.

(2.167)

Now it is not difficult to obtain the inversion theorem for the index-convolution
Kontorovich-Lebedev transform (2.150), using approximation properties of the Pois-
son kernel (1.14).

Theorem 2.10. Let g(r,z) = KL[f])(r,z) and f(z) € L1_,1(R4), 1 < v < 2.
Then f(z) = (Ig)(z), where (Ig)(z) is meant as the limit

(Ig9)(z) = lim..oo+(Lg)(z), >0 (2.168)

by the norm in L1_,1(Ry). Besides this limit ezists also almost everywhere on R.

Proof. The proof of this theorem shall follow without difficulties after respective
treatment of integral (2.157). Actually, after the interchange ¢ = z(cose + vsine¢),
equality (2.157) becomes

(Lg)(z) = % _"; f(z(cozji ;Isine))

H(v + cote)dv, (2.169)

where H(z) is the Heaviside function. Let us estimate the L;_, ;-norm of the differ-
ence (I.g) — f. Indeed, using the generalized Minkowski inequality (1.10) we have

dv

/°° f(z(cose + vsine))

1
IEo)lhons = 3| s

1-,1

< 1/“’ L |1#(z(cose + vsine))ls—adv

™ cote v2 +1
_ 1 1l1=v1 /°° (cose+vsine)”'1dv < Nflli=va /°° (1+|U|)"_1dv
T —cote v2+1 ™ —00 v2+1
=C||flh-v1, 1SV <2. (2.170)

Now it is clear, that

1(L.0) = Alhsova = || [

x H(v+ cote) — f(z))dvll,_,,

= 1+ ~(f(z(cose +vsine))

<2 7 Sllfte(cose + vsine)

x H(v+ cote) — f(z)|lhi-vadv (2.171)

and it tends to zero, when ¢ — 0+ due to the Lebesgue theorem. To establish the limit
almost everywhere on R, it is enough to call Theorem 1.4. Theorem 2.10 is proved. o
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Thus in view of the previous theorem we obtain the uniform estimate of kind

UeDll1- < TP 1-v, 9 € KL[L1-1]- (2.172)

It follows also that K L[f](,z) =0, f(t) € L1—,1(R+) if and only if f(¢) = 0 almost
everywhere on R,. So in the space K'L[L;_, 1] we introduce norm by the equality

Nollxrizavay = l1flh—v, g = KL[f]. (2.173)

Obviously, the space KL[L;_,,] is a Banach one with norm (2.173) and isometric
Li—,1(R4). Apart from Theorem 2.10 let us give some sufficient conditions of be-
longing of an arbitrary function g(7, z) defined on R} x Ry to the space K L[L;_,,].
For this start from the evaluation of the composition

0.(r,2) = [ Kirloy)(Lg)9)dy. (2.174)
At least for the ”good” functions (the infinitely smooth ones with the compact sup-

port) we easily change the order of integration and invoking with (2.156) obtain

20 [7 [ teosh(r — e)B)o(6, )ape

gc(T) z) =

x [ yKir(zy)Kig(tu)dy. (2.175)

Operator (2.174) is bounded one from the space L;_,,1(R4), 1 < v < 2 into the space
L,p(Ry x Ry), p > 1 under Theorem 2.10. Let us estimate the left-hand side of
equality (2.175) using the generalized Minkowski inequality (1.10). We have

2sine Rt Ao
llge(m, 2)lls Ry xRe) = — (/o /o =

X

Aoo /000 ¢ cosh((ﬂ' - 5),3)9(,3, t)dﬂdt
drdz) "
2 Si:l € [)w /000 t C()Sh((”r - E)ﬁ)lg(ﬁ, t)ldﬂdt

is
x /0 Y| Kip(ty)|dy

x /000 yKi,(zy) Kip(ty)dy

<

o foo 1/p
vp—1| . P
X (/'; /0 P Kip (zy)] da:dr) . (2.176)

Making use inequality (1.100) which implies that there exist parameters §,,6, €
(0, 7/2) such that with simple interchanges the previous chain of inequalities leads to

2sine

00 00
l19e (7, 2)] 2y p(R4 xRy < /0 /0 trtelr=e=08 (8, 1) |dBdt

T2
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X /ooo YV Ko(y cos 6;)dy

oo 1/p o0 i/p
—pdaT vp—1 P
X (/0 e dr) (/o P K§(z cos 62)(112) < 00, (2.177)

if v satisfies the condition 0 < v < 2 and
g(r,z) € L, (R+ x Ry;elma )ﬂ) . (2.178)

Thus appealing to formula (2.159) one can write composition (2.174) as

au(r,2) = T2 [ [ coshi( ~ €)B)a(8, )48

i [ts T —,192
X ( t ) sinh(w(7 + B)/2) sinh(x(7 — B8)/2)
szl( LB gy i(ﬁz_T); 2;1—:—:). (2.179)

2

Passing through to the limit in mean sense in equality (2.174) under condition (2.168)
we obtain the desired result. So finally we proved the theorem that contains suffi-
cient conditions of belonging an arbitrary function g(7, z) to the range of the index-
convolution Kontorovich-Lebedev transform (2.150).

Theorem 2.11. An  arbitrary function g(r,z) belongs to the space
KL[Li_,1], 0 < v < 2 under following conditions

g(1, z) = Lim. .04 9.(T, T), (2.180)

where g.(7,z) defined by formula (2.179) and the limit in (2.180) is meant by the
norm of the space L, (R4 x Ry) . In addition, g(7,z) satisfies to condition (2.178)
and (I.g)(z) converges by the norm of the space Li_,1(R+).

At the end of this chapter we give an example of the index-convolution transform
(2.150) and the limit relation (2.168). Note that to derive a wide set of such examples
we need to extend the range of the parameter v in Theorem 2.10. This we can do
returning, for instance to estimate (2.170). Indeed, calculate the integral

® (cose+ vsine)’! w1 [ !
Ir= / dv = sin” / dy (2.181
¢ —cote v2+1 vESt ek y2 —2ycote + cot?e + 1 v ( )

using formula 2.2.9.7 from Prudnikov et al. [1] under conditions 0 < v < 2, € € (0, ).
As result invoking with relation 7.3.1.91 from Prudnikov et al. [3] we obtain

v _ g vog_vo3 g )
I =sinelT (V)T(2 — v) /iy (2, 1 5 o Sine

=T()[(2 - v)

_nﬂ_l)_) (2.182)

-1



74 Index Transforms

Hence it follows that |I,| < C, € € (0,7), 0 < v < 2. Take now as the example
f(z) = e7=/\/z. Obviously, f(z) € Ly, 1(R+) when v < 1/2, because the integral

/ e Yy W2dy =T (% - u) < oo, v<1/2.
o

According to formula 2.16.6.3 from Prudnikov et al. [2] (see also (1.102)) the respec-
tive integral transform (2.150) becomes as

otr2) = [ Kolener 2L

™ ™ 1
%2 cosh(nr]2) L -1+ (Z) , (2.183)

where P_yj;4i,(1/z) is particular case of the associated Legendre function (1.56).
Therefore, substituting this result into (2.156) find that for all z > 0 the following
limit equality is true

e~% = 32 \/7 lim sme/oo m COSh((W —)7)
T e=0 " cosh(r7/2)

1
XY Kir(2y) P-1/24ir (5) drdy. (2.184)



Chapter 3
The Mehler-Fock Transform

This chapter deals with one of the famous index transforms by the index of the as-
sociated Legendre function of the first kind (1.55) introduced by Mehler [1] and Fock
[1]. The respective expansion of an arbitrary function is given by formula (1.233),
when we put g = 0, v = i7 — 1/2 in formula (1.55). This integral transform as
the Kontorovich-Lebedev transform being investigated in previous chapter has im-
portant applications in mathematical physics although we shall attract our attention
to pure mathematical problems as its mapping properties and the inversion in L,-
spaces. Note that the detailed investigation of the Mehler-Fock integral transform in
L, and L, spaces was given by Lebedev [4], [6]-[7], [9] and recently by the author in
the monograph by Yakubovich and Luchko [2]. As usually let us list other papers
from the bibliography which are devoted to the Mehler-Fock transform and its appli-
cations. We note Belova [1], Brychkov et al. [1], Buggle [1], Ditkin and Prudnikov
[1], Glaeske [3], [4], Hayek et al. (1990) [1], Hayek and Gonzalez [1], Lebedev and
Skalskaya [1]-[2], [4], Lowndes [4]-[5], Mandal [1]-[2], Mandal and Roy [1], Mandal,
N. and Mandal, B.N. [1], Markushevich [1], Oberhettinger and Higgins [1], Orlyuk
[1], Pathak and Pandey [1], Rosenthal [1], Sneddon [2], Srivastava [1]-[2], Stolov [1],
Tiwari and Pandey [1], Vilenkin [1], Yakubovich [7].

3.1 Definition. Inversion in L,-space

We start to discuss here the Mehler-Fock transform of the following type
™ 00
MF(f)r) = 5 [ Prappaioa(20® + D)y, 720, (3.1

where P_1/2+;,/2(2:1:2 + 1) is the associated Legendre function of the first kind (1.55)
of the argument 2z% + 1 and the index —1/2 + i7. As we already noted above the
Mehler-Fock transform is very important as a basic transform among the class of index
transforms being related to the Kontorovich-Lebedev transform (2.1). The reader
can find interesting composition theorems for index transforms in Yakubovich and

75
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Luchko [2] established by the author that show connection between index transforms
and convolution transforms of the Mellin type considered in Chapter 1. The Mehler-
Fock transform as well as the Kontorovich- Lebedev transform mentioned above play
a key role within these compositions.

To investigate the Mehler-Fock transform in L,(R) first we need to know some
estimates concerning the kernel of integral (3.1). For these purposes we shall use the
integral representation

M 00
WP—II’Z-f-irﬂ(zmz +1)= /0 Jo(zy)Kir(y)dy, 7,2 >0, 3.2)
which can be seen from Prudnikov et al. ([2], formula 2.16.21.1), where J,(2) is the
Bessel function (1.88) and K,(z) is the Macdonald function (1.91).

Invoking with representation (1.99) substitute it in formula (3.2) and applying
Fubini’s theorem in view of estimate (1.100) and asymptotic of the Bessel function
at the points zero and infinity we change the order of integration in the obtained
iterated integral. As a result calculate the inside integral by formula 2.12.8.3 from
Prudnikov et al. [2]. It gives us that

5+00 eifﬁ

m 3
E— - (222 4+ 1) = —_—df, ] , .
COSh(ﬂ'T/2) 1o ,2( e ) ‘/0'6-—00 ”,’L‘Z + COSh2 ﬁdﬂ ne >0 (3 3)

where we choose the main value of the square root in the integrand .

Useful estimates of the given Legendre function for further applications are estab-
lished by the following lemma.

Lemma 3.1.. The uniform estimates of the Legendre function (3.3) by variable
z >0 and 7 > 0 are true

1 2
co ()| 2 4 1)

Pl z? +sin® § T
< ——P_ _ - .
- \/c0526Pl/2 (2 cos 26 +1>’ b€ [0’4)’ (34)

1
——————|P_1/24ir
cosh(7r7'/2)| atin[2

< VAT(1/4)27 e Az 4 (22 4 1)13 (42t + 422 + 1)1/8

(22% + 1)

x P11 (82" + 822 + 1), 6 = n/4, (3.5)

1 2
cashrry a2+ D)
Vcosha c 1 }, 5 (7r 1r)’

-7 1’9
<e CyP_y2(cosha) + C; snha + % /cosha 4’2

(3.6)



The Mehler-Fock Transform 77

where C;, i =1,2,3 are absolute positive constants and

22 4+ 1

cosha = — oy

(3.7)

Proof. Indeed, to show (3.4) from representation (3.3) we have the relations

ap
———IP (222 +1)| < e
cosh(mr/2) AL L. = \/la? + cosh?(8 + )|
<e™dr /m dp
- il \/la:2 + sin? § + cos 26 cosh? |
_ 6_6" /oo dﬁ
" Veos 26 J-o \/;’+sin25 2
s 28 + cosh® 8
me %" 22 4 sin% 6
= =P (2—?06—26— + 1) ) (3.8)
This proves inequality (3.4). In second case, we find
T dp
——————|P_1japir2 (222 4 1) < 77/
cosh(vr‘r/2)l 1f2+irfa( | /—m VIz2 + cosh?( + im/4)|

— —1r‘r/42-1/4 / dﬁ
o (8z*+8z%+ 1+ cosh )4

= ﬁr(1/4)2—1/4 —x7[4 1/4(12+ 1)1/8(434 +4z2+ 1)1/3
x P, (82* + 822 + 1) (3.9)
according to integral 2.4.6.9 from Prudnikov et al. [1]. For third case we have

e
= \/|s? + cosh?(8 + i6)|

il 2 —6r
_ |P_ ir 1D <
cosh(wr/Z)‘P 24ir2(22° + 1) <e

ol o)
- \ﬂcos%] \/cosha—coshﬁ s +/coshB —cosha
= I(r,z), (3.10)

where cosh a is defined by formula (3.7). Hence using formula 2.4.6.1 from Prudnikov
et al. [1] and choosing a constant B > 1, we obtain

—ér

me
\/| cos 26|

I(r,z) = P_15(cosh a)
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—é7 B
+\/§; (\/cosha/ du
| cos 26| 1 \/u—l\/zgcoshza-—l

+ 1 /00 du )
Vcosha /B 5= 1\/u2— l/coshza

e %7 Vcosha 1
P_ h Cy— +C )
[w 1/2(cosh a) + C4 pr 5 Jeoeh a]

(3.11)
| cos 26|

where C,, Cs are some positive constants. This leads us to estimate (3.6) which
completes the proof of Lemma 3.1.e

On the other hand, invoking with representation (1.55), asymptotic formula (1.86)
and value (3.5) from the asymptotic behavior of the Gauss hypergeometric function
(1.47) we conclude that

P_yj2(cosha) = O(1), a — 0, (3.12)
P_I/Q(COShG) = O(P_1/2(2$2 + 1)) =0 (%) y T — 00, (313)
z2 4 sin® § 2 1
P_1/2 (ZW + 1) = O(P_1/2(2I + 1)) =0 (;) , T — 00, (314)

24 (2% + 1)3(4z* + 42 + 1)’/8P1/14/2(8:1:4 + 822 +1)

= O(P_yja(22? + 1)) = O (%) |z — oo, (3.15)

So we find from estimates (3.4)-(3.6) that
| P j24irj2(22% 4+ 1)| < Ce™I2797P_y 5(22% 4 1) (3.16)

for 6 €[0, 7/2), 7>0and z > 0.

Let us consider the Mehler-Fock transform (3.1) when the density f(z) belongs
to the space L,(R4), 1 < p < oo with norm (1.1). As is evident from the Hélder
inequality (1.8) and from the asymptotic behavior of the Legendre function (3.12)-
(3.15) integral (3.1) converges absolutely for any p > 1. The corresponding space of
functions g(7), represented by the Mehler-Fock transform (3.1) of functions belonging
to Ly(R4) denoted by

MF(Ly) ={g:9(r) = MF[f)(r) : f € Ly(R4)}, p > L. (3.17)

As in the case of the Kontorovich-Lebedev transform we investigate now the mapping
properties of the Mehler-Fock transform and show that the operator M F[f] is a
bounded mapping from L,(R4), 1 < p < oo into L,(R4;e7°7), 1 < r < oo with
exponential weight e™*", where o > 0 and p and r have no dependence.
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Actually, making use of the generalized Minkowski inequality (1.10) and estimate
(3.16) we have

1/r

il * *° -QaT r
llMF[f]llL'(R*;"""S?/o 1)l (/o ™| Py jasirp2(247 + 1) dr) dy
* had 1/r
< [ UGNt + 1)y [ drar=orrar)

<o ([ 1+ [ i)

< Cﬁ“f”lz,y 1<p<oo, (318)

where Cj, Cs; are positive constants, 7/2—a/r < § < n/2. Here, in the last inequality
we applied additionally the Hélder inequality (1.8).

In order to describe the introduced space M F(L,) (3.17), let us consider the
following operator

17¢ oo 7si T
(Ieg) (2) = pu /0 T—C::;l(z((Tr/z))T—)P_llg.h,-/Q(Zz + l)g('r)dr x> 0, (3.19)

where € € (0, 1).

Theorem 3.1. For the Mehler-Fock transform g(r) = MF[f)(7) of f(y) €
L,(R4),1 < p < oo operator (3.19) has the form

(1) (=) = [~ 1,3, W)y, = >0, (3.20)
where ol
I(z,y,6) = =———

24 2,2 2 _
x/°° u(z? + y?u® + 1 + u? — 2ucose) du. (3.21)
"

32
(22 4 y?u? + 1 + u? — 2ucose)’ — 4z2y2u2] !

Proof. Substituting the value of g(7) as the Mehler-Fock transform (3.1) we obtain
the following iterated integral

1—e

(Lg) (a) = 2 [~ resinhl(m=€)r) p

ir2(22% 4+ 1
o cosh®(nr/2) vaeirta2e 4 1)

x [ Pospasiepa(29® +1)f (y)dyer, (3.22)

which is absolutely convergent for any f(z) € L,(R4), 1 < p < oo by using the
estimate (3.16). Now we treat the inner integral by index of the Legendre functions

1-¢

o rsinh((m — £)7)
2 coshz('/r'r/Z) Teosh®(nr2) 1-

I(z,y,e) = 12+irj2(22% + 1) P_1j24irj2(2y° + 1)dr (3.23)
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and we shall prove that it coincides with (3.21). Invoking with representation (3.2),
we have

zl-

I(z,y,¢e) = 2—“2—! /Ow rsinh((r — &)7)dr /ooo Jo(zv) K, (v)dv

X /0 * Jo(yu) K7 (u)dudr. (3.24)

Thus the key problem comes to change the order of integration in (3.24) and apply the
Fubini theorem. From the estimate of the Macdonald function (1.100) and uniform
boundedness of the Bessel function Jy(zy) for positive variables z,y we have the
inequality

lI(z’ y,e)l S Clil-‘ [/0" 1'6("_¢_26)de]
0

x/o Ko(vcosé)dv/0 Ko(ucos8)du < +oo, (3.25)

according to asymptotic behavior of the Macdonald function (1.96)-(1.97), and we
choose the parameter § in (3.25) as (7 — €)/2 < § < 7/2. Now first calculate the
inner integral by 7

Ii(u,v,€) = % /om rsinh((7 — €)7) K, (v) K, (u)dr, (3.26)

using formula 2.16.52.6 from Prudnikov et al. [2] (see also (2.166)). We have

/om cosh((m — €)7)K;, (v) K (u)dr = %Ko(\/u"’ + v? — 2uv cose). (3.27)

Then by differentiating the integral (3.27) by parameter ¢ find (see also Erdélyi et al.
[1]) that

Li(u,v,€) = —%%Ko(\/tﬂ + v? — 2uv cose). (3.28)
The substitution of (3.28) into (3.24) yields the double integral

zi=* 9

7 Oe

I(z,y,¢) = — /:o /ow Jo(zv)Jo(yu) Ko(Vu? + v2 — 2uv cose)dudv, (3.29)

where, apparently, we need to justify the validity of differentiability by £ under the
sign of the double integral. For this performing the differentiation of (3.28), we arrive

sine uvK;(Vu? + v2 — 2uv cose)
Vu2 4+ v?2 — 2uvcose

L(u,v,€) = (3.30)

and by the polar coordinates v = rcos p, u = rsingp,r > 0, 0 < ¢ < /2 the integral
(3.29) can be written in the form

zlsine [~/2 sin 2¢p 4

T =
(z,9,¢) 2 o +/1—sin2pcose ¢
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x /oo r2Jo(zr cos @) Jo(yr sin p) K1 (r\/1 — sin 2¢ cos €)dr. (3.31)
0

Hence its uniform convergence by € > g9 > 0 follows from the estimate

/2 d()D 0o
I —-1/2_1/2—¢ _: / /
[ (z,y,€)| < Cy™/?x sine | T —sin2pcos ) Jo tK,(t)dt
-1/2 1/2—e ,00 14 (14 [¢])2
<o le / Vi+Qa+p)?
sine —o (124 1)3/2
-1/2,.1/2—¢
< ng—:—, 0<e<l, (3.32)
which can be deduced by using the inequality
(@) <<, 5> 0,0 > - (3.33)
W(z —, >0, -, .
=z =73

by changing the variable tan ¢ = tsine + cose, and by the asymptotic of the Mac-
donald function Kj(t) (1.96)-(1.97) that provides the convergence of the respective
integral in (3.32). Thus we obtain the following representation

z1-¢ 9 1r/2d /oo ]( J ( i
- 66/0 e rdo zr cos p)Jo(yrsin )

x Ko(ry/1 — sin 2¢p cos €)dr. (3.34)

However the integral by r is evaluated by formula 2.16.37.2 from Prudnikov et al. [2],
and representation (3.34) takes the form

I(z,y,e) = —

zl7¢ 9
™ Oe

x/2 -
I(z,y,€) = - [) [(:ccosga—ysin<p)2+l—sin2<pcose] 12

x [(:c cos ¢ + ysin p)? + 1 —sin 2pcos e] i dep. (3.35)

Let us change the variable tan = u in (3.35) and simple transformations carry out
the differentiation by . Hence we immediately obtain formula (3.20). Theorem 3.1
is proved. e

The inversion formula for the Mehler-Fock transform (3.1) shall be established by
the following

Theorem 3.2. Let g(7) = MF[f]() for f(y) € Ly(R4+),1 < p < co. Then

f(z) = (Ig) (=), (3.36)

where
(Ig) (z) = lim..oo4 (Ieg) (z), 2 >0 (3.37)
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and (I.g)(z) is defined in (3.19). Here the limit is meant in the norm of Ly(Ry).
Moreover, the limit in (3.37) exists almost everywhere on R .

Proof. Inequality (3.16) implies the uniform estimate for the function I(z,y,¢)
in (3.23) by z,y > 0 and € € (0, 1), namely

|I(z,y,€)| < Cz'~ P_ij2(22% + 1) P_y (2% + 1). (3.38)

By the replacement y = z(1 + t£) in integral (3.20) we obtain
(Lg) (z) = ze / °°/ I(z, 2(1 + te), €) f(2(1 + te))dt. (3.39)
—1/e

Now we may estimate more precisely the right-hand side of inequality (3.38). For this
use the representation of the Legendre function P_;;5(2z% + 1) through the Meijer
G-function (1.59). Indeed, let us consider formula (1.122). Letting there u =0, v =
—1/2 and substituting instead of z the variable 22 we obtain the following Mellin-
Barnes integral

(3.40)

2724

P+ = g [ O =),

where according to the theory of Meijer’s G-function we chose the contour at re-
spective formula (1.59) as a vertical straight line at the complex plane s with
Rs = v, 0 < v < 1/2 to separate the series of left and right poles of integrand
(3.40). As a result we find obvious estimate as

P_1/2(2z2 + l) < Cz'27 (3.41)

uniformly for all z > 0, because integral (3.40) is absolutely convergent due to the
corollary (1.33) of Stirling’s formula as the absolute value of the argument diverges.

With the aid of the generalized Minkowski inequality (1.10) we estimate now the
L,(R4)-norm of operator (3.39), namely

1(Lo)llz, < [ 11+ te))zel(a, 201 + te),)lls e

- /_ "llt IF(z(1 + te))zel(z, 2(1 + te), )|, dt

+ ]0 " (21 + te))zel(z, 2(1 + te), €)|s, dt

=5 +1, (3.42)
To estimate I; and I, use inequalities (3.38), (3.41). Indeed, we have

|zI(z, z(1 + te), )] < Cx®*P_y12(22 + 1) P_ypp(22%(1 + te)* + 1)

< CpzAm=m)=¢(] 4 te)~m, (3.43)
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where there exist such parameters v, 7, for the Mellin-Barnes integral (3.40) that
0<m, v2<1/2and 1 —¢/2 < vy, + ;. Hence I; can be estimated as

0
< [ G0+ )zel(@, 21+ te), o)zt

0
+ [, e+ t))ael (@, 2(1+ te), Ly erdt
0
< AllF @) o [ (14 tefm i
—1/e

0
+A2”f”l:p(1,oo) \/—1/ (1 + te)—z"n—lh’dt < A”f”LP(Rq.)) AlyAZ)A > 07 (344)

if we choose vy, 72, further, as 2y > 1/p—¢, 92 < 1 — 1/p. Similarly, we have by
changing the variable 1 4 et = u

12 S Bl“f(z)xz_z‘n—elIL,(O,I)/1 u2'1|+e—l/p—2du

+le|f(-"3)932(1*7‘_“)%”1,,,(1.00)/1 wintet/r=2gy < B||fllz,ry)» B, B2, B > 0.
(3.45)

Finally from the above estimates (3.44)-(3.45) we obtain the inequality for L,-norm
estimation of operator (3.19)

” (I‘!g) “Lp < C”f”Lp’ (346)

where C is an absolute positive constant.
Let us now proceed to estimate the norm of difference ||(Z.g) — f||1, and to show
that it tends to zero when ¢ — 0+4. We first prove the relation

1 V2241

- ¥ T :>0,teR, 3.47
mz24+ 3241 e € ( )

i, el(z,2(1 + ), ) =
by virtue of representation (3.21). Indeed, substituting y = z(1 + te) and change the
variable 4 = 1+ ve we obtain that

1 2

' "¢e’sine

2
el(z,z(1 +te),¢e) =
m

x / °°/ (14 ve) [(22(1 + (1 4+ te)*(1 + ve)?) + €20 + 4(1 + ve) sin*(e/2)]
—1/e
1 -3/2
xe™3 [zz(v +1) 2+ 02+ 41+ ve)z sin?(e/2) + 2z%tv(v + t)e + zztvez]

x [a(1 4+ (1 + et)(1 + €0))? + %% + 4(1 + ve) sin’(e/2)] 2 . (3.48)

In view of (3.32) eI(z,z(1 + te),e) converges uniformly in ¢, and we have

lim el(z,z(1 + te), €) . / dv
im el(z,z E)HE)=
0% 21 J-oo ((22 + 1)02 + 222tv + 2212 +1)°/°
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1 el

Tro 2+ 1

where formula 2.2.9.22 from Prudnikov et al. [1] is applied, and we obtain (3.47).
Observing that for all z > 0 the equality

oo\/_
W/ zvVz? + 1dt

i+ 1

(3.49)

being directly proved and applying the generalized Minkowski inequality (1.10) we ob-
tain the desired estimate of the difference ||(I.g) — f||.,. In fact, using representation
(3.39) we have

(L.g) - fllz, = || [ (e 1 e)zel(a, 21+ te),e)f(x(1 + te)) it

Ly

B /°° a2+ 1f(z)
1:{(‘/PT )m/W(t2+1)

—o0 z’t2+z2+1
1 o 1
<7/
T J-ot?+1 T

xI (:c:c (1 + @ta) ,s) f (z (1 + \/iﬁte)) - f(z) .

where H(z) is the Heaviside function. Thus the right-hand side of (3.50) tends to
zero when € — 0+ due to the Lebesgue theorem and limit’s relation (3.47). So we
established (3.37) and inversion formula (3.36) for L,-functions. The existence of the
limit almost everywhere on R, follows from the radial property of the Poisson kernel
(1.14). Theorem 3.2 is proved. e

, (3.50)

From estimate (3.46) the inequality

| T Iz, < ClI(I9) Iz, (3.51)

holds in view of (3.36). Theorem 3.2 shows that M F[f] =0, for f(y) € L,(R4), 1<
p < oo, iff f(y) = 0. So, in the space M F(L,) one can introduce a norm by the
equality

Hollmrz,) = fllz, 9= MF[S]. (3.52)

It is easily find, that the space M F(L,) is a Banach space with the norm (3.52) and
is isometric to L,.

The main result of this section is to describe the space M F(L,) in terms of the
operator I, defined in (3.19).

Theorem 3.3. In order to g(7) € MF(L,), 1 < p < oo, it is necessary and
suffictently that the following conditions hold:

Lim..os (I.g) (z) € L,(R4), (3.53)
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and g(1) € L,(R4;e™°"), @ > 0, 1 < r < oo at the necessity part and g(7) €
L,(R;), 1< 1< oo at the sufficiency part.

Proof. The necessity of condition (3.53) follows from the previous Theorem 3.2
and from estimate (3.18). Let us prove the sufficiency. Let g(r) € L,(R,) and
condition (3.53) holds. We show that in this case there is a function f(z) € L,(R.),
such that the equality

g(r) = MF[f](r) (3.54)
takes place. From (3.53) we conclude that the function (I.g) (z) belongs L,(R.) for
sufficiently small ¢ € (0,1) and one can evaluate the composition

MF[(Lg))(r) = %/000 P_yjair2(29° + 1) (I g) (y)dy. (3.55)

At least for smooth functions with compact support on R, the set of whose is dense
in L,(R,) substituting (3.19) in equality (3.55) and changing the order of integration
by the Fubini theorem, we have the relation

MF[(Lo)7) = 0(r) = [~ M(B,7,)g(B)d, (3.56)
where

b — -
M(B, €)= %:El(l(z%——ﬁ;—;)ﬁ—)/o Y7 Po1pa4in2(29° + 1) Poyjagip2(2y° + 1)dy.

(3.57)
Let us treat integral (3.57). First observe that the uniform inequality
[M(8, 7, < C,pel-8rstetz-ess
x [y P24 + 1)dy, (3.58)

is true from estimate (3.16), where 0 < &0 < € < 1, C. > 0 is a constant and there
exist such numbers 6;, 6, € (0,7/2) that 7/2 —afr < & < 7f2, 7f2—e < &, <
7/2. Hence we see that from the generalized Minkowski inequality (1.10) the integral
operator of g in the right-hand side of (3.56) is bounded on the space L,(R4;e™>7).
Now let us find the representation of the kernel M (8, 7, ). For this substitute integral
(3.2) into (3.57) and deduce the equality

2B sinh((7 — €)B) cosh(n7/2)
2 cosh(m(/2)
x /0 Ty /0 % Jo(yu) Kin (u)du /0 * Jo(yv) Kip(v)dudy. (3.59)

Changing the order of integration in (3.59), we observe that the inside integrals with
respect to u and v are absolutely convergent and uniformly in y € [0,}] due to
estimate (1.100) and inequality (3.33). Thus the integral (3.59) can be written in the

form 2f sinh((m — €)p) cosh(n7/2)
2 cosh(nf/2)

M(ﬂ’T,€)=

M(ﬁ)T)€)=
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A—+00

00 oo A
x lim / / Kg,(u)Kgﬁ(v)dudv/ y' ™ Jo(yu) Jo(yv)dy. (3.60)
o Jo o
The polar coordinates give

2@ sinh((7 — €)B) cosh(n7/2)

M(B,1,e) = = cosh(n/2)

x[2 00
x tim [ de [7 Ki(rcos ) Kig(rsin g)rdr
A—++o00 Jo 0

rA
X /(; ¥ Jo(y cos ) Jo(y sin p)dy. (3.61)
Let us treat the last integral by y. We have

rA
/0 y'~* Jo(y cos ) Jo(y sin p)dy

1
=/0 ¥ Jo(y cos ) Jo(y sin p)dy

rA
+/; y' ™ Jo(y cos ) Jo(y sin p)dy. (3.62)

By the second mean value theorem the second integral in the right-hand side of (3.62)
is equal to

12
/ l yJo(y cos o) Jo(ysin p)dy, A < A. (3.63)
1
Making use formula 1.8.3.10 from Prudnikov et al. [2] we obtain

ry
/1 yJo(y cos p) Jo(y sin p)dy

r)\l [cos J1(r A1 cos @) Jo(rA; sin ) — sin pJ; (A1 sin @) Jo(rA; cos p)]
cos? p —sin®
__cos pJy(cos p) Jo(sin ) — sin €0J1 (sin @) Jo(cos <p)
cos? p —sinZ
To ensure the validity of the passing to the limit by A\; — oo under the integral sign

of (3.61) it is sufficient to consider the contribution of the first term of (3.64). That
is, we estimate the integral

(3.64)

x[2 oo
/ d<p/ K, (r cos ) K;p(rsin p)re™?

r/\l [cos @J1(r)1 cos @) Jo(r A sin ) — sin J;(r ) sin @) Jo(rA; cos <p)]
dr
cos? p —sin® g

Dividing the outside integral by ¢ into three parts by taking some fixed number
€ € (0,7/4), we obtain

w[4—E 1r/4+£ 1r/2
[/0 +/ ] ¢/ K, (rcos p) Kig(rsin )re™?

"’/4—6 /4+£

(3.65)
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r)q [cos pJ1(r X1 cos ) Jo(r s sin ) — sin pJi(r A sin ) Jo(rA; cos ©)] dr
cos?(p) — sin®(p)
=L+L+1. (3.66)

Let us estimate the integral I;. For this use formula 2.16.33.1 from Prudnikov et al.
[2] to obtain

/m K. (r cos ) K;p(rsin )r<~tdr
0

_esinTfpcot™ o | (e+i(r+P)) . (e+i(r—B)\|
=" F( 2 )F( 2 )
x o Fy (5+i(;+ﬁ),e—i(;_ﬂ);e;1—cot2<p), e>0. (3.67)

Accounting the simple inequality (1.147) for the Macdonald function, asymptotic of
the Gauss hypergeometric function at infinity (1.86) and inequality for the Bessel
function (3.33) we find that

x[a-¢ oo
|| < C/o L Ko(r cos ) Ko(rsin @)~ dr

Jone o
/4= ) dp
C / QFl (5 5 5 €5 1—cot (p) —51n‘+1/2
w[4—¢ d
L (3.68)
0 sin @

where C, C., A are absolute positive constants which do not depend from ;. Sim-
ilarly we estimate the integral I5. Concerning the integral I, its estimation can be
accounted by the behavior of the integrand at the neighborhood of the point ¢ = 7/4.
Indeed, we obtain that

w[4+§
I / . 3.69
Bl < C ¢ J4—¢ smg0+cos<p < oo ( )

Thus we established the possibility to pass to the limit under the sign of the iterated
integral (3.61). Using formula 2.12.31.1 from Prudnikov et al. [2]

Q1—epe—2 I'(1-¢/2)
(cosp +sinp)?—* T(e/2)

/0 y' ™ Jo(yr cos p) Jo(yr sin p)dy =

€ 1 2sin 2¢p
bt S 3.70
X2F1 ( 2 2)1) (Sln¢+COS<P)2) ( )

and integral (3.67) we have the representation

Bsinh((w — £)F)T(1 — £/2)

M(B,1,e) = 2727 (e/2)T(e)
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xlr (e+i(‘r+ﬂ))r(e+i(r—ﬂ))

2

2 2
cosh(rr/2) (o2 _, . o (eti(r+p) e—i(r—p) .
¢ ce:1 = cot
cosh(rB/2) Jo sin™® pcot™" o Fy 2 ) 2 ;651 —cot?
€1 2sin 2¢ dp
T : 3.71
XZF] (1 2’9 11 (Sil’lﬂo + cos <P)2) (COS¢+ sin<p)2“= ( )

Let us substitute this value into composition (3.56) preliminary by changing the
variable tanp = u in integral (3.71). Hence it implies that composition (3.56) is
equal to

Ir(1-—¢/2) [= 2

9(7) = 2L T (/D) b

r(e+i(r+ﬂ))r(e+i(r-—ﬁ))

2 2
x ———z:}}l‘f:;ﬁ; Bsinh((r — £)) M (B, 7, €)g(B)dp, (3.72)
where ‘ '
My(B,7,€) = /0 JF (s+z(;+ﬂ)’e—z(;"‘ﬂ);6;l__ %)
e 1 4u uir—a
xoFy (1 - 5; 1; at 1)2) Wt du. (3.73)

After the substitution f = 7 + et we obtain

2

g.(r) = _—_——2:;([‘1(5_)15(/52/)2) ow H(r+et)|T (ir +2(1+ it)) T (5(1 = it))
9 cosh(wr/2)(T + et) inh[(m — €)(T + et)] M1 (T + €t, 7,€)g(7 + et)dt, (3.74)

cosh(n(r + €t)/2) °

where H(z) is the Heaviside function. As we know from estimate (3.58) the kernel
of (3.74) is a bounded function of three variables. Further, let us prove that the
following limit relation is true

. 1 1
z1_1’r(§1+eM(*r +et,1,6) = i 0, teR. (3.75)
Indeed, using the self-transformation formula (1.54) for Gauss’s hypergeometric func-

tion we have the representation for integral (3.73) as

Mi(r+et,me) = /:o 2F (—i1'+ it 2— Zt), =@ ; zt);e;l - ;l;)

4u ) Iu _ llz—lu(37+2et)i—¢

e 1
X2 P (5, > 1; w1 o du. (3.76)



The Mehler-Fock Transform 89

For a fixed number 0 < p < 1 divide integral (3.76) on the three parts

1-p 1+p 00
M1(7'+et,7',a)=[/ +/l +/ ]
0 -n 14p

e(l—it) e(+it) 1
2 T 2 5T e

XzFl (—Z’T +

du

e 1 4u u — 1[e1yBr+2et)i—e
X2Fl (51 5, l’ ) l |

(u+1)2 u+1

It is easily seen that integrals eI; and e/; tend to zero as ¢ — 0+, because these
integrals are absolutely and uniformly convergent by ¢ € [0, 1]. Concerning the middle
integral use the mean value theorem and arrive to the relation

el =, Fy (—i1'+ e(1— zt)’ 1+ zt);e; 1- i)

2 2 I
(374+2et)i—e
L 4 M1 14n -1
x2F1(5/2,1/2,1,(#1+1)2) i 5/1-,. lu—1]"du, (3.78)

where p; € (1 — p, 14 p). Let us put now u = ¢ at (3.78). After calculation of
the integral and using property (1.51) of the Gauss hypergeometric function, we find
lim,_,o+ €I> = 1. Hence relation (3.75) can be deduced by using the reduction formula
(1.23) for the gamma-function .

As in Theorem 3.2, we derive the following estimates for norms of function (3.56)
ge(7) in the space L,(R4+;e™*") C L, (Ry)

llge(7) = g(7)|

L,.(R.,,;e""")
<l/“-i—ﬂ(T+akﬁﬁ+1mur+are)
Srlez 1V '

—9(T)z.ryydt = 0, e = 0 +. (3.79)
But, on the other hand, since the operator M F[f] is bounded from L,(R;) into
L,(R4;e™°")-space, where 1 < p < oo, there exists the limit in L,(R.;e™*")-norm

Li.m..o4 MF[Lg)(17) = MF lim..oo4 (Ig)] () = M F[f](7), (3.80)

where f = Ig € L,(R;). Since the operator M F[I.g] converges in the norm
L,(R4;e7°7) too, then the limit functions must coincide almost everywhere on R,.
Thus, from equality (3.80) we arrive to (3.54). Theorem 3.3 is completely proved. o
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3.2 The composition theorem of inversion

We already mentioned in previous Chapter 2 and at the beginning of this chapter
the importance of the Kontorovich-Lebedev transform (2.1) in connection with so-
called problem of the composition structure of the index transforms. Indeed, using
known mapping properties of the Mellin convolution type transforms and the K-L
transform we establish new theorems for familiar index transforms and moreover, we
construct some new index transforms with hypergeometric type of special functions
as the kernels. Such approach has been developed recently in Yakubovich and Luchko
[2] although it should be noted that many important results were obtained earlier (see
for example, Yakubovich [1], Vu Kim Tuan et al. [1], Vu Kim Tuan [3]}-[5], Yakubovich
[3]-[4], [7]-[8], Yakubovich et al. [1], Samko et al. [1], Pestun [1]-[2], Ryko [1]-[2]).

Here as the corollary from theorems of the first section we study composition
properties of the introduced Mehler-Fock transform (3.1) based as you already con-
jectured on the K-L transform (2.1) and the Hankel transform (1.225) of zero index.
Taking into account integral representation (3.2) let us consider a slightly different
Mehler-Fock transform, precisely

e M VI = o) = s
x /:o P_1,2+,-,/2(2y2 +1)/yf(y)dy, 7>0. (3.81)

To write the mentioned composition of integral transforms the main problem is to
interchange the order of integration by Fubini’s theorem in the following iterated
integral (after substitution (3.2) into (3.81))

o) = [~ Vi) [ Jo(yw) Kir(u)dudy. (3.82)
First, using estimate (3.16) show that integral (3.81) is absolutely convergent under

conditions f(z) € L,,(R4), ¥ €R, p > 1, where the range of parameter v we define
below. Indeed, we have

l9(r)I < 0™ [ P_ya(24? + D31 ()ldy
<o | [ Vi + 7 ]

1 1/q o 1/q
< Cle—cr [(/(; y(3/2—v)q-1dy) + (/; y(llz—v)q—ldy) ] “f“v,p) (3.83)

where ¢ = p/(p—1). Furthermore, as is evident for the convergence of integrals at the
right-hand side of (3.83) that are deduced after applying the Holder inequality like
(1.21) we have to choose the parameter v from 1/2 < v < 3/2. Hence observe that the
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Mehler-Fock transform (3.81) is a bounded operator from the space L, ,(R+), 1/2 <
v < 3/2 into any space L,(R4) and one can write the equality

e
g(r) = Esh—?ml.i.m.,_..,.o /01 P_ij24ir2(29° + 1)/ f (y)dy (3.84)

meaning the above limit by the L,-norm. Now from (3.82) we immediately establish
the equivalent equality as

9(7) = LiM.ems 1o /0 e Vif®) /0 * Jo(yu) K, (u)dudy. (3.85)

Further, for each ¢ > 0 one can change the order of integration in the iterated integral
(3.85) provided by conditions L, ;(R4), 1 < v < 3/2 as it is not difficult to conclude
from inequalities (1.100) and (3.33). Thus we obtain

o) = Limeso [ 28 M () ) dyc (3.86)

So we already deduced the composition representation of the Mehler-Fock transform
(3.81) through the K-L transform (2.1) and the Hankel transform (1.225) with the
power multiplier 1/y/u. According to Theorem 1.21 the Hankel transform (1.225) of
zero index is a bounded operator from L, ,(R4), 1 < v < 3/2into Ly, ,(R4). Thus
u"M2[Jof](u) € Lijz-vp(R+) and due to Lemma 2.3 the K-L operator (2.1) exists
from the mentioned Hankel transform under condition 1 < v < 3/2. Hence meaning
the inner limit by the norm of the space L;/>_,,(R) one can pass to the limit under
the Kontorovich-Lebedev operator. Consequently, we obtain the following composi-
tion theorem.

Theorem 3.4. The Mehler-Fock transform (3.81) is a bounded operator from the
space L, ,(R4), 1 <v < 3/2, p> 1 into the space L,(Ry), r > 1 and its composition
representation through the K-L transform (2.1) and the Hankel transform (1.225) of
zero index for all T > 0 is true

o(r) = K, [%[Jof](z)} . (3.87)

In view of this conclude that the Mehler-Fock transform (3.81) belongs to the space
KL(Ly1jz-v,) (see (2.13)). Moreover, using Theorem 2.2 apply inversion formula for
the K-L transform like (2.14) to establish the equality

[Jofl(z) = l'i'm""'*oﬁa:_?/?_ﬂ /000 rsinh((7 — €)7)Ki-(z)g(7)dr, (3.88)

where the limit is meant by the norm of the space L;_,,(R4). In order to invert
completely the Mehler-Fock transform (3.81) apply again Theorem 1.21, namely the
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Mellin transform relation (1.226) to obtain the inversion formula for the Hankel trans-
form (1.225) by means of the Mellin-Parseval equality (1.214) (see details in Titch-
marsh [1], Yakubovich and Luchko [2]). Thus accounting that the Hankel transform
has a symmetric inversion we arrive

f(z) = [Jol.i.m.,_\.mw?/z_:/(;m 7sinh((m — e)'r)K,—,(x)g(T)dr]

= Limeeso [Jow—zm—?/—z:— 7 sinh((r - E)T)K;,.(z)g(r)dTJ . (389)

Here we carry out the limit in (3.89) according to Theorem 1.21 since the inverse
Hankel transform is one-to-one bounded operator from L;_, ,(R) into L, ,(R+) and
the last limit is meant by the norm of L, ,, 1 < p < 2. Writing the iterated integral
that follows from (3.89) we continue

e /ooo ¥ Jo(zy)

f(z) =lim.. 40 3

x /:o 7sinh((7m — £)7)Kir (y)g(7)drdy. (3.90)

Then change the order of integration by the Fubini theorem as it is possible under
estimates (1.100), (3.33) and (3.83). Thus we finally establish the inversion formula
like (3.19) for the Mehler-Fock transform (3.81) but by the index of Gauss’s hyper-
geometric function (1.47) after calculation of the inner integral by formula (1.101) .
Precisely, we have

f(z) =lim.._40

2274z o fe+ 14T e+1—1ir
[ (=) (5 )
™ 0 2 2

e+14+1r e+ 1—1r
5 , 3 ; l;—:z:z) g(r)dr. (3.91)

x7sinh((7m — €)7), Fy (
Theorem 3.5. Under conditions of Theorem 3.4 for 1 < p < 2 the Mehler-Fock
transform (3.81) has inversion formula (3.91).

Remark 3.1. Letting ¢ = 0 at (3.91) , and using formulae (1.55)-(1.56) after
substitution integral (3.81) we easily come to expansion (1.233) up to change of vari-
ables and functions.

3.3 The generalized Mehler-Fock transform

In this section we introduce the generalized Mehler-Fock transform with the asso-
ciated Legendre function of the first kind P¥(z) represented by formulae (1.55)-(1.56)
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with complex p # 0 in general case. In fact, this kernel we derive for example, from
integral (1.101), putting there a + u = 1. Namely, we have the formula

s

T(u+ 1) cosh(r7/2)

[ v K@)y = 270

1447 1—ar
F ( y A 1; — 2)
X2l 2 2 u+ z
2 la 7r - 2
= @+ 1) cosn(arf2) —itawiri2(28° 1) (3.92)

Similarly define the generalized Mehler-Fock transform by the integral

(1) = e [ ot nF 4 AWy, 720, (33
ar " cosh(n7/2) Jo (y? + 1)wl2" 1HiTI2 Y Vifly)dy, 720 (3.93)

When 4 = 0 we immediately obtain the Mehler-Fock transform (3.81). Further,
invoking with inequalities (1.100) and (3.33) for ®u > —1/2 from representation
(3.92) we have the uniform estimate of kind

2—Ru—lz2ﬁp T . )
(22 + 1)®/2 cosh(rr/2) lP_1/2+,-,/2(2:c +1)]

< Ce g2 /0o y ¥ 12K (ycos §)dy, 0< 6 < /2, (3.94)
0

and from the asymptotic behavior of the Macdonald function (1.96)-(1.97) we observe

the convergence of integral (3.94) for —1/2 < Ru < 1/2. Thus we arrive to the
inequality

|Pt i a(28° + 1)| < CemlP=07g=122%0 (g2 4 1)®/2 Ry < 1/2 (3.95)

with the right-hand side by variable z as O(z~'/2~2®#) as z — 0+ and O(z~1/2~%*)
as ¢ — 0. Although for our further considerations it is important slightly change
estimate (3.95) when z € [0,1]. Namely, turning to relation (3.92) use inequality
z7*|J,(z)] < C, —=1/2 < Ry, = > 0 and our estimate becomes

2—92;‘—1 m?ﬂu T

(2 4 1)®#/2 cosh(w7/2) |

P:I“/2+i‘r/2(2$2 + l)l

< et g% / * Ko(ycos 6)dy < Csz®e=5", 0< 6 < /2. (3.96)
0

Therefore, considering f(z) € L, ,(R4),p > 1 and applying inequalities (3.95)-(3.96)
we derive the estimate of the generalized Mehler-Fock transform (3.93) as

ol < ce [ [ rwldy+ [T 15 @ldy], 720, (397)
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Making use the Holder inequality find that

1 1/q 3 1/q
|g(7_)| < Ce—é‘r”f“v,p [(/(; y(1+32p—v)q—1dy) + (/1 y(l—v)(I—ldy) } (3.98)

and integrals at the right-hand side of (3.98) are finite ones provided that 1 < v <
1+ Rp. Thus we established the following theorem.

Theorem 3.6.The generalized Mehler-Fock transform (3.93) is a bounded operator
from the space L,,(Ry), 1 < v < 14+ Ry, 0 < Ru < 1/2, p > 1 into the space
L,(Ry), r > 1 and its composition representation through the K-L transform (2.1)
and the Hankel transform (1.225) for all 7 > 0 is true

9(r) = K [z P11 1(=)] (3.99)

The proof of this theorem one can achieve by the above estimates and the Fubini
theorem.

Similarly we obtain the inversion theorem for the generalized Mehler-Fock trans-
form (3.93), sequentially inverting the respective Kontorovich-Lebedev and the Han-
kel transforms.

Theorem 3.7. If f(z) € L,p(Ry), 1<v <14+ Ry, 0<Ru<1/2, 1<p<2,
then for generalized Mehler-Fock transform (3.93) the inversion formula

2etu=igl/2te foo (6+1+ir e+1—ir
al(p+1) Jo 24+ p 24+ p

f(z) =lim. 4

e+14ir e+l1—ir
24u 7 2+4u

x7sinh((m — €)7), Fy ( s e+ 1 —:02) g(7)dr. (3.100)

1s valid.

Proof. In accordance with Theorems 1.21 and 2.3 combining with Theorem
3.6 we may conclude that the Mehler-Fock transform (3.93) belongs to the space
K L(L3j24%u-vp). Consequently, under conditions of this theorem one can invert the
Hankel transform in (3.99) owing to Theorem 1.21, and we arrive to the iterated
integral

2

f(:l,‘) = l.i.m.e_..,.o

\/2-5 /0°° ¥t I, (zy) /000 rsinh((7 — €)7) K, (y)g(r)drdy. (3.101)

™

Thus taking in mind the above estimates change the order of integration and use
formula (1.101) that leads to (3.100). This completes the proof of Theorem 3.7. o
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3.4 Parseval’s equality

In this section in the same manner as for the Kontorovich-Lebedev transform (2.1)
we deduce the Parseval relation for the Mehler-Fock transform (3.1). We refer the
reader to similar questions in Lebedev [4], Lowndes [2], Yakubovich and Luchko [2].

Let us consider the Hilbert space of functions Lo 2(R.+) normed in accordance with
(1.19) by

. dt 1/2
lleesn = ([ 10OPL) (3.102

Following further, introduce the corresponding inner product for two complex-valued
functions f(z), g(z) as

o o ——dt
,g) = t)g(t)—. 3.103
(hoy= [ r®IO3 (3.103)
Thus for each function f(z) € Lo2(R4+) the respective Mehler-Fock transform (3.1)
is taken as the limit in mean of the integral

T N
MF[f)(r) = ZLim yoco /l o Prarasiea(28 + DS (0)dy. (3.104)

This integral exists as an absolutely convergent one. Indeed, if f(z) € Lo2(R4), then
f(z) € Lo2([1/N, N)) for any number N > 0. Moreover the estimate

N 24y N 24y = 2
L PP <0 [ 15G)Pdy = Cll Aoy (3.105)

is valid and consequently, f(z) € L2([1/N, N]). Therefore owing to inequality (3.16)
and convergence of the integral

|, P2 + DI ey

N 1/2
< (/I/N Phiya(29 + l)dy) Al zactaymmyy < o0, (3.106)

we easily conclude that the Mehler-Fock transform (3.1) of the function fy =
f(z), z € [L/N,N], f(z) =0, 0 < z < 1/N exists for all 7 > 0. Furthermore,
one can prove that the range of the Mehler-Fock transform (3.104) coincides with the
weighted Hilbert space L, (R.,.; 5T ta.nh(7r1'/2)) with the norm

2 [ [ T 2, \?
All o (e ssniers) = = (7 tanh (5 Ih(r)Pr) (3.10)

and the limit in (3.104) is understood by means of the convergence by norm (3.107).
Therefore, substituting the value of the Mehler-Fock transform (3.1) within the inner



96 Index Transforms

product (M F[f](r), M F[g](7)) being defined by the Hilbert space (3.107) we have
formally

(MF(}, MFlG) = = [ rtanh () MUY MFGRr

2

= %/om T tanh (Z—T) MPF([f](7)
X/Om P_y24irf2(24% + 1)g(y)dydr
= /ow g-(y_)dy% /Ooo 7 tanh (1;—7)
xP_1/2+;,/2(2y2 + )M F[f](7)dr

= [T 1L = is0) (3.108)

The last equality in (3.108) is established due to (3.19), where we put formally £ = 0.
Motivation of this can be given by the following theorem.

Theorem 3.8. If g(z) € Li(Ry;Po12(222 + 1)) and MF[f)(r) €
L (Ry;Texp((n/2 — 8)7)), § €[0,7/2), then the Parseval equality is true

(MF(f], MF[g]) = (f, ) (3.109)

Proof. The proof of this theorem implies from the Fubini theorem that can be
performed to apply under inequality (3.16) for the Legendre function and the above
conditions. More precisely, observe the convergence of the iterated integral

/ooo 7 tanh (521) IMF[f)(r)| /000 | P-1j24ir/2(24% + 1)g(y)|dydr

<G [ Po(2y® + Do)y [ rexpl(n/2 - MU < oo

and confirm the desired result. Theorem 3.8 is proved. e

Letting f = g at the equality (3.109) we obtain that f € Lo2(R4) and h(7r) =
MF[fl(r) € L, (R+; &7 tanh(7r7'/2)). Furthermore,

“fI|Lo,2(R+) = I|h||L3(R+;;‘,-rlanh(1r‘r/2))' (3110)

Similarly as in the case of the K-L transform take the space C¥(R,) of the
smooth functions of the order two with a compact support on R,. As result we
arrive to the analog of Lemma 2.5 for the Mehler-Fock transform (3.1).
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Lemma 3.2. If the function f(z) € CP(R,) and its support is a compact one,
then the Mehler-Fock transform (3.1) belongs to the space Li(Ry;+/7).

Proof. It is not difficult to see that M F[f](7) is continuous function of variable
7 € Ry. Further, use Theorem 1.8 of the asymptotic behavior of the Legendre
function P_y/34i-(22%+1) by index 7 — +00. Indeed, invoking with formulae (1.155)-
(1.157) as well as asymptotic behavior of the Bessel function (1.92) at infinity we

obtain -
MF[f](r) = %o ( [ e f(y)dy) T — +oo. (3.111)

Hence we have the estimate like (2.51), namely

C
IMFf)(7)| < 7,7 >0, (3.112)
where C' > 0 is an absolute constant. This completes the proof of Lemma 3.2. o

Corollary 3.1. For functions f(z) from the space CP(R.) the Parseval equality
(3.109) is true.

Proof. In fact, in this case we appeal to Theorem 3.2 as well as Theorem 1.8 that
perform to pass to the limit under the sign of integral (3.19). Thus the equality

f=) 2

T ™

/0 * r tanh ("’2—1) P_yjovina(22% + 1)MF[f](r)dr (3.113)

is valid and moreover, this integral is absolutely convergent. Hence one can change
the order of integration like in the proof of Theorem 3.8 and to obtain the Parseval
equality (3.109). Corollary 3.1 is proved. o

Let now f(z) be an arbitrary function from the space Loz(R4). Choose some
sequence of functions from the space C®(R,) with the compact support that is
convergent to the given function f by norm of the space Lps(R4). Denote as in
Chapter 2 through f,, the common term of this sequence and through symbol I, the
least segment which contains the support of the function f,. Since the operator of
the Mehler-Fock transform is linear one then from Corollary 3.1 the equality follows

[ @)= tn@ P = 5 [7 ranh () IMFULI - MFU()Pdr. (3:114)

Indeed, the left-hand side of equality (3.114) tends to zero by m,n — oo. There-
fore, the sequence {M F[f,](r)} is the Cauchy one. The completeness of the Hilbert
space L <R+; A7 tanh(m'/2)) means the existence of the function h(7) = MF([f] €
L, (R+; =1 tanh(7r7'/2)) such that MF[f,](r) — k() by the norm of this space.
Since

MFUN) = 5 [ Poajarinn(? + D0y, (3.115)
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then, integrating through by segment [0, 7] we obtain

[ i@ =5 [ £y [ Possn(ey® +1)dt

= [7 P ), (3.116)

where T [T
P(ry) =7 /0 Py jariea(29% + 1)dt. (3.117)

Let us consider the left-hand side of equality (3.116). As M F[f,](t) belongs to
L, (R+; =1 tanh(7rt/2)), consequently M F[f,](¢) € Ly([0;7]). Since MF[f,](t) —
MF[f](t) by the norm of the space L, (R+; =1 tanh(rt/2)) and

[ IMPULI@) - MPIA@PE < CUMPIL] = MEUIR, vy, ccurry (5-118)

then MF[f,] — MF[f] by the norm L,([0;7]). Hence by the Cauchy-Schwarz-
Bunyakovskii inequality we have

|[ @0 - MEL@) < [ IMFLLI - MPUI©:

< VTIIMF(fa] = MF(f)l|Lo(0ir)- (3.119)
Therefore,

lim /0 " MF[f.)(t)dt = /0 " MF[f)(t)dt. (3.120)

Similarly we establish the limit at the right-hand side of (3.116). Indeed, the function
fa(z) € Lo 2(R,) and invoking with inequality (1.21) we obtain the estimate

oo oo 1/2
1P swlay < ([T oiPrnlay) Illzam,) (3.121)

Thus one can show that for each 7 > 0 the function P(7,y) € L, 2(R,). In fact, from
representation (3.2) in view of (3.117) we have

VZP(r,z) = /0 " cosh(rt/2)dt /0 % Vado(zy) Ki(y)dy. (3.122)

As is evident from the asymptotic properties of the Bessel functions the integral
(3.122) is convergent absolutely and uniformly by t. Therefore, we can integrate
through by ¢ in (3.122) and invoking with the second mean value theorem to write it

VaP(r,2) = C, [ Vado(ey) [ Ki(y)dyat

=C, /:o Vzdo(zy)K(7,y)dy, (3.123)
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where C; is some constant which does not depend upon z and the function K(r,y) is
defined by formula (2.56). Hence formula (3.123) can be written in slightly different
form, namely

oo K s
VzP(r,z) = C, /0 \f—zyJo(zy)—(J?yldy. (3.124)
This implies that the right-hand side of (3.124) is the Hankel transform (1.225) of zero
index and according to (2.60) the function K(7,z)//z belongs to the space L,(R.)
for each 7 > 0. Thus as is known in Titchmarsh [1] integral (3.124) is convergent in
mean value, i.e. the following limit equality is true

g(T, 1:) = l.i.Il‘l.Nﬁoo [)N \/ﬁ-’o(zy) K(\/Téjy) dy

=lim.yowgn (T, ), (3.125)
by the norm of the space L2(R;). On the other hand, due to the estimate we have

/\/_J(zy)(y)'

_1r K(r,y)
= l/N \/ﬁfo(zy)—w—dy

* Ko(y)
<A, [v N dy — 0, N — oo, (3.126)

where the positive constant A, does not depend upon z according to inequality
(3.33). So we conclude that integral (3.124) is uniformly convergent too, and there-
fore the limit function g(r, z) in (3.125) coincides with /zP(7,z)/C, and moreover,
VzP(1,z) € Ly(Ry) or P(r,z) € L12(R4). From the relation f, — f by the norm
of Lys(R+) and by the Cauchy-Schwarz-Bunyakovskii inequality we have that

Jim /0 P(r,9) faly)dy = /0 P(r,y)f(y)dy (3.127)
and passing to the limit at the equality (3.116) obtain that
[ ME®d = [ Py f)dy. (3.128)

Since MF[f](t) € L;(Ry; Attanh(rt/2)), then MF[f](t) € Ly((0,N]) and
therefore M F[f](t) € L1((0,N]). Consequently, one can differentiate through by
7 in equality (3.128), and for almost all 7 > 0 we arrive to the formula

MFIf() = o [ Pl y) @) (3.129)

Turning to the Parseval equality (3.109), observe that it is true for all func-
tions f(z) € Lo2(R4) and corresponding Mehler-Fock transforms M F[f](1) €
L, (R+; %t tanh(rt/ 2)) by continuity of norms from the relation

1 llzancRey = 1M FUSlly (s vmmbcosn) (3.130)
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Hence one can write the Parseval equality (3.109) taking g(y) =1, 0 <y < z, g(y) =
0,y > z. Then

T f 2 foo T T
/ %dp; [ 7 tank (?) [ Posjssinra(2n + DduMF(fl(r)dr.  (3.131)
Denoting by .
P(z,7) = / Py jin2(26? +1)du, (3.132)
1]

after differentiation for almost all £ > 0 we obtain the reciprocal formula for the
inverse Mehler-Fock transform as

f(z) = 2;% 0°° 7 tanh (’;—T) P(z,r)MF[f](r)dr. (3.133)

Similarly to results of Section 2.3 prove that formula (3.104) takes place, in other
words the Mehler-Fock transform M F[f](7) is the limit in mean square by the norm
of space Ly (R+; A7 ta,nh(7r1'/2)) of the integral

T Poajarin (2 + 1)1
9 N —1/2+4i7\4Y y)ay,

where f(z) is an arbitrary function from the space Lo2(R+). Indeed, in the equality

MF(fy](7) = gd—d; ooo P(r,y)fn(y)dy
= | POy (3.134)

differentiate through due to uniformly convergence of the integral. Thus we deduce
the formula

T (N
MFU)(r) = 5 [ Posjasina(297 + 1S (0)dy. (3.135)
If MF[f] defined by formula (3.129) then the Parseval equality (3.109) gives

[|IMF[f]— MF[fN]Ilzz(R+;—‘rrtanh(1rT/2)) =|If = fnllie,my)
dy
= 22 50, N - oo, 3.136
L PO (3.136)
which means that M F[fy] — M F[f] by the norm of the space L, (R_,.; &7 tanh(1r7'/2)).

Similarly we prove the convergence in mean of the sequence {fn} to f by the norm
Of L0’2, lf

fu(z) = %rf / ¥ 1 tanh (57) Poaasiriales? + )MEL) (). (3.137)

Thus we proved

Theorem 3.9. The operator of the Mehler-Fock transform given by formula
(3.129) maps the space Lo,(Ry) onto the space L, (R+;;477' tanh(7r'r/2)g and its
inversion is given by formula (3.133). These operators are the limits in mean by
respective norm of the Hilbert weighted spaces of integrals (3.135), (3.137).
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3.5 An index-convolution transform related to
the Mehler-Fock integral

We now demonstrate the composition method of the integral transform construc-
tions, introducing the index-convolution transform like (2.150) related to the Mehler-
Fock integral (3.1). Using representation (3.2) one can consider the following kernel

P 2(¥) 41 * To(yt) Kin (zt)dt
2z cosh(rr/2) A/ (;) tly= /0 o(yt)Kir(2t)dt, z,y >0, (3.138)

and introduce the index-convolution transform of type

MF[f)(r,2) = g(r, ) = m /0  P_yjayinsa (2 (%)2 + 1) F(y)dy.

(3.139)
Here (1,z) € Ry x R, and f(y) is an arbitrary measurable complex-valued function.
We shall follow to results of Section 2.5 to invert transform (3.139), and first let us

establish its connection with the index-convolution Kontorovich-Lebedev transform
(2.150).

Theorem 3.10. If f € L,1(R4), 1/2 < v < 1, then operator (3.139) can be
represented as
MF[f)(r,z) = KL{(Jof))(, ), (3.140)

where K L[f] is the indez-convolution Kontorovich-Lebedev transform (2.150) and op-
erator (J,,f) is the modified Hankel transform like (1.225) defined by formula

(@) = [ (et f(t)dt. (3.141)

Proof. Indeed, according to equality (3.138) the proof of this fact is to change
the order of integration in iterated integral

g(rz) = [ 1) [ dolwt) Kirlat)dedy (3.142)

for almost all z,7 > 0. By using estimate (1.100) for the Macdonald function and the
weighted Holder inequality (1.21) in the inner integral (3.142) it can be estimated as

0o o0 1/9
/0 Jo(yt) Kir ()| dt < &= (/0 t"(l"’)“llJo(yt)l"dt)

o 1/p
x ( / 71| Ko(zt cos 5)|”dt) , (3.143)
0
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where 6 € (0,7/2), p~* + ¢~! = 1. The asymptotic behavior of the Bessel functions
gives the convergence of integrals at the right-hand side of (3.143), namely

00 1/ oo 1/q
( / tq“-")'llJo(ty)Pdt) - (/0 t“(“")‘llJO(t)l"dt) <oo, (3.144)
0

o0 1/p
(/0 t”“"llKo(ztcosé)l"dt) < o0, (3.145)

for each z,y > 0 when 1/2 < v < 1 as is evident from formulae (1.92)-(1.93), (1.96)-
(1.97). Therefore, the Fubini theorem immediately gives the desired composition
(3.140) in view of the finiteness of the norm ||f|},,;. Theorem 3.10 is proved. o

Thus we can apply now Lemma 2.7 to estimate the norm of operator M F[f](7, z)
in the space L, ,(R+ x R}), p > 1 normed by formula (2.152).

Theorem 3.11. Let f(z) be from the space L, (Ry) with 1/2 < v < 1. Then
the operator M F[f] given by formula (3.139) is bounded from the space L, 1(R4) into
the space L, ,(R4+ x R3), p> 1.

Proof. At first with the aid of the generalized Minkowski inequality (1.10) one

can show that the Hankel transform (Jof)(z) from composition (3.140) belongs to
the space L1—,1(R+) under condition f € L,;(R4), 1/2 < v < 1. Actually, we have

(o f)(@)l1=w1 = /0 “

/:o Jo(zy) f(y)dy| d=

< [T @ldy [ e 1(en)lde. (3.146)

The simple change of variable zy = ¢ reduces the integral with the Bessel function to
a positive constant under 1/2 < v < 1 and we obtain finally from (3.146) that

o) @liss < Mflls [~ 2™ o()lde = Cullflls. (3.147)

Consequently, one can appeal Lemma 2.7 and invoking with composition (3.140) to
lead to the expected result. Theorem 3.11 is completely proved. e

Thus developing ideas of Section 2.5 one can arrive to the inversion of the index-
convolution Mehler-Fock operator (3.139) by means of operator (2.156). However,
we need to assume some additional conditions concerning the existence of the inverse
Hankel transform. Namely, due to Titchmarsh [1] from formula (3.141) it follows
formally that

f@)= [ 2t (0t (3.148)
Letting here u = 0 from the above discussions we have that (Jof)(z) €

Li,1(Ry), 1/2 < v < 1,if f(z) € L,1(R4). Let us spread the range of parameter
vup to 1/2 < |v| < 1. Hence if (Jof)(z) € L1-,1(R4), where —1 < v < —1/2, then
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the operator at the right-hand side (3.148) exists and maps the space L;_,; into the
space L, for v € (—1,-1/2). Precisely, we have the estimate from (3.148) similar
above

1l < Nofllva [ 2*1(2)lda < oo, (3.149)

if as is evident —1 < ¥ < —1/2. Due to formula 2.16.21.1 in Prudnikov et al. [1] we
use now the value of the following integral (see also (1.101))

® ' _2 (3+ir) (S—ir)
/0 £ ao(et) K (yi)dt = 5T (=5 ) T (=5

o 3_g 2
3+ir itz ) (3.150)

X, F ]
24 ( 2 ) 2 y2
This formula shall contribute to the kernel of the inverse index-convolution transform

related to (3.139). Observe that composition (3.140) enables to apply Theorem 2.10
and to deduce the following relation

2z sine

(Jof)(.’ll) = l.i.m.,_.o.,, 2

/000 /:o ycosh((m —€)7)

x Kir(zy)g(r, y)drdy, (3.151)

where g(7,y) = M F[f](r,y) and the limit is meant by L;_,;-norm with 1/2 < v <
1. Meanwhile, the integral at the right-hand side of (3.151) belongs to the space
Li_, 1 (R4) with =1 < v < —1/2 if we assume that

/0 /(; eF=e=n) =1 4(7, y)|drdy < o0, (3.152)

" where § € (0,7/2), —1/2 < v < —1. Indeed, we have the estimate

[)m z7Vdz /om /ooo zy cosh((m — &)7)

x K- (zy)g(7, y)drdy|

< Gs / 21 Ko(z)dz / ) / " eltr=e=0m)yr=1)g(, y)|drdy < oo (3.153)
0 0 0

under the above conditions. Consequently, if there exists the limit in (3.151) by the
Ly, 1-norm, with —1 < v < —1/2, then it coincides with (Jof)(z) and we can invert
through with the aid of the Hankel operator (3.148). Accounting its boundedness by
the L, ;-norm we write

2sine

f(&) =Limgor =5 /0 st Jo(zt)dt

x [ [7 gt cosh(x — e)r)Kir (wt)a(r, )drdy. (3.154)
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However, one can change the order of integration by Fubini’s theorem in the iterated
integral (3.154) according to estimate as

/O 2| Jo(zt)|dt
x [7 [ ycosh((x = )l in (yt)g(r, ) ldrdy
0 0
oo 1/
< G ( / t"(‘+”)“[Jo(t)|th> '

© 1/p
x ([T etk (o pat)
0

o) 00 5
x /0 /0 lT==81) =11 g( . W) |drdy < oo, (3.155)

where p~! + ¢7! = 1 and —1 < v < —1/2. Invoking with equality (3.150) we obtain
finally from (3.154) that

fz) = l.i.m.e_,0+41::_12n61" (3 + 27') I (3 - z‘r)

2 2
o foo 3+ir 3—ir z?
x/o ./o cosh((m — €)7) Fy ( 5 % ;1;—;/—2)
9(r,y

Thus we established the following final result.

Theorem 3.12. Let g(t,2) = MF[f](r,z) and condition (3.152) holds. If
f(z) € L,1(R4),1/2 < v < 1 and the Hankel transform (Jof)(z) € L1-,1(Ry),—1 <
v < —1/2 is the limit in (3.151) being meant by Ly_,1-norm, then the inversion for-
mula (3.156) for the indez-convolution transform (3.139) is true.



Chapter 4

Convolution of the
Kontorovich-Lebedev Transform

In the preceding two chapters we introduced the Kontorovich-Lebedev and the
Mehler-Fock integral transforms by index of the Macdonald and the Legendre func-
tions as the kernels, respectively. We investigated their mapping properties in the
weighted L,-spaces and obtained some composition relations.

This chapter deals with new objects as convolutions connected with the index
transforms mentioned above. These integral operators are fundamentally different
from the considered convolution operators of Mellin’s, Laplace’s and Fourier’s types.
It enables us to illustrate various convolution constructions and apply theirs to the in-
vestigation of the respective classes of integral equations of the first and second kind.
As is shown the demonstrated convolutions of the Kontorovich-Lebedev transform
have excellent mapping properties within Lebesgue spaces of measurable functions
which were introduced in Chapter 1.

4.1 Definition of the convolution. Useful esti-
mates

The purpose of the present consideration is to study the convolution operator
related to the Kontorovich-Lebedev transform (2.1) defined by the following double
integral

(f * g)(z) = 51;/0“’ /0°° exp (-% [-’yﬁ + i—y + %D F(u)g(y)dudy, = >0, (4.1)

where f(z) and g(z) are two functions from suitable functional space. This operator
was first introduced in Kakichev [1] formally as an example of integral nonstandard
convolution. Later this operator was considered in detail by the author in Yakubovich

105
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[5]-[6], Yakubovich and Moshinskii (1], Yakubovich and Luchko [2]-(3] in slightly dif-
ferent form. Moreover, this convolution was generalized for other index transforms
and applications to various type of integral equations were obtained. The related
questions for the convolution (4.1) in the space of generalized function were consid-
ered in Glaeske and Hess [1]. Its analog for the Mehler-Fock transform was studied
in Glaeske and Hess [2]-[3]. This class of convolutions essentially completes the dou-
ble integral type convolutions in terms of the Mellin-Barnes integrals which were
investigated in Nguyen Thanh Hai and Yakubovich [1].

This chapter is intended to give the reader the series of results and estimates
related to convolution (4.1) in the weighted spaces L,,. As a conclusion we extend
our understanding of these objects and their applications to integral equations. Some
separate examples of integral equations with convolution (4.1) were considered pre-
viously in Lebedev [6], Yakubovich [5], Yakubovich and Luchko [2]. These equations
involve operator (4.1) as follows

(K@) = [~ Kz, (w)du, (4:2)

where we fixed some function g(y) and calculated the kernel K(z,u) by the integral

R 1[zu zy yu
K(z,u) = 2::/0 exp (—2 [-y— + . + ?]) 9(y)dy, z > 0. (4.3)

We shall touch these questions below and shall demonstrate interesting examples of
integral equations and their solutions.

We start to study mapping properties of convolution (4.1). First observe from
definition that convolution (4.1) is symmetrical (commutative)

frg=g=*f. (4.4)
Second, if for each z € Ry f(x) > 0, g(x) > 0 (f(z) < 0, g(z) < 0), then (f*g)(z) >

0, and for f(z) >0, g(z) < 0, (f(z) <0, g(z) > 0) the inequality (f * g)(z) < 0is
justified.

Now one can obtain certain estimates for convolution (4.1) in the Lebesgue L,-
spaces applying in all cases the Fubini Theorem 1.1.

Theorem 4.1. Let f(z), g(z) be functions from the space Lijz1(Ry4). Then
convolution (4.1) exists and satisfies the estimate

()@ < 5= lflhaallllan (45)

Proof. Using the elementary inequalities

-
e _1+$,m>0, (4.6)



Convolution of the Kontorovich-Lebedev Transform 107

a® +b% > 2ab (4.7)

deduce following relations

@l <5 [0 ﬁT.:‘“—|f(t)g(u)|dtdu

e [ = lf®llg(w)l
<o [

= 2—6\;;||fnl,,,lllgl|m.n (48)

which give the desired result. Theorem 4.1 is proved. e

Theorem 4.2.Let f(x), g(z) be functions from the weighted space Lo1(R4). Then
convolution (4.1) ezists for each £ > 0, and moreover,

I * 9)(=)I < eI flloallgllo,n- (4.9)

Proof. By virtue of inequality (4.6) it follows that

oo oo u? 2
I A G PO

<o /0°° If(tt)ldt /0°° Ig(:)l du, (4.10)

that implies conclusion (4.9) of Theorem 4.2. o
The next results involve L-spaces with power-exponential weights.

Theorem 4.3. Let as usuallyp>1, ¢ > 1, %+;— = 1. Let f(z) and g(z) be from

the weighted space L (R+;x—1/2 exp (—m)) . Then the convolution (f * g)(z)
exists for each ¢ € Ry, and estimate

(eo@l< 22D oq (-2 (14 )

X || fllL(R 412172 exp(~2/(2minp,0))) 19!|L(R 42172 exp(~z/(2min(p.0))) (4.11)
holds.

Proof. According to the definition of the convolution, we have the sequence of

equalities
0 zt zu ut
(f*9)(z) = / / ( +7+;)
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X exp (—1; [z_t + ™ + u_t]) f(t)g(uw)dtdu

2q Lu t T
1 feo g u? + t2 ut
-ﬂ/o o P z2utmax(p,q) 2z max(p, q)
1 zt U ut]
—_— | — —_— — t dtdu. 4.12
cop (g 24 3+ 2]} s, (412

Recalling inequalities (4.6)-(4.7) to (4.12) and the inequality

t ut
o Y s s utt, (4.13)
t u T

we easily deduce that

(o <y 22D o (o[t ]

8z max(p,q)  2min(p,q)

% /0°° If\(/zf)l P <_2mirf(z), q)) a /0°° %ew (-m) o (414)

and hence relation (4.11) is satisfied. Theorem 4.3 is proved.

Theorem 4.4. Let f(z), g(z) belong to the space L(R ;e */?). Then convolution
(4.1) exists for each ¢ € R, and the estimate

e T
I(f *9)(z)| < '27||f||L(R+;e-=/2)||y||L(R+;e—=/=) (4.15)

is true.

Proof. The desired result easily follows from the inequality demonstrated above
(4.13) applying it to the kernel

1 [zt t
(-3 (T+ T+ 7)) (416
Indeed, it follows that
1 /xt t
exp (—5 <%— + _:ct_u + u;)) < e/, (4.17)

Consequently, the double integral in (4.1) reduced to the product of two integrals

with the outer power-exponential coefficient. It gives us inequality (4.15). Theorem
4.4. is proved. o

As is obvious from the above theorems that convolution (4.1) is continuous func-
tion of the variable £ € R, and exponentially decreases at infinity.
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Theorem 4.5.Let for Ra < 1 the function z*g(z) be bounded on the half-azxis
(0,00), and f(x) be a function from L, 1(Ry). Then the convolution (f * g)(z) ezists
for each £ > 0 and

|(f * 9)()] < M27°T(1 — &)™ *€™"||f||La s (R4)s (4.18)

where M > 0 is a constant.

Proof. Indeed, observe that

(Fea)@l< oo [ [ exp (—5 [Z 42+ 2]) 10 g s
< % /:o |F(®)|dt /Ooo exp (—zu22:tt2) exp (-%) u%du
< ﬁr%’ﬂw L) (%)‘H dt, (4.19)

which leads us to estimate (4.18). Theorem 4.5 is proved. o
Theorem 4.6.Let the function z*g(z) be bounded for Ra < 1 on the interval

(0,00), and f(z) € Ly(R,). Then convolution (f * g)(z) (4.1) exists for each z €
(0,00) and the following estimate is true

_ z
7+ o) < Moo exp (=2 lla (:20)
where p > 1 is an arbitrary number, M, > 0 is a constant.

Proof. Applying the Holder inequality (1.8) to convolution (4.1), we obtain the
representation

(7 * 9@ < 5 ( LI ew (-5 (5 +2+2)) stwds 2dt)m
x ( i ) f(t)|2dt)1/2. (4.21)

Treat now the inner integral in (4.21). Taking the parameters p > 1, ¢ > 1, for which
% + % =1 and one can reduce it to the form

/°° ( 1[zu+ut+zt) (u)d _/°° l[mu+u_t+a:t
oexp 211t T uguu_oexP'th T u

1 14 t
X exp (—E [% + “4 % ) g(u)du. (4.22)

x
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Further, the simple inequality (4.7) allows us to obtain that

* ( ! ﬂ+u—t-i-£':—t]) (u)du|<ex “I)ex (—-E)
/Oexp 21 T u g P P P q

x [ exp (—g (piz + :—t)) lg(u)ldu. (4.23)

According to the condition of the present theorem the function z*g(z) is uniformly
bounded on R,, namely z%|g(z)| < C, where C > 0 is some constant. Thus, we

arrive to the relations
© uft T
— | —4 = d
/0 exp( 2 (px + qt)) |g(w)|du

00 a-1
u t x — _ _ l—a t xz
< C/(; exp (—5 (P_Z'-*-E))u d’u.—CF(l 0)2 (p_z +_qt)

4
qt2 + p.’l:2
where C;, C, are constants. Returning to inequality (4.22) in view of (4.23), (4.24),
we obtain estimate (4.21). Theorem 4.6 is proved. o

1-a
= CI'(1 — a)z'™™ ( ) < CoT(1 — a)z* ¢, (4.24)

We attract our attention now to the next result that is formulated in the theorem
below and estimates the L, -norm (1.19) of convolution (4.1).

Theorem 4.7. Let f(z), g(z) € L,(R,), where 1 < p < co. Then convolution
(4.1) of the Kontorovich-Lebedev transform ezists and belongs to L, ,(R+), ¢ = p/(p—
1), v > 1/p. Moreover, under these conditions

17 * 9)(@)llvq < Cllgllol f11,» (4.25)

where C > 0 is an absolute constant.

Proof. Making use the generalized Minkowski inequality (1.10), we have
1 o oo foo
1S * 9@ Mhg = 5 ([ a0 [7 [T enp (5[5 + Z 4+ 2])
2\Jo o Jo 21t u oz

xssnd] )" < [ [ 1wt

1 00 Tu t  ut 1/q
- q(v-1)-1 _g (_ n _)) )
X 3 (/0 T exp ( 3 \3 +—+ dz dudt. (4.26)

The integral by z can be calculated invoking with formula 2.3.16.1 in Prudnikov et
al. [1] which shows us that

1 00 zu xt  ut 1/q
([ (22
2 (/c; ’ exp( 2\t + u + T dz
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- (%ﬁ)_ A (R (4.27)

Hence the right-hand side of the inequality in (4.26) reduces to the double integral
and the estimate becomes as

Do < [~ [7 ( s Hz)w ey (aV7+ ) 1 (Wg(t)ldudt.  (4.28)

To continue inequality (4.28) apply the Holder inequality (1.8) meaning that it in-
volves multidimensional integrals too. In our case for the double integral we obtain
that

a(v-1) 1/q
II(f*y)Iqu_(/ I ( W,) Kq@_l)(w—umz)dudt)

< ([C1rra)” ([ oora)”. (4.29)

To establish inequality (4.25) one may prove the convergence of the double integral
in (4.29) with the Macdonald function Ky(,_y) (q\/u"’ + t2). To show it appeal to the
polar coordinates u =rcosp, t =rsing, r > 0,9 € (0,7/2). Thus we find

(w-1)
/ / ( Vi i2 tz)q Ko(-1) (‘IV u? + 12) dudt

/2 00
— 93(1-v) /0 sin?C1) (2)dgp /0 PO (gr)dr. (4.30)

Taking into account the asymptotic behavior of the Macdonald function K,(z) by
formulae (1.96)-(1.97) it is not difficult to conclude that the integral by r is conver-
gent for any v whereas the integral by ¢ as it is easily seen is convergent only for
v >1/p, p=q/(g—1). Hence denoting integral (4.30) as C we arrive to inequality
(4.25). This completes the proof of Theorem 4.7. o

It is naturally to see now that convolution (4.1) belongs to the conjugate space
L,(R,) if we put in inequality (4.25) v = 1/q, ¢ < p that means 1 < ¢ <2, p>2or
1<¢<2,p>2

Corollary 4.1. The convolution operator (4.2) with kernel K(z,u) in (4.3) is a
bounded one from the space L,(Ry), p > 1 into the space L, o(R+), ¢ = p/(p—1), v >
1/p under condition g(z) € L,(Ry), where g(x) is a characteristic function of the
kernel (4.3).

Using the Holder inequality let us estimate now the kernel K(x,u) of operator
(4.2) provided that g(z) € L,(R4). Indeed, we have

1 fo 1 (zu =zy uy
— =4, 22 d
Kl < 5 [ exp( 2( + 24 z))w(yny

Yy u
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/a
1 0 qg[zu =zy uy !
< — —=|—+—=4+—=))d . 4.31
<5 (/ exp( 2(y+u+$)) ) il (431)

Recalling again formula 2.3.16.1 in Prudnikov et al. [1] calculate the integral with
exponent and deduce the following final estimate

Vu? + 2

where K;(z) is the Macdonald function of the index 1. As it is not difficult to see
this kernel has immovable singularity at the point z = u — 0+. Precisely speaking,
we obtain in this case that K(z,z) = O(1/z),z — 0+.

1/q
(e, ) < lolls (——“——) Ko (g § )P, (4.32)

4.2 The factorization property. Parseval’s type
equality

In this section we show the connection between the convolution introduced above
and the Kontorovich-Lebedev transform (2.1) by means of his action through the
operator of convolution (4.1). Thus one can prove the following theorem.

Theorem 4.8. Let f(x), g(z) € Ly(Ry), for 1/p < v <1, p > 1. Then the
Kontorovich-Lebedev transform (2.1) of convolution (4.1) (f*g)(z) for functions f(z)
and g(z) erists and is equal to the product of the Kontorovich-Lebedev transforms for
these functions, namely the factorization property

Ki:[(f * 9)] = Kir[f]Ki-[g] (4.33)
takes place. Furthermore, the following Parseval’s type equality holds
2 had . ‘T
(f*g)(=z) = F/o T sinh(7rr)—/——= ( ) K. [f]1K;-[g)dr, (4.34)
for any z > 0 and integral (4.34) is absolutely convergent.
Proof. The existence of the Kontorovich-Lebedev transform (2.1) of convolution
(4.1) follows from Theorem 4.7, because according to (2.13) K;,[(f * g)] € KL(L,,).

Hence apply through the Kontorovich-Lebedev operator to convolution (4.1) and
obtain the iterated integral as

Kollf sl = 75 [ [Py (=] (24224 1))

x f(u)g(t)dudtdy. (4.35)
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The inner integral by y is calculated by means of the mentioned Macdonald formula
(1.103). Hence, change the order of integration in which we perform, motivating it by
inequality (1.100) and estimate like (2.4). After using the Macdonald formula (1.103)
we deduce (4.33). Furthermore, taking integral representation 2.16.56.1 in Prudnikov
et al. [2] for the exponential kernel (4.16), namely the formula

exp (_% (— LN ﬂ)) - % [ 7 sinh(rr) Kin(@) Kir ) Kin (w)dr, — (4.36)

u y z

substitute it in (4.1). To change the order of integration use the estimate that follows
in view of (1.100), precisely we write

/Ooo 7 sinh(77)| Kir (2) Kir (y) Kir (u) | dr

< Ko(z cos &) Ko(y cos 8;) Ko(u cos 83) /oo 7sinh(n7)e "G+ 48) gy < oo, (4.37)
o

where §; € [0,7/2), : =1,2,3 and as is obvious one can choose these parameters to
satisfy the convergence of integral (4.37). Further, apply the Holder inequality, which
gives us the relations

2 Ko(zcoséy) [ (51424
g AR 7(61462+683)
I(f *g)(=)| < -2 p /0 7sinh(w7)e dr

oo 1/g 7 oo . 1/q
XIS Ulisly ([~ Kawoos&)dy) ([~ Ka(ueossaan) ™. (438)

Hence we verified in changing the order of integration and immediately establish
equality (4.34). The Theorem 4.8 is proved. e

Let us illustrate now special weighted suitable space for convolution (4.1) L* =
L(R,; K,(z)), o > 0 with norm (1.18) putting there p(t) = K,(t), p=1. We draw
a parallel and slightly modify results from Yakubovich and Luchko [2]. One can prove
that this space of absolutely integrable functions on R with the weight K,(t) as the
Macdonald function of index a form normed ring or a Banach algebra with the norm

17l = [ KalF(Oldt < +oc. (4:39)
First from the asymptotic behavior of the Macdonald function observe the following

evident embedding
L™ C L, iff oy > as. (4.40)

Theorem 4.9. Let f(z), g(z) be from the space L(R4; Ko(z)). Then convolution
(4.1) ezists and belongs to the class L(Ry; Ko(z)). In addition,

IS * gllze < [1fllzellgllze- (4.41)
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Proof. Equality (4.39) of the norm L* leads us to the following inequality

1 *gllze = [ Ka(@)l(f * 9)(a)ldo

<y [TE [T [P (5 (2424 2)) Vldvdude. (442

T

One can perform to change the order of integration by Fubini’s theorem in the last
iterated integral, using the Macdonald formula (1.103), because that integral is con-
vergent and we obtain

A e (5 (2 7))
x| f(w)g(w)ldydude = 2 [* [*17u)g(v)
x [ Kolz)exp (_g (_y LWy 7)) % fudy

T

= [ Ka(w)lf)ldu [~ Ko®)lg(w)ldy = IIflz=llgllze (4.43)
This completes the proof of Theorem 4.9. o

As is known from the theory of Lebesgue’s integral, the property of the integra-
bility of convolution (4.1) with the positive weight K,(z) shows that for almost all
z > 0 it takes finite values. Let us formulate now the theorem that provides the
validity of formula (4.33) in the space L°.

Theorem 4.10. Let f(z), g(z) be from the space L*. Then the Kontorovich-
Lebedev transform (2.1) of the convolution (f * g)(z) ezists and is equal to the product
of the Kontorovich-Lebedev transforms of convolution functions f(z) and g(z), that
is, formula (4.33) is justified.

Proof. The existence of the Kontorovich-Lebedev transform for convolution fol-
lows from previous theorem and the estimate

|Kalf *gll < [ Kow)I(S + 9))ldy

< [ Kow)lfldu [~ Ka(w)lo(w)ldy < oo, (4.44)

owing to embedding (4.40). This allows us to change the order of integration in the
corresponding iterated integral and use the Macdonald formula (1.103). Theorem
4.10 is proved. e
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Our purpose in this section is to consider also the subspace of the space L, which
we denote as L§ = L;(R4; Ko(Bz)), @ >0, .0 < B < 1. The embedding

Ly C L® (4.45)

evidently follows from asymptotics (1.96)-(1.97) of the Macdonald function and
LY = L*. The next theorem is true.

Theorem 4.11.Let f(z), g(z) be from the space L2 s, m/3 < § < w/2. Then the
Parseval equality (4.34) holds.

Proof. Indeed, by virtue of the estimate

2 Ko(zcosé) o . 308
<L —— 7 T
I(f *9)(=)| < 2 - ‘/(; Tsinh(w7)e™>"dr

x [ Ko(ucos ) (wldu [ Koy cos §)lg(y)ldy, (4.46)

it is easily follows that integrals by u and y are finite, because the same embedding
(4.40) for the set of spaces Lj is true when f3 is a fixed number. Hence according to
the condition on § the integral by 7 is convergent. Therefore we apply formula (4.36),
substitute it in convolution (4.1), change the order of integration and invoking with
(2.1) arrive to the Parseval equality (4.34). This completes the proof of Theorem
4.11. o

Note here that the range of the parameter v in Macdonald formula (1.103) is
an arbitrary complex number. Therefore, by virtue of the condition that f(z) is
an element of the space L%, factorization equality (4.33) can be extended on the
Kontorovich-Lebedev transform (2.84) K,[f] with the index s = g + it from the
strip |¢| < . Indeed, due to the asymptotic behavior of the Macdonald function,
the corresponding integral remains absolutely and uniformly convergent and gives an
analytic function in the mentioned strip.

Considering the question of one-to-one correspondence of the function from the
space L* and its Kontorovich-Lebedev’s transform K,[f] of complex index s we ob-
tain the following theorem.

Theorem 4.12. If the Kontorovich-Lebedev transform (2.84) K,(f], s = p + it
of a function f(z) from L*, a > |u| is identically zero, then f(x) is equal to zero
almost everywhere on Ry .

Proof. Representation (1.99) of the Macdonald function K,(z) can be written in
the form

K,(z) = % [ emomhumgy, (4.47)

—00

Since f(z) € L(R4; K,(z)), then according to the estimate

| [ ks = %‘ I steyae [ eteomemsigu
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< /o "I OIK.(t)dt < oo, (4.48)

when o > |u| (see asymptotic of the Macdonald function (1.96)) . Thus using the
Fubini theorem , we have the following composition representation

Ko{f] = [2 [F e [L1] (coshu)] (1), C (a49)

where [F f](—7) is the Fourier transform (1.191) and the symbol [Lf] (cosh u) means
the Laplace transform (1.215) which is calculated at the point coshu. By the same
way it is easy to show that the function e™**[Lf](coshu) € L;(R). Indeed, we find

that - -
/_oo e"“‘/o f(t)e b dt

<2 [T OIKOdt < o0, ] S . (4.50)

Hence one can conclude that the Kontorovich-Lebedev transform K,[f] is an analytic
function at the strip |u| < a. Moreover, according to the well-known property of the
Fourier transform of an absolutely integrable function (see for example, in Titchmarsh
[1]) the equality

du

KJf]=0, s=p+ir (4.51)
implies that for almost every u € R
/ % emmeoh f(2)dz = 0. (4.52)
o

It is easily to note from properties of the space L(R4; Kq(z)), that for u > uy >
0, integral (4.52) converges absolutely and uniformly, that is, it defines continuous
function. Hence, it follows that equality (4.52) is an identity for u > ug > 0. Further,
there is € > 0, such that v = cosh(u) — 1 — & > 0. Then equality (4.52) takes the form

/ooo e f(z)e~M+)dg = 0. (4.53)

Meanwhile, from identity (4.53) and from the condition of the theorem, it follows that
the Laplace transform of the absolutely integrable function f(x)e~(+9)% is identically
zero on some closed interval 0 < @ < v < b and, moreover, on the right half-plane
Rz > a (for v = z). Therefore, as it is clear from the uniqueness theorem for analytic
functions, we find that

/ooo e f(z)e” 1+ dz = 0, Rz > a. (4.54)

Now one can use the inverse theorem for the Laplace transform from Titchmarsh [1]
that reduces us to the identity

/0 " fe)e 74z = 0. (4.55)

Hence the desired conclusion of the theorem can be easily obtained from the proper-
ties of primaries of summable functions . Thus f(z) = 0 for almost every z € (0, 0o).
Theorem 4.12 is proved. o
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4.3 The space L® as a normed ring

For our further applications of convolution operator (4.1) to integral equations
we need to consider the space L* in view of the theory of the commutative normed
rings (see elements of the theory for instance, in Naimark [1]) . Here we illustrate
some results from Yakubovich and Luchko [2] for modified convolution (4.1). Our
key purpose is to prove the analog of the Wiener theorem about existence of inverse
element of the given normed ring. Obviously, the space L* is isometric to L,(R4)
and is the Banach space with norm (4.39). Furthermore, owing to Theorem 4.9, one
can define an operation of multiplication for elements f(z) and g(z) in the form of
convolution (4.1) in the space L®. According to equality (4.4), this operation of the
multiplication is commutative in the class L®. Using the Fubini theorem and Theorem
4.12, one can establish its associativity and distributivity, precisely the relations

(f * (g% h))(z) = ((f * 9) * h)(2), (4.56)
(f*(g+R)(z) = (f *9)(2) + (f * B)(=) (4.57)

for functions f, g, h € L®. Thus, the space L* forms a commutative Banach ring
with the operation of multiplication of elements in the form of convolution (4.1). List
some properties of the ring L°.

Theorem 4.13. The ring L™ does not contain the unit with respective to the
operation of convolution (4.1).

Proof. First of all, it is not difficult to show that as a result of convolution of a
bounded function with any function from L*, we obtain continuous function for each
z > zo > 0. Indeed, let |g(z)] < C, where C > 0 is a constant, f(z) belong to the
ring L* and h(z) = (f * g)(z). Then we have

(@l s o [ [T (-5 (2L 24 2) )t (858)
Calculating the integral by u in (4.58) similarly (4.32) it becomes

oo y K. x2 + 2
s (4.59)
The integral in (4.59) converges absolutely and uniformly for each function f(z) €

L*, a >0, when z > zo > 0. Indeed, since f(z) € L*, then due to embedding (4.40)
f(z) is an element of the space L°, and by its definition we obtain

y":/ﬁ”” VEVE E VD)) )1y

(Fra)@l<C [
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< [P 1wl < Gl (4.60)

where C} is a constant, which depends on zo. Hence, h(z) = (f*g)(z) is a continuous
function for > xo > 0. If the ring L* contains the unit for the operation of convo-
lution (4.1), then each bounded function from L® must coincide almost everywhere
with some function being continuous for £ > zo > 0. Namely, it coincides with the
function, which can be obtained as a result of convolution of itself with the unit. But
as is evident, that the Lebesgue space L* contains bounded discontinuous functions,
which differ from the functions that are continuous for z > zo > 0 on a set of positive
measure. The function, which is equal to 1 on the interval (a,b),z¢ < @, and which
is equal to zero outside of (a,b) is a simple example. This contradiction shows that
the class L(R,; K,(z)) does not contain the unit. Theorem 4.13 is proved. o

Let us denote by V> = V(R,; K,(z)) the commutative ring, obtained by means
of formal addition of a unit to L*. Thus, V* consists of elements { = Ae+ f(t), where

e is the unit, A is an arbitrary complex number, and f(t) is any element from L*. We
introduce the norm in V* as follows

€llve = A+ 1| fllze- (4.61)

Now let us appeal to some preliminary information from the theory of ideals of the
rings in Naimark [1].

Definition 4.1. The set I, of elements of some ring R is called his left ideal, if
1.I # R;

2. From z,y € I, it follows that z + y € I;;

3. From z € I}, z € R it follows that z -z € I,.

The right ideal is defined analogously.

Definition 4.2. The set I of the elements of the ring R is called the bilateral
ideal or ideal in R, if I is the left and the right ideal simultaneously.

Definition 4.3. The bilateral ideal is called the maximal ideal if it is not con-
tained in any other bilateral ideal of the ring R.

The problem arises now to find all maximal ideals of the ring V. Directly from
Definitions 4.1-4.3 it follows that the ring L is a certain maximal ideal in the ring
V<. For each element £ of the ring V* let us set by definition

F(s)=A+ Ka[f]v (4.62)
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where s is some complex number, K,[f] is the Kontorovich-Lebedev transform (2.84)
of index s € C. With the aid of Theorem 4.10 one can show that the mapping
& — F(s) is a homomorphism of the ring V in the field of complex numbers. As is
known from Naimark [1] the maximal ideal M, generated by this mapping contains
the set of elements £ = Ae + f(x) of the ring V' such that F(s) = 0.

The following theorem describes all maximal ideals of the ring V.

Theorem 4.14. There do not ezist any mazimal ideals in the ring V* ezcept of
L* and M,, s = p + it, where || < a. Moreover, two ideals M,, and M,, coincide
if and only if s; = +s,.

Proof. Let M is a maximal ideal in V*, which differs from L®. Then the mapping
F(f) = f(M) (4.63)

is a linear functional in V*. But we can consider it as a linear functional in the space
of summable functions with the weight K,(z), a > 0. Therefore,

1) = () = [ f@)o(a)ds, (4.64)

where ch.(%a)n_) is essentially bounded function or it belongs to L, space , and w(z) # 0.
Since the mapping f — f(M) is homomorphism, F(f1 - f2) = F(f1)F(f2), where the

operation of multiplication in the ring is the convolution (4.1), that is, we can rewrite
this property as follows

[ f@e@ds [7 hw)ewd
- %/:o # /0°° /000 exp (_% (% + fyt_f + %)) fi(2) fo(y)dzdydu

= /0 ” /0 G /0 " exp (—% (fuﬂ + % + %)) %dudxdy- (4.65)

It is clear , that the function w(z) must satisfy the following functional equation

w(z)w(y) = ; ” exp (—% (% + 2 %)) @du (4.66)

for almost all positive z and y. However, as it follows from the Macdonald formula
(1.103), the function w(z) = K,(x), where s is some complex number satisfies equation
(4.66). The following lemma describes the solutions of this equation under addltlonal
assumption concerning asymptotic behavior of the function w(zx).

Lemma 4.1. Let the function w(z)/K.(z) be essentially bounded for z > 0 and
let w(z) #Z 0. Then the solution of functional equation (4.66) is the Macdonald func-
tion K (z), s = p+1ir, where |u| < o
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Proof. First show that for any zo > 0,y > 0 the integral

I(z,y) = /0°° exp (—% (% + fy’i + 32)) “’(“)d Ly >1 (4.67)

T

converges uniformly in the region z > z9 > 0, y > yo > 0. Indeed,

el |[en (5 (251 2) SR
<[ (b () Kl o)

Ka(w)|l,

! _-7703/0> Ka(u) (_M) g _(Ka(v)
< (/‘; exp( 20 ) "w du + exp 3 /1’ exp(—u) o du

w(u)
Ka (v,

<C, (4.68)

where C > 0 is a constant. It follows, that the integral in the right-hand side of (4.66)
can be differentiated with respect to the parameters £ > zo > 0 and y > yo > 0. We

have
uy zy zu  uy\ w(u)
——]exp|—=—=—-—— — | ——=d
o/ ()eo(y) 2/ ( 2uy 2x2> xp ( 2u 2y 2z) u
(X _ 2 _Y
- (& - &) b - thtew), (1.69)
where
- [7 _Lfzy zu  wy
Il(z,y)-/o exp( 2<u + ” + - ))w(u)du, (4.70)
o 1 uy u)
Ig(a:,y) = ./0 exp ('—5 ( + 7 + ?)> u2 du. (471)
In the similar manner, we also conclude that
' T 1 xr
w(z)w (y) = (@‘2‘ - E) L(z,y) = 7 5a(,y)- (4.72)

From equalities (4.70)-(4.72) it follows that

S0 = (& - L) bl - L), (4.73
owl(y) (1 z z
Tw (a:)—y— = (E - @) Li(z,y) — le(:t,y). (4.74)
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Differentiating through by y in (4.73) and by z in (4.74), subtract the second equality
from the first one. As result we obtain the following differential equation for w(z)

e O (2 - 3) w(@)(y), (4.75)

T T

which, since the variables z and y are arbitrary, leads to

y(ow) |, e@@) |,
o) -y —W—x = s (4.76)

But both sides in the chain of equalities (4.76) are classical Bessel equations (see for
example Erdélyi et al. [1])

» 1, s?
S0+ 1) - (1 n y—) w(y) =0 (w7)

with the solution being the Macdonald function K,(y), s = p + i7, |p| < o due to
the conditions of the lemma. Thus Lemma 4.1 is proved. o

Hence it is not difficult to obtain the conclusion of Theorem 4.14 . Indeed, since
w(z) = K,(z), the maximal ideal M, which is generated by homomorphism (4.62)
coincides with M, due to formula (4.64), where the parameter s, s = p+i7 is defined
by the strip || < @. By evenness of the Macdonald function K,(z) with respect to
the index it follows that two maximal ideals, which are given by the numbers s; and
89, respectively coincide if and only if s; = &s;. Thus Theorem 4.14 is proved. o

The mentioned properties of the ring L™ allow us to establish the following analog
of the Wiener theorem.

Theorem 4.15. If the function F(s), s = p + it from relation (4.62) does not
vanish nowhere in the closed strip |p| < a, including infinity then there is a unique
element q(z) from the ring L* such that

1

O X+ K,[q). (4.78)

Proof. As F(s) does not vanish nowhere in the strip || < a, then f(z) does not
belong to any maximal ideal, the set of whose is completely exhausted by Theorem
4.14. As it is known from Naimark [1], such an element f(z) has a unique inverse
g¢(z) in the ring V*, because the mapping F(s) is a homomorphism. Thus we obtain
equality (4.78). This ends the proof of Theorem 4.15.

Finally, we illustrate the analog of the Titchmarsh theorem (see Titchmarsh [1])
of absence of the divisors of zero for convolution (4.1).
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Theorem 4.16. Let the functions f(z), g(z) be from the ring L* and (f*g)(z) =
0, = > 0. Then at least one of the functions f(z) and g(z) is equal to zero almost
everywhere on R,

Proof. Indeed, as we noted above equality (4.33) can be extended for the index
s, s = p+ i7 from the strip |p| < «, precisely

K, [(f * 9)] = K,[f]K,[g]- (4.79)

So we find that the right-hand side of equality (4.79) equals to zero. Since the
functions K,[f], K,[g] are analytic as functions of the complex variable s in the strip
|u| < a, at least one of them is identically zero and Theorem 4.12 leads to the conclu-
sion that at least one of the functions f(z) or g(z) is equal to zero almost everywhere
on R,. Theorem 4.16 is proved. e

4.4 Convolution Hilbert spaces

In this section drawing a parallel with results of Section 2.4 for the Laplace convo-
lution (2.91) we continue to study mapping properties of convolution operator (4.1).
We use the weighted spaces L§ to define the corresponding convolution Hilbert space
by means of completion respective pre-Hilbert space with the inner product as convo-

lution (4.1). The most important results for this purpose are contained in Theorems
4.9-4.10 for subspace Lj.

However, let us consider at first the mapping properties of convolution (4.1) at
the subspace L§ with 0 < 8 < 1.

Theorem 4.17. Let f(z), g(z) be from the space L§, 0 < 8 <1, a > 0. Then
the convolution (4.1) exists and belongs to the space L, moreover

11£ * gllzg < Callfllzgllglles, (4.80)

where Cp is a posilive constant depending only from (.
Proof. Actually, by the definition of the norm in the space L we have

If +glleg = [ KalBo)(S * 9)(z)lde

<3[R 12 g (_; (—y N —)) |f(w)g(y)ldydudz.  (4.81)

ER)
The inner integral by z corresponds to formula 2.16.9.1 in Prudnikov et al. [1] that

gives
1 [ K,(Bz) 1 zy wuy zu
2/0 z exp( 2(u+x+y de
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= K, (% [\/u2 +y?+ 2uyf +fu? +y2 — 2uyﬂ])

x K, (% [\/u2 +y? + 2uyB — \/u2 +y2— 2uyﬂ]) . (4.82)

Thus one can estimate the norm of convolution (4.1) as follows

sz < [ [ Ka (% [Vt + v+ 2w + e +? —2uyp) )

<K (5 (Ve + v+ 298 — ot 17— 2gB] ) gy (4.89)

Now we need to establish the uniform boundedness of the function of two variables
u,v given by formula

K, (% [\/u2 F 2+ 2uyB + Vul +y? — 2uyﬂ])
K,(Bu)

F(u,v) =

K, (% [\/u2 + 32 + 2uyf — Vul +y? — 2uyﬂ])
* Ka(Bv)

under conditions 0 < 8 < 1, u,v > 0. In fact, from the asymptotic behavior (1.96)-
(1.97) of the Macdonald function it is easily seen that F(u,v) < C for 0 < u,v < oo.
When u + v — o0 it is clear that

F(u,v)=0 (exp (,B(u +v) —yut+v2+ 2uvﬂ))

< Cpexp ((ﬂ — B+ v)) = 0(1), u+v— oo. (4.85)

This circumstance allows us to change the order of integration in (4.81) due to Fubini’s
theorem and to obtain that

< Cp (4.84)

I *gllg < | Ka(Bu)lf (u)ldu
x [ Ka(By)law)ldy = 1S llzzllglls- (4.86)
o
This completes the proof of Theorem 4.17. o

One can easily check that for subspaces Lj the embedding of type

s C L3, B < B (4.87)

is satisfied. Furthermore, for convolution (4.1) the previous theorem gives the validity
of Theorem 4.10, which means that equality (4.33) holds.
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Hence to introduce the convolution Hilbert space really more suitable to consider
the space Lj. Let w(z), z € Ry be an arbitrary positive function satisfying the
conditions

w(z) € Ly ((o 1);

log x

) . w(@) € Ly ((1,00);¢77) ,0< B < 1. (4.88)

Then one can obtain in view of inequality (1.100) and asymptotic behavior of the
Macdonald function that the Kontorovich-Lebedev transform (2.1) of the function
w(z)/z exists. In fact, we have the estimate

K. [wix)] < /o * |K,-,(y)|“%dy
_or ( /01 Ko(y cos 5)‘Mdy + [ Kofycos 5)#@)

< / log y—== (y)dy+C’ / ‘”wssw(y)dy) < 00, (4.89)

where § € [0,7/2) and one can put in (4.88) cosé = (. In our further considera-
tions we need to impose some additional conditions on the function w(z). Precisely
speaking, we have to describe some conditions for the positiveness of the Kontorovich-
Lebedev transform K;, [_({)'] for all 7 > 0. Obviously, from the representation of the
Macdonald function K;,(z) through integral (1.98) it follows undoubtedly, that this
function is real one. Further, by virtue of the composition relation like (4.49) provided
that conditions (4.88) are true we have

K [“@] - \/g [Fc [L“—’?] (cosh u)] (), (4.90)

where we mean [F.f](u) as the cosine-Fourier transform (1.197). Recall now to one
useful theorem from Titchmarsh [1] (see Theorem 124) to provide some sufficient
conditions for the positiveness of the composition (4.90). Indeed, by assumptions
(4.88) the Laplace transform (1.215) of the function w(z)/z depends upon variable
coshu, u > 0 and it is a bounded function on R, . In addition, it steadily decreases
to zero as u diverges to infinity. In fact, for u; > u; we obtain

w(a:) — b W(y) ~ycoshu,
L{ . ,coshul}—/0 —y e dy

/oo ©(y) e7verhuady < Oy / log y—== w(y )dy + C, / e Yu(y)dy < oo,  (4.91)

and this Lapl@ce transform tends to 0 as u — 400 by the Lebesgue theorem. More-
over, we can differentiate this integral by u under the integral sign , namely

w(z) : o0 —ycoshu
d_uL{ . ,coshu} —smhu[) w(y)e vt dy. (4.92)
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Thus we arrived to the following result.

Theorem 4.18. Let conditions (4.88) be true for the function w(z) and the inte-
gral in the right-hand side of equality (4.92) be positive, non-increasing, and tend to a
limit at infinity. Then the Kontorovich-Lebedev transform (4.90) is positive function
forallT > 0.

Proof. The proof of this theorem immediately follows from the mentioned Theo-
rem 124 in Titchmarsh [1]. Namely, under the above conditions the Laplace transform
[Lﬂzﬂ](oosh u) is a bounded function, which decreases steadily to zero at infinity both
with integral (4.92). Note, that we assumed its positiveness and respective monotonic-
ity under conditions of the theorem. Thus we conclude that the Laplace transform
[Lﬂzﬂ](cosh u) is convex downwards function of variable u. Therefore, composition

(4.90) with the cosine Fourier transform is positive for 7 > 0. Theorem 4.18 is proved.
[ ]

One can consider now several concrete examples of the function w(z) and the
corresponding Kontorovich-Lebedev transforms (2.1). Evidently, the function w(z) =
z satisfies conditions (4.88). In this case invoking with formula 2.16.2.1 in Prudnikov
et al. [2], we obtain the following expression for the Kontorovich-Lebedev transform

[ Kot

T

Further, letting for instance, w(z) = =", v > 0 write integral 2.16.2.2 in Prudnikov

et al. [2] as
[ Kty = 22| (L5)
1]

The next example is given by the function w(z) = ez, v > 0. We appeal to integral
2.16.6.4 from the same item and obtain

2

(4.94)

N
o e oo D)
/0 Y eV K (y)dy = 2 ‘/;1‘(7+1/2)'

The last example here deals with the function w(z) = ze™*, 0 < v < 1. Making use
formula 2.16.6.1 in Prudnikov et al. [2] we have

(4.95)

7 sinh (7 cos™! )
sinh(77)/1T =42

Note that a series of such examples can be written by using the integrals in the
mentioned volume of Prudnikov et al. [2] as well as of the convolution and the index

types.
Thus we consider below the function

/ " e WK, (y)dy = (4.96)
(1]

g(r) = Kir [‘ﬂ] >0

=Y
T

(4.97)
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as the weighted function for the respective Lebesgue spaces. Take in general two
complex-valued functions f(z) and g(z) from the space L& , C L*, n/3 < § <
7/2, @ > 0. Then according to Theorem 4.17 the convolution (f * g)(z) exists
and belongs to space L2 ;. Moreover, factorization equality (4.33) holds and due to
Theorem 4.11 Parseval’s relation (4.34) holds. Hence multiply through in (4.34) by
w(z) and integrate by R4 we obtain the following equality

[0 @)
-Z w(z)dz

w2 T

I ” rsinh(n7) Kir (2) Kin [f1Kir[g)dr- (4.98)
0
Making use estimate (4.46) and conditions (4.88) for the function w(z) it follows that

10 <9 @le(@)ds
s % /:o Ko(z cos 6)@‘{3 /000 7 sinh(w7)e 3" dr
X AW KO(U cos 5)|f(u)ldu /000 Ko(y cos 5)|g(y)]dy (499)

and all integrals are convergent under conditions above. Thus finally apply the Fubini
theorem that enables us to change the order of integration at the right-hand side of
equality (4.98). So we come to the equality

RO ErE

= Z [ simb(rr)a(r) Kl 1K [, (4.100)

where the weighted function ¢(7) is defined by formula (4.97). Denote the left-hand
side of (4.100) by

[ U@z = (1,9) (4.101)

From equality (4.101) and Theorem 4.12 observe that (f, g) possesses by all properties
of the inner product. With this inner product the set of functions L2, becomes the
pre-Hilbert space. Its completion we shall call as the convolution Hilbert space and
shall denote it by S,. So for any elements f € S;, g € S, the inner product (f,g) is

defined as well as the norm ||f||s = /(f, f). If f € L% 5, g € L%, then we have

(f,9) = [/ *a)(eo(@)da

= %/()w%ﬂdx[)w[)wexp (—% [%+ﬁ+%])f(“);(y—)d“dy

u

= Am /ooo Su(u, y)f(u);]_(;)_dudy, (4.102)
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where

Suluyy) = %/Ow “’S”) exp (—% [ﬁ + 24 3—’3‘-]) dz. (4.103)

y u T

The change of the integration order in (4.102) can be performed by the above estimate
and the Fubini theorem. Thus if f(z) satisfies the condition

/ooo /:, Sulu, ¥)1f(w) £ (y)|dudy < oo, (4.104)

then ||f|ls < oo and f € S; D L% ;. On the other hand, if f(z) and g(z) satisfy
condition (4.104), then the Cauchy-Schwarz-Bunyakovskii inequality implies

I(f, 9l < £ llsllglls, (4.105)

and it gives us that the integral

L7 Sutw s weldudy (4.106)

is convergent and equality (4.102) is valid.

Let us denote through H, = Ly(Ry; 27 sinh(r7)g(7)) the weighted Hilbert space
of functions h(7) with the norm

V2

llAlla, = o

(/Ooo Tsinh(?rr)q(T)Ih(T)|2dT) v , (4.107)

where ¢(7) is the weighted function (4.97). As it follows from (4.100) the operator of

the Kontorovich-Lebedev transform (2.1) maps the space L% _; into H, and moreover,

1Kl = 5 [ 7 sinh(rr)a(r)| K L]

= [+ D@w(z)de = 17153 (4.108)

According to the Banach Theorem 1.5 extend by continuity the Kontorovich-Lebedev
operator for all f € S;. So the Kontorovich-Lebedev transform is defined for all
f € 8,, its range K L(S,) belongs to H, and for any f € S; we obtain

[1flls = | Kir [ 1,> Kir[f] =0, iff f=0. (4.109)

Consequently, one can conclude that there exists the inverse bounded operator K;;'[A].
By virtue of the definition of norm (4.109) and equality (4.102) we naturally write
the inner product of two elements ¢, 1 at the space H, by formula

(¢, %) = % /:o 7 sinh(77)q(7)p(7)b(7)dr. (4.110)

Returning to the considered examples of function w(z) we immediately obtain the
respective examples of the Hilbert spaces S, and H, with relation (4.100) and condi-
tion (4.104) for each case. For instance, putting w(z) = z we use formula (4.93) and
equality (4.100) becomes

/oo(f * §)(z)xdz
(i
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-2 /0°° 7 sinh(r7/2) K. [f) K- [g)dr. (4.111)

s

To deduce the corresponding condition (4.104) we need to calculate integral (4.103)
by means of formula (4.27). Hence we have

/Ow /ooo _uu\/‘2y+=ryK1(V“2 +92)|f(u)f(y)ldudy < co. (4.112)

Similarly we can treat other examples (4.94)-(4.96).
As we noted above if f(z), g(z) € L%, then (f*g)(z) € L%, s and equality (4.33)
is true. Hence the following representation holds

(f *9)(=) = K [Kiz[ f]Kiclg]].- (4.113)

Therefore, if for two elements of convolution Hilbert space S, f,g the function
Ki:[f]Ki;[9] = @(7)¥(r) € KL(S,), then the element K3'[py] it is naturally to
call the generalized convolution of the elements f,g and to denote by (f * g). Let us

prove that for any f € S; and g € L2 ; convolution (4.1) exists and the inequality
of type

[Lf *glls < sup [b()l 11 f]ls, (4.114)
holds , where -
¥(r) = Kirlg] = /(; Ki-(y)g(y)dy. (4.115)

Indeed, since the function g(z) € L2, s then owing to the estimate

() < e [ Koy cos 8)lg(y)Idy (4.116)

we obtain that sup,.q[¥(7)] = M < oo and consequently, o(7)¥(7) € Hy, ¢(7) =
Ki;[f]. Let us prove now that ¢(7)y(r) € KL(S,). There exists some sequence
fo(z) € L2, s such that || f— f,||s tends to zero as n tends to infinity. Hence according
to Theorem 4.17 h,(z) = (fn * g)(z) € L2,s and denoting by ¢,(7) = K [f.] we
have (see (4.107))

[|hn — hm“ = |(fa = fm) * 9lls = | Kir[fn — fm]Kif[g]“Hq

= [|(pn = Pm)dllH, < Mllpn — emlln, = M|l fa — fulls- (4.117)
It is clear now, that the sequence k, is convergent at the Hilbert space S;. Let the
corresponding limit be A. Then
K [b] = K [f1Kirlg) = o(r)(r). (4.118)
Thus the product (7)1 (7) belongs to K L(S,).

‘We turn now to establish inversion the formula for the Kontorovich-Lebedev trans-
form in the convolution Hilbert space.
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Theorem 4.19. Let the weighted function w(z) be satisfied conditions (4.88) with
B =cosé, m/3 <8 < w/2. Then for functions f from the convolution Hilbert space
Sy for all z > 0 the following inversion formula of the Kontorovich-Lebedev transform

ts fulfilled
( w(w))() ﬂ_z%/ 7 sinh(77)g(T)
i |E O (L5 1 58 B ke, )

where the symbol R;, is described, for instance, in (1.163). In addition, if f(z) €
L2 s CS,, then formula (4.119) takes like classical form

(f * @)(z) = 7% /000 rsinh(wr)q(r)K—i;(z—)K;,[f]dr. (4.120)

Proof. In order to prove formula (4.119) we start from relation (4.100). Letting
there g(y) =1, 0 <y < z; g(y) =0, y > = we transform the right-hand side of
equality (4.100), calculating the respective integral K;,[g] by formula (2.71) (repeat
it again for our convenience), namely

- 1—iToir (2 o . 2
/0 Kir(y)dy = Ris [’ 2 .F(”)IFz(l oy, 320 z—)] (4.121)

1—27 2 2 ' 4

Clearly, that under conditions of the theorem and owing to inequality (4.105) the
left-hand side of equality (4.100) is an absolutely convergent integral. So invoking
with notation (4.103) formula (4.100) becomes as

[ /000 Su(u,y) f(u)dudy

2 o
= F[) 7 sinh(77)q(7)
1772 (i7)
1 -7

x%;,[ \F (1"2”; 1, 3 2" z )] K, [fldr. (4.122)

Moreover, this enables us to perform differentiation through by z in (4.122) to obtain

/0 % Su(uy z)f (u)du

2 d o |
== ) 7 sinh(77)gq(7)
1-i79iTT(,; .
X§Ri‘r z 2 -F(ZT)IFQ ! zT; 1- iT1 3—"1 z :‘r[f]dT (4'123)
1—:r 2 2 n

However, the left-hand side of (4.123) equals z(f * ﬂxﬂ)(m) which leads to (4.119).
Hence formula (4.120) can be easily deduced performing the differentiation under
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the integral by 7 in the right-hand side of (4.123). We motivate it meaning that
f(z) € L2 ; and invoke with inequality (4.46) where instead of g we set the function
w(z)/z € L2, ; under condition of the present theorem. This completes the proof of
Theorem 4.19.

Putting in the formula (4.119) w(z) = = we attract our attention to the corre-
sponding inversion formula for the space (4.112), namely

(f*x1)(z) = %;;/:ofsinh('lrf/?)

172 (47) 1—i7 . 3—ir z?
; o1 —ir, = 2| K [f]dr. 4.
xgtt‘r 1-— iT 1F2 2 ) 1 T, 2 ) 4 Kt {f]dT ( 124)
Note that if the range of the Kontorovich-Lebedev transform K L(S,) coincides with
the space H,, then for existence of the convolution (f * g)(z) of elements f,g € S, it
is necessary and sufficiently that the product K;,[f]K;,[g] belongs to the space H,.
However, it is true that K L(S,) = H,.

Theorem 4.20. The range of the Kontorovich-Lebedev transform K L(S,) coin-
cides with the weighted Hilbert space H,.

Proof. In fact, in this case there no exists in H, any element except zero that is
orthogonal to K L(S,). Precisely, let (po, K;-[g]) = 0 for arbitrary g € S,, where the
inner product means here by formula (4. 110). In particular, take the function g as
in Theorem 4.19 g(y) =1, 0 <y < z; g(y) =0, y > z. However, the equality

T 2 0o . T
(o [ Kiew)dy) = = [ rsinb(ar)a(rpo(r) [ Knlu)dydr =0 (4.125)

after differentiation by z yields
/000 7 sinh(77)q(7)po(7) Kir(z)dT = 0 (4.126)

for all z > 0. The last operation is possible due to absolute and uniform convergence
of integral (4.126) in view of the estimate

[:o 7sinh(77)q(7)po(7) Kir (z)|dr

< 7 Ko(z cos §)

< 222 il ( /0 “r sinh(wr)q(r)e’”’dr) " (4.127)

So estimate (4.127) shows that the left hand-side of (4.126) is a function from L;(R4)
and according to the theory of Fourier integrals in Titchmarsh [1] one can apply
through in equality (4.126) the cosine Fourier transform (1.197). Changing the order
of integration by the Fubini theorem and calculating the inner integral by formula
2.16.14.1 in Prudnikov et al. [2] we obtain new equality as

/(;m T sinh(77/2)q(7)po(T) cos (T log(z + Vz? + 1)) dr =0. (4.128)
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Hence, observing that owing to the above estimates the integrand in (4.128) belongs
to the space Li(R4) by 7 (one can verify it by using the Holder inequality like in
(4.127)), appeal to the familiar property concerning the uniqueness of the cosine
Fourier transform of summable functions from L;(R4) (see Titchmarsh [1]). It gives
us that ¢o(7) = 0 almost everywhere. Theorem 4.20 is proved.

4.5 On the Kontorovich-Lebedev convolution in-
tegral equations

This section deals with the decision problem of integral equations of the first and
the second kind which involve the kernel (4.3) and contain the inner integral of the
Kontorovich-Lebedev convolution (4.1). Such equations were first mentioned in Lebe-
dev [6] and were exhibited in detail recently in Yakubovich [4]-[5], Yakubovich and
Luchko [2]. Comparing with usual convolution equations of the Fourier, the Mellin
or the Laplace type (see Titchmarsh [1], Srivastava and Buschman [1], Prudnikov et
al. [5]) for operator (4.2) it is not so easily to recognize its convolution properties.
Nevertheless, this class of integral equations is also worth mentioning in connection
with some applications to problems of mathematical physics (see Lebedev [6]-[7], [9])-
First as is shown in Yakubovich [4] these equations one can solve using the algebra
of the introduced convolution (4.1). Here we give some examples of the Kontorovich-
Lebedev type convolution integral equations and their solutions in slightly different
form than in Yakubovich and Luchko [2] in view of the considered convolution oper-
ator (4.1) and its new properties. Operational method of solution of such equations
has been developed recently in Yakubovich and Luchko [2]-[3].

As is known the most familiar form of integral equation is

£(2) = h(z) + A /0 “ Kz, w)f(u)dy, z >0, (4.129)

where ) is some complex parameter, h(z) and K(z,u) are given functions, and f(z)
is to be determined. We shall call such equation as usually the integral equation of
the second kind. It can be solved by means of the Kontorovich-Lebedev integrals in
certain special cases meaning such integral equations in which the integral operator
(4.129) is the convolution operator (4.2) with kernel (4.3).

Let us consider some examples of explicit kernels (4.3) choosing different functions
g(z) and calculating the respective integrals. Let g(z) = exp(—z cos p)z*™1, 0 < p <
7, Ry > 0. Then due to formula 2.3.16.1 in Prudnikov et al. [1], the function K(z,u)
equals

K(z,u) = 2w Ko(y/2? + u? + 2zu cos ) (4.130)
’ (22 + u? + 2zu cos p)v/2" "
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and equation (4.129) takes the form

o g1 YK (/22 + u? + 2zu cos 1)
f(z) = h(z) + ’\A (22 + u? + 2zu cos u)/?

Setting in (4.131) 4 = 1/2 and invoking with the fact that the Macdonald function
K /5(2) reduces to

£(u)du. (4.131)

T

Kl/z(z) =e€ 5,

(4.132)

rewrite equation (4.132) for this case as

o exp —/z2 + u? + 2zu cos [t)
f(@) = h(z) + Mo / ey Y e (4139)

Conversely, the simplest case of equation (4.133) was considered first in Lebedev [6],
when g = 0, namely

1(@) = h(@) + 2 [T I e (4.134)

Let g(z) = (z + a)™!, where a > 0 is a parameter. Then integral (4.3) can be
evaluated by formula 2.3.16.4 Prudnikov et al. [1] as follows

vV T/a 224 u?  zu ZU V2 4 u?
K(z,u) = o9y OXP (a + Z) erfc (‘/% + a1, (4.135)

2zu

where 5
_2 ) 2
erfc(z) = 7r/z e~tdt (4.136)

is the error function (see Erdélyi et al. [1]).

Return to the general convolution operator (4.2). We already noted by Corollary
4.1 its mapping properties and behavior of the kernel K(z,u) at the neighborhood of
the point (0,0). The examples of the kernel K(z,u) considered above confirm that it
contains immovable singularity at the origin (0, 0).

We begin from the following homogeneous equation

$(@) = M) [~ Kle,u)f(wdu, = >0, (4.137)

where A(7) is a continuous function on R, of variable 7.

Theorem 4.21. Let g(z) € L® = L(Ry; Ko(z)). If1/M(7) = Ki,[g], where Ki,[g]
is the Kontorovich-Lebedev transform (2.1), then the function K;,(z)/z satisfies equa-
tion (4.137).

Proof. Substituting K;.(z)/z in the right-hand side of equality (4.137) and taking
into account inequality (1.147), we obtain the estimate

< [ et g,

A7) / K(z,u K,T(u)— (4.138)
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Due to the Macdonald formula (1.103), continue inequality (4.138) as follows

L7 e wiiow® < 2 [ kgigiay = X Dge. a139)

Hence we perform to change the order of integration by Fubini’s theorem and obtain
identity (4.137) with f(z) = Ki;(z)/z. Theorem 4.21 is proved. e

The partial solution of equation (4.129) is given by the following

Theorem 4.22. Let h(z), g(z) € L,(R4), p > 1 and sup |K;,[g]| < ﬁ Then
720

the function

o rsinh((7 — &)7)K;;[h] Kir(z)
1 - \K;.[qg] z

2.,
f(z) = Fl.l.m,s_.w/o dr (4.140)

is a partial L,-solution of equation (4.129) and the limit is meant by the norm of
L(R,).

Proof. First one can show that the space L,(R4), p > 1 is a subspace of the
space L% s, 6 € (0,7/2). Indeed, if g € L,(R), then by using the Hélder inequality
(1.8) we have

00 oo 1/q
[ Kalycos8)lg)ldy < ([ K(weos)dy) " llglle, <0 (4141)

which gives the desired result. Conversely, according to Theorem 2.2 for the function
h € L,(R4) the limit relation is true

h(z) = ll.i.m.s_.w /0 *  sinh((r — s)r)K"("’)K.-,[h]dT. (4.142)

T

72
In addition, due to the fact h(z) € LY, the following estimate holds
|Kir[B)l < e [RlILe

cos 6’

§€(0,7/2). (4.143)

Hence denoting the right-hand side of (4.142) as (I f)(z) under condition of this
theorem for K;.[g] we obtain that for each € > 0

(LA@)| < 050(_’:@ lbllg, , [~ 7 sinb((r — e)r)e*"dr, (4.144)

where C is an absolute positive constant and & is chosen from the interval ((7 —
€)/2, m/2). Therefore there exists the convolution (4.1) (g* (I.f))(z) provided by the
estimate

9+ L@ < bz, [ low)ldy

cos &

o ep (-4 (2 2 2 B,
0 2\y u T u
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cos &

K § =
< Bz, [ Ky cost)lo(w)ldy

<Cs Ko(z cos §) l1hlle

llll», (4.145)

where C, Cs are positive constants. To establish this estimate we used the inequality
(4.84) as well as the Holder inequality (1.8). Hence it is clear that

T cos &

K. [h]

m‘@ € KL(L,,), (4.146)

taking into account the conclusion of Theorem 2.3, namely, that conditions (2.26)-
(2.27) hold. Moreover, invoking with the Macdonald formula (1.103), Theorem 2.2
and the Lebesgue Theorem 1.2 we have almost everywhere the limit equality

Jim A(g * (Lf))(&) = (£ 9)(a)

_ 2\ [= 7sinh((7 — &)T)Kir[R] _
e—0+ ;rTz/o 1 - \Ki,[g] Kilg) K (2)dr
=— E]ira ;%_:; ooo 7sinh((r — €)7) K- (z) Ki-[h]dT
o rsinh((r — €)7)K;,[h
+ Jim ;% [ 1((_ - 1?[;] ) . (z)dr = —h(z) + f(z),  (4.147)

where the last equality it is easy to see from Theorem 2.2. This ends the proof of
Theorem 4.22. o

Now consider an equation similar to (4.129) with the kernel (4.3) and A = —1
ha) = f(2) + [ K(z,u)f(u)du (4.148)
0

with respect to the function f(z) from the space L(R;K4(z)), where the given
functions k(z) and g(x) in (4.3) belong to the normed ring L(R,; K4(z)). Applying
through by the Kontorovich-Lebedev transform (2.84) with index s = p +:7 from the
strip || < a in equation (4.148) from factorization equality (4.79) for the convolution
(f * 9)(z) deduce the following algebraic equation

K_,[h] = Ka[f](l + I{a[g])’ I/" <a. (4'149)
If the condition
1+ Kifg] #0, |ul < o (4.150)

bolds, then by the analog of the Wiener Theorem 4.15, there is a unique function
¢(z) € L* such that

e }(,[g] = 1+ K,[q]. (4.151)


file:///Ktr/g
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Hence we obtain the equality

K,[f] = (1 + K,[g]) 'K, [R)

= (1+ K[g)K,[A], |4l < e, (4.152)
which is equivalent to

f(z) = h(z) + /0 K,y (z, w)h(w)du, = > 0, (4.153)

where K,(z,u) is a new kernel like (4.3) with the function g(z). It is easily seen, that
conversely, the function f(z) from formula (4.153) gives the solution of the equation
(4.148) for any function A(z) from the ring L* only under condition (4.150).

Thus we proved the following

Theorem 4.23. Let functions g(z) and h(z) belong to the class L(R,; K,(z)).
Then equation (4.148) is solvable in the class L* if and only if condition (5.150) holds.
Moreover, its unique solution is represented by formula (4.153).

Corollary 4.2. Equation (4.131) with A = —1 is solvable in the ring L(R4; Ko(z))
if and only if

T . N 12 -
1+ \/;F('y —47)T(y + i7) sin?/27 uPl{z/zLT(cos u)#0, T €R, (4.154)
where Pi/lz/;zi,r(cos @) is the Legendre function (1.55).
Proof. Actually, inequality (4.154) means condition (4.150) for the Kontorovich-

Lebedev transform (2.1) of the function g(z) = e~***#z7~1, To evaluate this we use
formula (1.102), namely for this case we have

/w ' leTT oK, (z)dx
0

= \/gl"('y — 47)T(y 4 i7) sin'/2™Y ;thz/;LT(cos u)#0, T €R, (4.155)
which leads us to (4.154). The Corollary 4.2 is proved. o

Corollary 4.3. Lebedev’s equation (4.134) is solvable for A = —2/n? in the class
L(R4; Ko(z)), 0 < a < 1/2, and moreover, its unique solution has the form

f(@) = h(=z) + % I uls (W)Ko(2) = 2Ka(2) Ko(w) o, (4.156)

2 —u?

Conversely, equation (4.156) is solvable in the ring L(Ry4; Ka(z)), 0 < o < 1/2 and
its unique solution has form (4.134) in the case A = —2/n%.
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Proof. The proof of Corollary 4.3 can be obtained by using the same in-
tegral (4.155), when p = 0, v = 1/2. In this case the result is reduced to
K,[g] = 7%?/(\/2 cos(ws)), where g(z) = e*z~1/2. Hence write equation (4.152)
in the form

K.Jf] = T%Z%(%)K’[h]
= (1+ Ki[q)K,[h], |u]| < o, (4.157)

where the value of the function ¢(z) can be obtained by using formula 2.16.33.2 from
Prudnikov et al. [2] and g(z) = —(2/7?)Ko(z). The corresponding kernel K, (z,u) is
calculated from formula (4.3) and by integral 2.16.9.1 in Prudnikov et al. [2]. It leads
us to the kernel in the solution (4.156), namely

_ 1 oo 1 (zy zu |y
Kalaw) =i [T (-5 (24 2+ 2)) Koy

_ 2 u(ulq(w)Ko(z) — 2K, (:z:)Ko(u)).

= " (4.158)

The condition 0 < o < 1/2 arises from the convergence of integral (4.39) for ||g||L= <
+00, where g(z)(z) = e"*z~Y/2. Corollary 4.3 is proved. e
Concerning convolution equation of the first kind like (4.2)

/0 “ K (e, u)f(u)du = h(z) (4.159)

briefly note that its solution one can write being based on the factorization equality
(4.33) for the Kontorovich-Lebedev transform and its range for corresponding space of
functions. Thus if, for example, we look for a solution in the convolution Hilbert space
S, one may take the given function h(z) from S, as well as the kernel function g(z)
(see (4.3)). According to Theorem 4.20 the range K L(S,) coincides with the Hilbert
space H,. So from (4.159) we have algebraic equation in terms of the Kontorovich-
Lebedev transform

Hence

Kir[h]
I(if [g]

and the solution of equation (4.159) at the space S, can be written by formula (4.119)
if and only if the right-hand side of (4.161) belongs to the space H,.

I(l"r [f] =

(4.161)

4.6 Other convolution constructions

Our object here is to develop ideas from Nguyen Thanh Hai and Yakubovich [1], con-
cerning generalization of the notion of convolution, starting to consider quite general
its definition as

(f * 9)(z) = K [K:[fIK:[g)} (<), (4.162)
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where K, K;, i = 1,2 are some integral operators, (f * g)(z) is a convolution of two
functions f(z),g(z) from a suitable functional space. In the monograph mentioned
above we discussed such generalization for the Mellin convolution type transforms,
applying the theory of the double Mellin-Barnes type integrals. These results shall
be established for the Kontorovich-Lebedev and the Mehler-Fock index transforms,
basing on representation formula (4.36) for exponential kernel (4.16). It shall be
clear later how to obtain the respective results for other index transforms, appealing to
compositions of different integral operators of such type. Precisely speaking, we make
use widely composition representations to generalize convolution (4.1) and arrive to
the corresponding formula (4.162). Some comments the reader can find in Yakubovich
and Luchko [2]. However, here we follow our assumption of L,-properties of the
considered functions.

Before proceeding the key constructions we examine formula (4.36). Indeed, in
view of estimate (4.37) we have the following inequality

exp (—% (7” Py y;‘)) < CKolahy) KolyBa) Kolufis), (4.163)

where C is an absolute constant and ; = cos §;, ¢ = 1,2,3, & € [0,7/2). Therefore,
one can integrate through in the symmetric kernel (4.36) by any variable z,y,u to
deduce new convolution kernels. Thus, for example by virtue of formula (1.102),
taking there @ = 1/2,z > 1 one can immediately lead to the equality

oo du /T
K;, T = —Y P 04ir(T), 4.164
[) (u)e Vu  /2coshrr 12+ (2) ( )

which enables us to construct the convolution for the Mehler-Fock transform being
slightly different from (3.1) by simple interchanges of variable and functions. Such
convolution was mentioned in Yakubovich and Luchko [2] (see also Yakubovich and
Moshinskii [1]). There it was as a corollary of general constructions in the spaces
related to the inverse Mellin transform. Nevertheless, here we deduce it directly and
shall motivate our discussion for L,-functions. Namely, multiplying through in (4.36)
by the power-exponential expression (see below) and integrating the left- and the
right-hand sides by all variables we come to the iterated integral of type

sten) = [ e (-5 (54 5+ %))

e—zu—yu—tw

X ————dudvdw

uvw

- %/ooo /000 /:o /000rsinh(1rr)K;,(u)Kir(v)Ku(w)

e—zu—yu—tw

X ———dudvdwdr, z,y,t > 1. (4.165)
uw
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Hence invoking with formula (4.164) and the Fubini theorem that can be performed
due to estimate (4.163) it becomes at the right-hand side of (4.165) as

w2/ [~ sinh(wT
S(z,y,t) = \/\g_/ rcoshef(ﬂ))P-1/2+-'1(-’D)P—l/2+ir(?/)P—1/2+¢1(t)d7" (4.166)

On the other hand, the integral in the left-hand side is already calculated in
Yakubovich and Luchko [2] (see formula (16.45)) and we find

vD
S(eryt) = | mlog (ZXYFLIEIE
z+y+t+1-vD

D
where D = z? + y? + t2 — 1 — 2zyt and the main values of the square root and the
logarithm are taken.
Let us introduce the convolution operator of type

9@ = [ [7S@u0/0waudy, 2> 1, (4.168)

where f(z), g(z) are defined on z € [1,400) and the kernel S(z,y,t) is given by
formula (4.167). The Mehler-Fock transform in this case corresponds to the operator
as

) , T,y,t > 1, (4.167)

Poppyi{f} = /1 ¥ P () f()dt, T € Ry (4.169)

Hence invoking with representation (4.166), multiplying it through by f(t)g(y) and
integrating [1,4o00) X [1, +00) arrive formally at the following equality

w2/7 [~ sinh(wT
(f*g)(z) = \/\g—/ Tcoshs((ﬂ_‘r))P—1/2+if($)P_1/2+af{f}P_l/g,,.,-f{g}df. (4.170)

To motivate it we need to assume some conditions for the existence of the Mehler-
Fock transform (4.169) and to discuss the convergence of the integral (4.170). This
shall complete our construction of the convolution for the Mehler-Fock transform of
kind (4.162), where as it is clear the operators K;, ¢ = 1,2 are the same Mehler-Fock
transforms (4.169) and K means the index operator as

(K o \/_/ sinh(77)

oosh3 T)

_1/2+,’T($)f(T)dT. (4171)

The desired conditions arise in view of the Holder inequality (1.8) and the generalized
Minkowski inequality (1.10) applying theirs to estimate the Mehler-Fock transform
(4.169). Namely, let f(x) be from the space L, ([1,+00)), 1/2 < v <1, p > 1.
Hence, recall inequality (1.100) and obtain the estimate as follows

\/—:0\/; IP—1/2+tT{f}'

= l /1 * f(@®) /O ” K.’r(u)e"“%dt
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< € 11w +oo)
o) ) 1/q
x/ Ko(u cos §)u*=3/? (/ t"("")“e“"dt) du
V] u

< q"'ll“/"(q(l - l/))e"s"||f||l,v'p([1,+oo))/0 Ko(u cos 6)u""3/2du < 0o (4.172)

under conditions 1/2 < v < 1,6 € (0,7/2),q = p/(p—1). Thus by virtue of inequality
(4.37) which gives the absolute convergence of the integral by 7. Let us formulate the
theorem.

Theorem 4.24. If f,g € L,,([1,40)), 1/2 < v < 1,p > 1, then the convolution
(f *g) (4.168) for the Mehler-Fock transform (4.169) ezists and the Parseval equality
(4.170) holds. In addition, (f * g) € L1-,,([1, +00)).

Proof. We have to establish only last proposition in this theorem. Indeed, from
the above discussions one can estimate integral (4.170) as follows

au
\/E’

where C > 0 is an absolute constant. Consequently, it is not difficult to see that
according to the generalized Minkowski inequality (1.10) we have

(@I <C [~ Ko(pule=2, Be(0,1), 22 1, (4.173)

) oo 1/p
1S * DMlzscaotony < C [ KalBuyur=/2du ([ p0-171ertat)

< Cp TP (p(1 - v)) /0 ” Ko(Bu)u~*?du < oo (4.174)

under the above assumptions on the parameters. This completes the proof of Theo-
rem 4.24. o

We illustrate now the next example of convolution construction (4.162), integrat-
ing through only once in formula (4.36). For this purpose multiplying through in
(4.36) by the power-exponential function, integrating it and invoking with formula
(4.164) we find that

 [Texp (L (W ML) S
S(a:,y,t)—/0 exp( 2(t+u+y zu))ﬁ

= % /ooo 7 tanh(77) Poyj24ir () Kir (y) Kir (t)dT. (4.175)

However, the left-hand side of equality (4.175) one can calculate using formula 2.3.16.1
in Prudnikov et al. [1] and equality (4.132). Thus we obtain

V2rytexp (—\/y§ +&+ 2zyt)
(y? + t2 + 2zyt)V/2 )

S(z,y,t) = (4.176)
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Hence we can consider two different convolution operators

0 exp \/yi + 12 + 2zyt )

(y? + 12 + 2zyt)1/?

(fron(@) =var [~ [ VI (W)g(t)dyat

= /Ow /0oo S(z,y,t)f(y)g(t)dydt, z > 1, (4.177)
e oo exp (—v/a +y7 + 2ayi)

(f *g)2(z) = \/27"—-'17‘/(; A (12 + y2 + 2xyt)1/2
= [ [ stz fwetdvat, = >0 (4.178)

The following theorems are true.

VY f(y)g(t)dydt

Theorem 4.25. Let f,g € L,,(Ry), 0 < v < 1/2, p > 1. Then convolu-
tion (4.177) is defined on [1,400), exists for all £ > 1 and belongs to the space
L, 5([1,400)). In addition, the equality like (4.162) is valid

2v2
(f * g)l(x) = 7[] Tta'nh(WT)P—l/2+i1'(x)Ki‘r[f]Ki-r[g]dTa (4179)
where K;,[f] is the Kontorovich-Lebedev transform (2.1).
Proof. Indeed, make use estimates (2.11) and (4.37) to observe the uniform

convergence by z > 1 of the integral by index of the Legendre function at the right-
hand side of (4.179). Furthermore, we establish the inequality as

(F * (@) < Cllfllallglle [ Ko(Bu)e =22, (4.180)

where norms (1.19) for the functions f(z), g(z) are finite according to the proposition
of Lemma 2.1 and conditions of this theorem. Hence, estimate the norm in the space
L, ,([1,+00)) of convolution (4.177) by using the generalized Minkowski inequality
(1.10) and arrive to the relation as

1 * Ohlleusiseop < Clifllupllgllup

0 -v—1/2 ° vp—1_—pt
x/o Ko(Bu)u du (/u t'P e dt)

< O T (up)| fllusllgllon [ Ko(Buju P du< oo (4181)

under condition 0 < v < 1/2 which gives the desired result. Equality (4.179) follows
from (4.175) and the Fubini theorem. This ends the proof of Theorem 4.25. o

1/p

Theorem 4.26. Let f(x) be from the space L,,(R,) and g(z) be from the space
L,,([1,400)), where p > 1, 1/2 < v < 1. Then convolution (4.178) is defined on
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R, and belongs to the space L,,(Ry). Furthermore, the equality of Parseval’s type
is true

(f * 9)2(z) = gf—; ]ow 7 tanh(n7) K, () Kir [ f1P-1/24-[g]dT, (4.182)

where the Mehler-Fock transform P_yja,.(g] is given by formula (4.169) and K;,[f]
is the Kontorovich-Lebedev transform (2.1).

Proof. First confirm the boundedness of the operator K;,[f] provided that f(z) €
L,,(Ry), 1/2<v <1, p>1in view of Lemma 2.1 and estimate (2.11). Further,
the Mehler-Fock transform (4.169) is a bounded operator by virtue of (4.172). So
substituting the value of the kernel S(¢,z,y) by formula (4.175), formally change the
order of integration and lead to (4.182). To motivate it by the Fubini theorem we
appeal to the estimate of the right-hand side of (4.182). Namely, we find

/Om 7 tanh(77)| Kir (2) Kir [f1P-1/24i-[9]|dT

< Ol Nz ) llglLs p(01 4001
00
x Ko(z cos 6)/ re™3¥7dr 1/2<v <1, (4.183)
o

where one can choose 6§ € (7/3,7/2) according to inequality (1.100) and the integral
by T becomes convergent. Hence we deduced equality (4.182) and evidently can con-

clude by virtue of (4.183) that (f * g)2(z) € L,,(R4), 1/2 < v < 1. This completes
the proof of Theorem 4.26.

Let us consider at the end of this chapter one convolution integral connected with
the inverse Kontorovich-Lebedev transform (see, for instance expansion (1.231)). One
can introduce the following index transform

K@) = [ Kala)f(r)dr, (4.184)
where z > 0 and the integration is realized here by the index of the Macdonald
function (1.98). Inequality (1.100) and the Holder inequality (1.8) immediately give

us the uniform estimate of operator (4.184). Indeed, if f(7) € L,,(R4) with v <
1, p > 1, then we have

MA@ < Ko cosd) [ e If(r)ldr

= 1/q
< Ka(acos )l ([ 707 )™ 5 0,7/2),0 = p/(p— ). (4159

Hence it is easily to conclude that K=[f](z) € L, ,(R+), 0 < v < 1, combining with
the above condition on the parameter v.
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Take now formula 2.16.46.6 from Prudnikov et al. [2] that can be written in terms
of notations of Chapter 1 (see, for example (1.163)). Namely, we have the integral of
the product of three different Macdonald functions

/om za-lK.-a(z)K,-e'(x)K‘.f(z)dz
- I'(ir) a+if+if —ir «—iftib—ir
e

a—1iT) 2 2
xr<a+zﬂ—z§—z'r>F(a—zﬂ—zf—zr)
2 2
F atif+if—it a—if+if—it atif—if —it a—iff —if —iT
Xqfl'3 ) [} 9 ) 2 ’ 2 )
D a—it 1+a—it 1
- - 4.186
=== ’4)]’ (4.186)

which contains the hypergeometric function 4F3(ay, az, as, as; by, by, b3; z) (1.45) at the
point z = 1/4 and it depends upon the parameters 3,¢,7 € R and Ra > 0. Denoting
the right-hand side of (4.186) by S ; ;, define the convolution operator

(F+0)r) = [ Sticin S (Bo(€)dBz. (4.187)

Theorem 4.27. Let f,g € L,,(R4), 0 < v < 1, p > 1. Then convolution

(4.187) belongs to the same space L,,(R,) and the following representation is true
for all T € Ry, namely

(F*9)(m) = [ o K@K [f)@)K [g)()da, (4.188)
where the operator K~ is given by formula (4.184).

Proof. It is clear, that this proof is similar to the proof of the above theorems.
By virtue of estimate (4.185) we obtain for the kernel S . ;, the inequality

< e b(B+E+T)

|56 i
X /:o 27 Ko( cos 8) Ko(z cos §) Ko(x cos §)dz < oo, Ra > 0, (4.189)

under the same assumption for the parameter §. Consequently, the absolute and uni-
form convergence of integral (4.186) is established. Multiplying this integral through
by f(B)g(€) and integrating it by measure (R4 x Ry;dBd¢) with the aid of the
Fubini theorem arrive to the desired formula (4.184). The belonging to the space
L,,(R4), 0 < v <1 of the convolution (f * g)(7) follows from the uniform estimate

I(f*g)(r)| < Ce™™, (4.190)
that can be deduced from inequality (4.189). Theorem 4.27 is proved.



Chapter 5

General Index Transforms

In this chapter we study general index transforms, basing on the theory of the
Kontorovich-Lebedev transform from Chapter 2. We need to use very important re-
sults from the Mellin transform L,-theory in Chapter 1. In fact, as we already know
the hypergeometric structure of the index kernels enables to apply the Mellin-Parseval
equality like (1.214) and investigate the questions of the mapping and invertibility for
the index integral operators. Such objects are slightly exhibited in Section 2.5, where
we introduced enough general index kernel (2.128). Here we develop this approach
and give several examples of index transforms with special functions as the kernels
being listed, for instance, in Chapter 1 as particular cases of Meijer’s G-function.

However, our purpose at the beginning of this chapter to apply rigorous results
from the theory of Banach spaces of analytic functions in the complex domain to ex-
tend the respective properties for key index transforms as the Kontorovich-Lebedev
and the Mehler-Fock index operators. Namely, their composition structure allows to
recall familiar theorems of the identification of images of the Laplace and the Fourier
transforms in the Hardy type spaces (see Duren [1]) and to prove the analogs of the
Paley- Wiener theorem for the index transforms in Hilbert spaces. Analytic properties
of the mentioned transforms have been studied in Chapter 2. Here using elements of
the theory of the Hardy spaces we extend the Kontorovich-Lebedev transform and
the Mehler-Fock transform to the variable from a complex domain. Moreover, we
draw a parallel with the classical Hardy spaces and their Hilbert’s analogs as the
Bergman-Selberg space and the Szego space. It allows us to identify the image of the
mentioned index transforms like for the Fourier and the Laplace transforms in clas-
sical cases. We refer the reader to the questions that are considered in detail for the
Fourier transform, the Laplace transform and some other familiar integral transforms
with using the theory of reproducing kernel Hilbert spaces by Aronszajn (1], Bergman
[1], Saitoh [3]. Concerning the theory of the Hardy spaces see, for instance, Duren [1].

143
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5.1 The Kontorovich-Lebedev transform in a
complex domain. Analogs of the Hardy type
spaces and the Paley-Wiener theorem

At first to introduce the Kontorovich-Lebedev transform which we shall investigate
in this section let us attract the attention of the reader to the classical elements of
the theory of the Hardy spaces and their Hilbert analogs.

As is known the classical Hardy type H, spaces are defined for 0 < p < oo to
consist of those functions F, holomorphic (analytic) in the right half-plane, with the
property that p,(F,z) is bounded for z > 0, where

P = (= [ 1P+ i) (51)

There is the well-known connection between these spaces and Laplace transforms
F(2) = [Lf](2) (1.215) of a complex variable z, Rz > 0 of functions f € L,(R4),1 <
p < 2. However, if we consider the Fourier transform like (1.191)

F(2) = /0 7 f(t)e=dt, (5.2)

where the variable z lies at the upper half-plane and f € L,(R4),1 < p < 2, then it
corresponds to the case of the H, spaces with

wlPui) = (o= [ 1Ple+iv)pas) (53)

and y > 0. As is evident the case p = 2 related to the Hilbert spaces. More precisely,
one can define here the Szegé spaces

1 0o . 1/2
171 = sup (5= [ 1F@+in)Pay) (54)

1P =sup (5 [ 1P+ wpaz) " (5.5)

Thus equalities (5.4)-(5.5) determine the Hilbert spaces H with the respective inner
product { , ). Following the general theory of reproducing kernels from Aronszajn
[1] one can describe the Hilbert space H admitting some reproducing kernel H(z, @),
which is the function of two complex variables z,u from the respective domain and
the bar means usual complex conjugation. Let us demonstrate this application in the
case of the Fourier and the Laplace transform.

Turn now to the Laplace transform (1.215) in slightly modified form as

FE= (L) = [ e swea (5.6)
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where z belongs to the right half-plane ®z > 0 and f(t) € L, 2(Ry),v > 0. Then ac-
cording to the Holder inequality (1.21) and invoking with (1.19) estimate the absolute
value of the Laplace transform (5.6) as follows

|F(2)] < I fll2 (/:o e'z‘%‘tz"‘ldty/2 < oo, (5.7)

when v > 0 and it defines the analytic function in the open right half-plane {R* :
Rz > 0} due to usual test of an absolute and uniform convergence of integrals with a
complex parameter and Morera’s theorem. Call the identity

r'(2v)
(z+a)>

for Rz, Ru > 0, v > 0. This function is identified with the uniquely determined
reproducing kernel by the corresponding Hilbert space related to the Laplace integral
(5.6). Namely, as is known identity (5.8) implies that the image of the space L, 2(R)
under the Laplace transform [L f](2) coincides with the Bergman-Selberg Hilbert space
H, (see Saitoh [4]) admitting the reproducing kernel (5.8) H(z,u4). Namely, the
Bergman-Selberg space H, consists of the functions F(z) analytic in the right half-
plane z € R*, Rz > 0 with finite norms

H(za) = /0 * glerapr-1gy (5.8)

2u—1

1/2 )
IFIl, = e ( / /R+ |F(z)|2x2"‘2da:dy) L z=z+iy. (5.9
™ vV —

Thus, since the set of functions {e~*, z € R+} is complete in L, 5(R;) we have from
(5.8) that any member F(z) in H, is expressible in form (5.6) for uniquely determined
function f € L, (R4 ) satisfying

) 1/2
1lla = ([ 17@PEa) " < oo (5.10)

Prove now directly that for » > 1/2 the Parseval-Plancherel identity
IFIE = [ 1P (5.11)
o

is true. Indeed, by definition of the norm (5.9) the double integral at its right hand-
side by R* can be calculated invoking with the Fubini theorem and usual Parseval’s
equality for the Fourier transform (1.191) (see, for instance Titchmarsh [1]). First we
find that for any F € H, the Fubini theorem implies that integrals

[ 1P+ gy (5.12)

absolutely converge for almost all z € R,. Invoking with formula (5.6) and substi-
tuting it in integral (5.12) use the Parseval identity for the Fourier transform and
obtain that

/_ * |F(z + iy)[dy = 2x /0 % &2 £ (1) 22t (5.13)
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Hence integrating through by z € R, in (5.13) after multiplying through there by
z?~2 and using Fubini’s theorem, we calculate the inner integral by formula (1.22)
for v > 1/2 and arrive to the equality

//R+ |F(z + iy)|*z* 2dzdy

= 4*al(2v — 1) /0 “ I f @), (5.14)

This leads to (5.11) according to (5.9). The limit case v = 1/2 comprises the famous
Szegd space with norm (5.4) and the respective reproducing kernel (5.8) corresponds
to the Laplace transform (1.215) of the complex variable z of a function f € Ly(Ry).
Furthermore, F(z) = [Lf](z) is analytic function in the right half-plane, and as is
well known in the theory of analytic functions, that F(z + iy) satisfying (5.4) has a
non-tangential boundary values almost everywhere on the imaginary line (z = 0). It
gives the familiar Paley- Wiener theorem (see Akhiezer (1], Duren [1}).

Theorem 5.1. A function F(z) belongs to the Szegé space with norm (5.4) if and
only if it has the form (1.215) for some f € Ly(Ry).

Next, one can spread the Bergman-Selberg space (5.9) on the general exponent p,
where 1 < p <2, ¢=p/(p— 1), considering the functions F(z) analytic in the right
half-plane z € R*, Rz > 0 with finite norms

21r)—1+(q—P)/2pl+p(u—1) .
(v-1) — .
T(p(v — 1) +1) //R+ |F(z)|°z dzdy, z =z +1iy. (5.15)

In this case the Laplace transform (5.6) can be estimated by inequality (1.21) as
follows

Tal

oo /a
@IS Wl ([~ e ®0=at) " <00, g=plp-1)  (516)

under condition » > 0 and f € L,,(R;). Further, make use Theorem 1.14 and
inequality (1.193). It gives us the estimate for the Laplace transform F(z) (5.6) as
/ |F(z + iy)|*dy < (2m)!+E-9)/2 / * e7P=HP )| (1) [Pdt. (5.17)
o 0

Hence in the same manner multiplying through by z”(*~1) in inequality (5.17) and
integrating then by z € R, immediately obtain that

/ /R , IF(z +iy) 127~V dady

< (21r)1+(p—q)/2pp(1—u)-lr(p(y _ 1) +1) /:o |f(t)|”t”""1dt (5.18)

provided that f € L,,(R4), v > 1/q. Thus according to the definition of norm (5.15)
we finally arrive to the estimate

I1F1E < 1A, (5.19)
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Similar realization of the Hilbert space admitting the reproducing kernel can be
given for the Fourier transform (5.2) of Ly-functions f(t). In this case we obtain
analytic functions F(z) in the upper half-plane U € C. As is known the corresponding
reproducing kernel one can deduce from the identity

L P 1
H(z, 1) = /o etremitigy = 1 (5.20)

zZ—Uu

where z,u € U and the set of functions {e~**?,2z € U} is complete in L,(R,). Some
details the reader can find in Duren [1]. It is naturally to expose here the respective
Paley-Wiener theorem.

Theorem 5.2. A function F(z) being analytic in the upper half-plane U of the
complex plane C belongs to space (5.5) if and only if it has form (5.2) for some
f € Ly(Ry).

Let us begin now to study the Kontorovich-Lebedev transforms of several types
in a complex domain drawing a parallel with the results examined above concerning
classical Fourier and Laplace transforms. We already introduced in Chapter 4 the

Kontorovich-Lebedev transform X~1[f](z) by formula (4.184). Here set by X~[f](z)
the index transform of type

K-f)(z) = F(z) = / * 7 tanh(r7) Kir (2) f(r)dr, (5.21)

0
where the variable z as we show below is reasonable to take from the right half-plane
{R* : Rz > 0}. We shall define the corresponding Hilbert spaces for f(7) and its

image later after investigation the analytic properties of the kernel K;.(2). For this
appeal to integral representation (1.98), which one can write in the form

Kir(z) = /w €72 cos(Tv)dv. (5.22)
()
Hence we find easily by estimate
|Kir(2)] < / ¥ g Recoshu gy [U(R2), (5.23)
0

where as is evident Rz > 0 and consequently, the function K;,(z) is analytic there
by variable 2z (we mean in the open right half-plane R*). Let us consider the Hilbert
weighted space Ly(Ry4; 7 tanh(77)) with the norm

) 1/2
0 zatmsrsamcery = ([ 7 tanh(rr)lf(r)Par ) (5:24)

and the inner product

(f,9) = /ooo 7 tanh(x7) f(7)g(7)dT. (5.25)
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One can show that the set of functions {K;,(z), z € R*} is complete in the Hilbert
space Ly(Ry;7tanh(x7)). It means that from equality

K- fl(z) =0 (5.26)

it follows that f = 0 almost everywhere on R,. Indeed, for each z € R* the
kernel K;;(z) € Ly(Ry;7tanh(nr7)) in view of the convergent integral 2.16.52.10
from Prudnikov et al. [2]

/0 * 7 tanh(r7)| Kir (2)|dr = %l-z—le'h. (5.27)

Further, for the real variable z = z > 0 we apply through in (5.26) the cosine Fourier
transform (1.197) (see also (4.126)-(4.128)). After changing the order of integration
by the Fubini theorem owing to an absolute convergence of the iterated integral
calculate the inner integral by formula 2.16.14.1 in Prudnikov et al. [2] and arrive to
the equality

/:o M@.f('r) cos (T log (1: + \/52+_1)) dr = 0. (5.28)

cosh(wT)

Hence since the integrand function in (5.28) Z2Mr7/2) () ¢ I,,(R,) then we have

cosh(nr
there f(7) = 0 almost everywhere on R,. Conseq(ueiltly, it remains in (5.26) for all
z € R* according to the uniqueness theorem for analytic functions.
Thus one can introduce the reproducing kernel Hilbert space Hx-1 , which denote
the range of the Kontorovich-Lebedev transform F(z) (5.21) for Ly(R4;7 tanh(w7))
and the inner product in Hy-1 induced from the norm (Saitoh [3])

”F”H,C—l = inf{”f”Lz(R+;Ttanh(1rf)); F(Z) = K:_l[f](z)} (529)

Furthermore, the space Hg-1 admits the reproducing kernel by the following index
integral

K(z, @) = /0 * r tanh(r7) Kir (2) Ko (@) dr, (5.30)

where the points z, % are taken from the right half-plane R*. Invoking with formula
2.16.52.10 from Prudnikov et al. [2] we find that

K(z,u) = -——e™ 7%, (5.31)
where we choose the main value of the square root. Of course, for any fixed u the

function K(z, %) belongs to the space Hx-1 and moreover, we have for any F € Hx-1
the reproducing property

F(u) = (F(2),K(2,8))n,._, - (5.32)

In addition, since the set of functions {K;;(z)} is complete in the space
Ly(Ry;7tanh(77)), then the Kontorovich-Lebedev transform (5.21) is an isometry
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from Ly(R4;7tanh(n7)) onto He—1. Meanwhile, F(z) = K~![f](2) for each z € R*
is a bounded functional due to the estimate

I @I < [ tanh(er) K ()17l dr

o R 1/2
< 1SNy srianitory ([ 7 tanb(ar) Kin(z) Pr)
_ /Al
T2 oz

which defines the norm (5.29) in the reproducing Hilbert space Hy-1.
However, on the other hand, one can obtain the realization of the space Hx-: by
means of the representation of the kernel K(z, %) through the integral

”V-—zu
2+ﬂ

= g\/zﬂ /100 e~ *te~™dt. (5.34)

Consequently, since the set of functions {Z/ze™*!,z € R*} is complete in Ly([1, 00)),
then the operator

e-:llflle(R+;Ttuﬂ1(1rf))’ z=z 4y (5.33)

K(z,a) =

F(z) = f / e~ h(t)dt (5.35)

is an isometry from L,([1,00)) onto reproducmg kernel Hilbert space Hx-1. Hence,
by virtue of the above results for the Laplace transform it implies that norm (5.29)
can be represented through the equality

1F ooy = inf{][|L; .00} (5.36)

and the Kontorovich-Lebedev transform (5.21) is expressible in form (5.35) for some
uniquely determined function k € L,([1,00)). Hence making use the definition of the
Szegd norm (5.4) we immediately obtain the isometrical identity of type

1Pl = [ Int)Pat, (5.37)

where we mean here that Hx-: composed of all analytic functions F(z) in the right
half-plane R* with finite norms

F(z + iy)|?
||F[|?q,c_,— sup/ | (x +§)| y. (5.38)

Thus one can conclude that we already established the analog of the Paley-Wiener
theorem for the Kontorovich-Lebedev transform (5.21) as the corollary of the respec-
tive Theorem 5.1 for the Laplace transform.

Theorem 5.3. The Kontorovich-Lebedev transform F(z) (5.21) of the function
f € Ly(Ry;7tanh(nT)) being analytic in the right half-plane RY of the complex
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plane C belongs to the reproducing kernel Hilbert space (5.38) if and only if it can be
represented in the form (5.35) for some uniquely determined function h € Ly([1,00)).

One can construct the generalization of the Hilbert space (5.38) on the exponent
1 < p < 2, using the same method as above for the Laplace transform. However, we
choose an arbitrary weighted function, which is different from the power function in
general case.

Theorem 5.4. If the function h(t) from representation (5.35) belongs to the space
L,([1,00)) with 1 < p < 2, then the Kontorovich-Lebedev transform F(z) defined by
formula (5.21) can be estimated as follows

[1F k- S R, (000 9 =P/(P—1), (5.39)

and consequently, it belongs to the Banach space of analytic functions F(z) in the
right half-plane Rt equipped with the norm || |[c-1 , namely

IF k- =

—1-(p+9)/29-1+(39-p)/2 F(2)]?

M,, |[9/2

where 2 = z + 1y and the constant M, , is defined by formula
M,, = / p(t)e Pdt < oo (5.41)
o
for some positive weighted function p(z),r € Ry.

Proof. Indeed, starting from representation (5.35) recall inequality (1.193) from
Theorem 1.14 that becomes as

—1- _ _ © |F(z + iy)|? -
1-(p+9)/29~1+(3¢ P)/2/ I____d </ Pzt b (1) |Pdt. 42
m _ (132 yz)q/4 y s 1 [ Ih( )‘ dt (54 )

Hence, multiplying through in (5.42) by p(z) and integrating after on R} we perform
to change the order of integration at the right-hand side of obtained inequality by the
Fubini theorem and arrive to the following estimate

—1-(p+9)/29-1+(3¢-7)/2 p(2)|F ()] < P
x 2 /m B ey ] |h(t)]

x /0 plz)e P dzdt < My, ||BIE 1 ooy (5.43)

Thus invoking with (5.40) we easily lead to estimate (5.33). This ends the proof of
Theorem 5.4.

Let us return now to the Kontorovich-Lebedev transform (2.84) in the form
K.[f], z = = + iy to establish similar properties in Banach spaces of analytic func-
tions. As is known by virtue of Lemma 2.5 the K-L transform F(z) = K,[f] is analytic
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function at the symmetric strip {Sy/; : [Rz| < 1/2} for functions f € Ly(R4). Con-
sequently, according to the classical theory of conformal mappings one can apply the
theory of HP spaces by mapping the strip.Sy/; onto the unit disk. Moreover, we
appeal to Duren [1] to obtain the boundary values, the factorization, integral repre-
sentations and a harmonic majorant of the analytic functions F(z) in Sy/2. As we
established the function K,[f] is analytic in this strip too. Furthermore, due to the
evenness of the Macdonald function by index we have the subspace of such functions
in this strip, when F(z) = F(—z).

Our final purpose now is to prove the Paley-Wiener theorem for the Kontorovich-
Lebedev transform (2.84) and to correspond the Hilbert spaces, which can realize
the identification of the image K,[f] of L,-function f(z). As we shall see we need
to recall the results obtained above in Chapter 2 concerning the Hilbert convolution
spaces of functions and Corollary 2.2 that contains the composition representation
of the index transform (2.84) by means of the Mellin and the Laplace transforms of
special argument.

First make use Corollary 2.2. However, let us take the function f being from the
convolution Hilbert space like (2.110), where we allow to set o = 1/2. Thus from

equality (2.95) one can define the inner product of this Hilbert space, denoting it as
Hy by formula

(f,9hhe = 5 / / Ki(u + v) f(u)g(0)dudv (5.44)

and equipped with the norm ||f||n. = /{f, f)-
The following lemma proves that the space Hk is a subspace of Ly(Ry).

Lemma 5.1. The space Hy is contained in Lo(R,).

Proof. To prove this fact we appeal to the familiar integral analog of the Hilbert
inequality (see, for instance, Duren [1])

[ Ny < il il (5.45)

Hence we find,

Wl =5 [~ [+ o)t 9 T2 )f@)d N

<o [” [ Wl ges < s, (5.46)

where zK;(z) < C, ¢ > 0 in view of the asymptotic behavior of the Macdonald
function (1.96)-(1.97). This completes the proof of Lemma 5.1.

This lemma enables to conclude that for functions f € Hx composition (2.88) is
true. Moreover, it remains true for the set of Hilbert spaces Hk ., |o| < 1/2 equipped
with the norm

e, =5 [ [ Kool )T ONude (547
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and evident embedding
H)C,n C I{;(;,‘-,2 (5.48)

if 0; < 0,. Without loss of generality one can consider 0 < ¢ < 1/2, accounting the
evenness of the Macdonald function by its index. To be sure in embedding (5.48)
use formula (2.120) for the Macdonald function. Further, invoking with the Parseval
relation for the Mellin transform (1.203) like (1.214) (see Titchmarsh [1]) it follows
that

L el = L [ LB
= %/o“’ 12514 /0°° e=hO £(y)du /:0 O my (5.49)

where the function k(t) is defined by integral (2.83). Therefore, we shall immediately
apply it to change the order of integration by the Fubini theorem and by the same
motivation as in Theorem 2.5. Hence by virtue of (5.47) it implies the equality

o [ K71y = 11l (5.50)

Taking through the operation of supremum by z € (0,1/2) in equality (5.50) by using
embedding (5.48) arrive to the relation

sup = [ 1Koy = 171, (5:51)

o<z<1/2 2T J—
Thus we establish the analog of the Szegd space (5.5) for the Kontorovich-Lebedev
transform (2.84) and isometrical identity (5.51). To formulate the respective Paley-
Wiener theorem for the Kontorovich-Lebedev transform we need to prove converse
fact of the representation of an arbitrary complex-valued analytic function F(z) at
the strip Sy, such that F(z) = F(—z) through the Kontorovich-Lebedev integral

(2.84) of the function f € Hx. To confirm the identity (5.51) by embedding (5.48)
one can use the representation of the Macdonald function as

Ky(u+v) = /000 e~ (utv)cosht cosh(2at)dt, (5.52)

substituting it in the right-hand side of (5.50) and changing the order of integration
by the Fubini theorem. Precisely, we have

1, = % L7 7 et cosh(20t) () Flodudva

oo 2
= % /0 cosh(2zt) dt

/000 e~ <ot f(y)du

< lj/mwshtI/we‘“w’h‘f(u)du2dt= I (5.53)
—2Jb o He
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Return now to the case, when we have an arbitrary function F(z) = F(—z) being

analytic at the strip |Rz| < 1/2, which belongs to the Szegd type space equipped by
the norm

1 [ .

IFIF = sup o= [" |F(c+iy)Pdy. (5.54)
0<z<1/2 27 J-co

Making use the Parseval equality for the Mellin transform (1.203) one can conclude

that F(z) is the Mellin transform of some function ¢(t) € L,(R,) such that

IFIP= sup 5 [7 1P +in)lPdy = [ lo(o)at (5.55)
0<z<1/2 4T 0

Hence as is obvious the assumed property F'(z) = F(—z) implies that almost every-

where on R we have equality ¢(t) = p(1/t). Therefore, returning now to the discus-

sions in Section 2.4 imply equality (2.95) for the weighted function w(z) = K,(z)/2.

Hence invoking with (2.94) and (5.55) one can write the chain of equalities

IFIP = [7 lo(Pd = 3 [7( (@)K @)z

= %/;w /0°° Ki(u +v)f(u) f(v)dudv = £ 11 (5.56)

where the sign * means the Laplace convolution (2.91) and f(z) is some function
from the convolution Hilbert space S, which coincides with Hx. Thus we arrive to
the Paley-Wiener theorem for the Kontorovich-Lebedev transform (2.84).

Theorem 5.5. An arbitrary function F(z) of the variable z = z+iy being satisfied
the property F(z) = F(—z) and analytic at the symmetric strip |Rz| < 1/2 belongs to
the Szego type space (5.54) if and only if it has form (2.84) for some f € Hy.

Continue to estimate the L,-norms of the Kontorovich-Lebedev transform (2.84)
K.[f] and turn now to the norm (5.1). According to Lemma 2.5 under condition
f € L,Ry), 1 <p<2,v<1 wefind that K,[f] is analytic function at the strip
{8, : |Rz] < 1 — v}. Moreover, invoking with representation (2.120) one can extend
composition (2.78) as follows

Kulf) =[5 [F e{L](cosh )] v), (5.57)

where z = z 4+ 1y, |z|] < 1 — v,y € R and the Fourier and the Laplace transforms
are defined by formulae (1.191) and (1.215), respectively. Consequently, by virtue
of inequality (1.193), where ¢ = p/(p — 1) and the generalized Minkowski inequality
(1.10) we have the estimate

W Keral 1) = ([T Kesal P d)
< (2m)(1-9)/2 (/oo - )1/10

- 21/p -0

00 14
/ e'"°°8h“f(v)dv du
0
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< @m0 [7 KL o)l (v)ld. (5.58)

Continuing by using the Holder inequality (1.8), we find

00 1/q
W (Keriglf),2) < @00 L, ([ Kilr(pu)o@1d) * <0 (5.59)
under condition |z| < 1 — v. Thus we proved the following theorem.

Theorem 5.6. Let f € L,,(R+), 1 <p <2, v<1. Then for the Kontorovich-
Lebedev transform K, ;,[f] the uniform estimate (5.59) of the H,-norm like (5.1) at
the strip {S, : |z| <1 — v} holds.

Finally in this section we wish to show how to apply the results obtained above in
Banach spaces of analytic functions for the Kontorovich-Lebedev transforms to some
kind of the Mehler-Fock transform. As we already know from Chapter 3 this index
transform connected with the K-L transform by means, for example its composition
with the Hankel or the Laplace transforms. Clarify slightly about analytic properties
of the Mehler-Fock transform kernel P_;54::(2) as the function of a complex variable z
, when 7 is a fixed parameter. Indeed, by definition (1.55) we have the situation when
the Gauss series (1.47) in this case in general diverges (compare with the definition of
the Mehler-Fock transform (3.1), where the argument 2y?+1 of the Legendre function
P_1/24ir(2y* + 1) is always more than 1). Meanwhile, one can mean the respective
Gauss hypergeometric function by the Mellin-Barnes type integral (1.46). Precisely,
considering representation (1.84) for the function

1 .1 . 1-2
2B (§+",§—“’;1 o )= P_1j24ir(2)

_ cosh(nr) pieo T(S)T (3+ir—s)T (3 —ir —s) (2_1 -
=T or% Jeioo T(1—s) 2 ) ®

observe by virtue of the Slater Theorem 1.6 that the Mellin-Barnes integral (5.60)
exists for all z with |arg(z £ 1)| < w. Moreover, this Legendre function is an analytic
one at the complex plane z = z + iy with the cut —co < z < 1. When |1 — 2| < 21t
has representation (5.60), while outside of this disc we have to use the corresponding
formula (1.85) of the analytic continuation of the Gauss function.

Let us introduce now the following Mehler-Fock integral

(5.60)

e 7 tanh(7T)
cosh(7r)

MF(z) == /0 P_yjasin(2) f(7)dr. (5.61)

Hence define the weighted Hilbert space Ly(R4; 77 tanh(n7)/ cosh(n7)) by the inner
product

(g = [ T2 i ygar. (5:62)

o cosh(r7)
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In the similar manner one can calculate the reproducing kernel by formula from
Lebedev [7] as the index integral from the product of two Legendre functions

P = [ 1;%125::;)P_1/2+;,(z)P_1/2+,-,(12)dr = % (5.63)
Thus we find the Szegd kernel (5.8) with » = 1/2 from the right-hand side of equality
(5.63). The absolute convergence of index integral (5.63) for Rz, Ru > 1 undoubt-
edly follows from representation (3.2), asymptotic behavior of the Bessel function by
formulae (1.92)-(1.93) and inequality (1.100).

Prove that the set of functions {P-1/24ir(2), Rz > 1} is complete in the Hilbert
space (5.61). Indeed, integrating through by z in equality MF(z) =0 for real z > 1
after multiplying it by e %, p > 0, change the order of integration by the Fubini
theorem and calculate the inner integral by formula 2.17.7.1 from Prudnikov et al.
[3]. As result we reduce it to the equality

/°° 7 tanh(77)
o

cosh(r7) Ki:(p)f(r)dr =0, p> 0. (5.64)

Hence by previous discussions on the Kontorovich-Lebedev transform (5.21) we obtain
the desired result that f = 0 almost everywhere on R,. Moreover, f = 0 a.e. if

MEF(z) =0 for all Rz > 1.

The following estimate being established by the Cauchy-Schwarz-Bunyakovskii
inequality, namely we deduce

IMF(2)] < 11f || a(Rey imr camhinr) cosniany) (P(2, 2))*

I flLa(R o s tanh(nr)/ cosh(x))

B V2z
Furthermore, combining with Morera’s theorem allow us to conclude that the function
F(z) = MUF(2) is analytic in the half-plane Rz > 1. Also we constructed the
reproducing kernel Hilbert space of the Szegd type, since as is evident

, z=1x+1y. (5.65)

P(zi) = —— = [ et ar. (5.66)
1]

PE

Hence according to Theorem 5.1 there exists some function h € Ly(R4) such that we
have the identity

L o N 2 _ b -2zt 2 >
o [ IMF@ Py = [ = h@Pd 2 2 1, (5.67)

and the representation of type
MEF(z) = / “ e th(t)dt = [Lh](z), Rz > 1. (5.68)
0

However, equality (5.68) admits an analytic continuation of the Mehler-Fock integral
(5.61) at the right half-plane R*. Finally one can mean it as an analytic function at
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R* being satisfied the Paley-Wiener theorem 5.1. Thus, we established the following
result.

Theorem 5.7. The Mehler-Fock transform (5.61) of the function f €
La(Ry; 77 tanh(nw7)/ cosh(nr)) belongs to the Szegd space (5.4) if and only if it has
form (5.68) for some h € Lo(Ry).

5.2 Composition theorems for general index
transforms

This section deals with general index transforms of the Kontorovich-Lebedev type
which have been slightly considered in Chapter 2. The key representation of this
kind is contained in formula (2.127) where we gave the expression of the Kontorovich-
Lebedev integral (2.1) in terms of the Mellin transform (1.203). First the general-
ization of the Kontorovich-Lebedev transform was demonstrated by Wimp (1], where
the kernel function 6*(s) in formula (2.128) of the general index kernel was taken in
the form of the gamma-ratio (1.60) for Meijer’s G-function (1.59). Thus the general
integral transform by the index of the Meijer G-function arises. The respective in-
version formula was simplified by the author in Yakubovich [2]). The corresponding
expansion of an arbitrary function for the Wimp-Yakubovich transform being valued
for the space of summable functions is exhibited by formula (1.237). This integral as
is shown in Wimp [1], Yakubovich [4] gives a wide number as well as known and new
examples of the index transforms with hypergeometric functions as the kernels. The
class of index transforms of the Kontorovich-Lebedev type was selected and investi-
gated by the author in Yakubovich [1]-[4], [13], Yakubovich and Luchko [2].

The key purpose of this section is to study the L,-properties of these transforms
being based on the L,-theorems for the Mellin transform (1.203) in Chapter 1 and
the results obtained above for the Kontorovich-Lebedev transform (2.1) in spaces
L,,(Ry). As we know by Theorem 2.7 one can express the K-L transform of the
L, ,-function under conditions 1 < p < 2, < 1 through integral (2.127). Conse-
quently, one can establish more complicated index transform by the functional re-
placement f*(s) — 6*(s)f*(s) like within formula (2.129), where we introduced the
index transform Y2[f] of an arbitrary function f, meaning it as composition (2.133)
under respective conditions for the function f and the kernel 6*(s). The correspond-
ing operator (O f] is a generalization of the Mellin convolution type integral transform
(1.220) by the right-hand side of the Mellin-Parseval formula (1.214). Furthermore,
this approach was developed in Samko et al. [1], Vu Kim Tuan et al. [1] for the
so-called G-transform with the kernel 6*(s) as the ratio of Euler’s gamma-functions.
As it occurs often this ratio increases power-exponentially at infinity like for example,
for the inverse Laplace transform being obtained from representation (1.216) as well
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as for other Mellin convolution transforms. Nevertheless, the general index transform
by formula (2.129) exists in view of the convergence of integral (2.128). Here we
continue and develop results of Section 2.5 attracting our attention to the mapping
and composition properties of general index transforms.

Let us return to composition (2.133). According to Theorem 2.8 it is true under
conditions f € L,,(Ry), 1 < p<2, v<1and@*(v+it) €L, (R; e""‘Vzltl"").
However, we begin to study general transforms from reducing the integral representa-
tion (2.128) of the index kernel Y;?(z) to the index-convolution Kontorovich-Lebedev
transform (2.150) of the function () being connected with *(s) by means of the

Mellin transform (1.203). Namely, the following result is fulfilled directly as the corol-
lary of Theorem 1.17.

Theorem 5.8. Let 0(z) € L,,(R4), 1 < p <2, v <1 be determined as preimage
of the Mellin transform 6*(s) by formula (1.204), where the convergence of the integral
is meant by L, ,-norm (1.19). Then the general indez kernel Y2 (x), z > 0 defined as
equality (2.128) is given by formula

Yi(@) = KLO)r2) = [ Kinloy)o(w)dy. (5.69)

Proof. With the Mellin-Barnes integral (2.124) for the Macdonald function
K;,(z), where s runs through the contour (1 — v —ic0, 1 — v + i), v < 1 and
Stirling formula (1.33), it gives that for each 7 € R, the integrand of (2.124) as the
gamma-product of two Euler’s gamma-functions with the power multiplier, namely

s+t s —1T
27 () (57)
2 2 ’
belongs to the space L,(1 — v — ico,1 — v + 100). Consequently, together with the
condition §(z) € L,,(R4+), 1 < p <2, v <1 obtain that the Mellin-Parseval formula

(1.214) can be immediately written for the kernel Y (z). Precisely, its left-hand side
leads to the desired result (5.69). Theorem 5.8 is proved. o

As it is follows from (1.2), for » € R we denote by L, ..(R) the weighted space
of Lebesgue measurable complex valued functions f for which

[|flls,00 = ess sup |z” f(z)| < oo. (5.70)

zeR 4

One can estimate the L, ,-norm of the kernel (5.69) by using inequality (1.100) and
the generalized Minkowski inequality (1.10). In this case we obtain

Theorem 5.9. Let 0(z) be from the space L,,(Ry), v <1 andp > 1. Then for
all 7 > 0 the following estimate of Ly_, ,-norm for the index kernel Y (z) is true

1—v

7> ) 161l (571)

V21l < 2771 cos =1 672
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where 0 < § < m/2.
Proof. Indeed, taking into account the simple interchange zy = t write (5.69) in

the form
y.o )= — K t 0 -— dt. 5_?2
v ( ) :t.[) ¥ ( ) (1:) ( )

Hence, invoking with the generalized Minkowski inequality (1.10) and inequality

(1.100) find that
oo e oo t P\ 1/p
V2 lhovp = ([ =7 tde | [7 K)o (£) @ )
1/p
) L0<6<n/2.  (573)

oo oo t P
< e_“/ Ko(t cos §)dt (/ z~19 (;) dz
0 0

Again change variable y = t/z. As a result it gives us that

Y lhevp < _67“9“.,,,/ t7" Ko(t cos 8)dt

— 915 oo "—lsrﬁ( )uon,,,, v <, (5.74)
by virtue of integral (2.125). Thus we obtained the desired result. This completes
the proof of the Theorem 5.9. o

This theorem enables us to establish the mapping property of the general in-
dex transform introduced in (2.129). By applying the Holder inequality (1.8) to the
right-hand side of equality (2.129) we immediately find sufficient conditions of the
boundedness of the operator Y [f] in the space L, ,(R.).

Theorem 5.10. Let f(z) € L,,(R4), v <1, p > 1. Let the function 0(z) be
from the space L,4,(R+), ¢ =p/(p—1). Then the following uniform estimate for all
7>0,6 €[0,m/2) holds

YA < 276 cost 6% (S5 ) 10l e (5.75)

Proof. Invoking with definition (2.129) make use the Holder inequality (1.8).
Hence, in view of the previous theorem finally we obtain

vl < [~

S 2—1/—16—61' sV™ -1 51-\2 (

Y20 ()] dt < 1YElh-voll Il

%) 100l T (5.76)
Theorem 5.10 is proved.
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Corollary 5.1. The general indez transform Y2 [f] is the bounded operator from
the space L, ,(Ry),v <1, p>1 into the space L,(Ry),r > 1,

WY < ClAllugps (5.77)
where .
_ 2 v-1gp2 (1 =¥
C= G cos” ™ 6T ( 5 ) (5.78)

Proof. Indeed, this proposition it is not difficult to obtain from estimate (5.75),
choosing and fixing some positive parameter 0 < § < 7/2. Hence integrating through
in inequality (5.75) by 7 € R4 in view of definition (1.1) of the norm it follows that

1—v

VSN <27 o050 6% (<5 1l

00 1/r
—brr
x ( /0 e dr) . (5.79)

Thus the desired result comes after calculation of the integral in (5.79). Corollary 5.1
is proved. e

It is clear now to study the general index operator

v = [T s (5.80)
0
we need to make connection of it with the Kontorovich-Lebedev transform (2.1) and

use results of Chapter 2. First it is important the following composition theorem for
operator (5.80).

Theorem 5.11. Under conditions of Theorem 5.10 for all 7 > 0 the indez trans-
form (5.80) can be represented by formula

Y2If] = Ki. [(f *6)], (5.81)

where the right-hand side of (5.81) means the composition of the Kontorovich-Lebedev
transform (2.1) and the Mellin convolution (1.217) of functions f and 6.

Proof. Appealing to Theorem 1.20 we conclude that if f € L,,(R4), 0 €
L,,(Ry), p~' + ¢! =1, then the operator

(o = [0 (2) 1% (5.82)

belongs to the space L, (R4). Therefore the Kontorovich-Lebedev transform within
(5.81) exists. Hence substitute the expression of the index kernel Y{(z) by formula
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(5.69) in integral (5.80) changing beforehand the variable zy = v. According to esti-
mate (5.76) one can perform to change the order of integration by Fubini’s theorem.
Thus we obtain

Vol = [T 105 [ K)o () do
= Ko [(f % 0)). (5.83)

Theorem 5.11 is proved.

This theorem enables to mean the general index transform by the right-hand side
of composition equality (5.81) and consequently, to use widely results related to the
Kontorovich-Lebedev transform from Chapter 2. First of all let us appeal Theorem
2.2 of L,-inversion of the K-L transform. If we assume that 0 < v < 1, then the
Mellin convolution (5.82) can be represented as follows

(f *0)(z) = %l.i.m.g_,m:c“l /ooo 7sinh((7 — €)7) K, (2)Y2[f]d7. (5.84)

Hence let us take some function ¥(z) € L,1(R+). Then by definition (1.203) of the
Mellin transform

o) = [ ey, s =v it (5.85)
we find that integral (5.85) is absolutely convergent and uniformly by ¢t € R. There-
fore, for all s € (v — 0o, v + i00) we have the inequality [¢*(s)| < C, where C is an
absolute positive constant. If we assume also the connection between ¥*(s) and 6*(s)
by means of the functional equation

1
1-—3s

P*(s)0*(s) = , s=v+it, (5.86)
then one can establish the following result.

Theorem 5.12. Let f(z) be a function from the space L,,(R4) with 0 < v < 1
and 1 < p < 2. Let 6(x) € L,4o(Ry), ¢ = p/(p—1) and the function ¥(z) be from
the intersection of the spaces L, 1((0,a]) N Ly ([a, 00); log =), where a > 1 is some fized
number. Then under assumption that the Mellin images of 0(z), (z) satisfy the
functional equation (5.86) for each z > 0 the following inversion formula is valid

[ @)y = Ztim oy [ rsinh((r - ¥R @¥2Lldr, (587
0 m 0
where the kernel YV (x) defined by formula

vi<e) = [Cw (%) K (0)0"2dv. (5.88)



General Index Transforms 161

Proof. First, let us explain our choice of the function t(z) from the inter-
section L,;((0,a]) N Ly([a,00);logz), @ > 1. In fact, as is obvious in this case
¥(z) € L,1(Ry), 0 < v < 1. Namely, we have

il = [ o)l tdy

= /0 “ ()l dy + /a ” () ly*dy

< a y—l 00
_/0 [(¥)ly dy+0/a [#(y)|log ydy
= |1¥llz..1 () + ClPI|Ly (fa,00)0gz) < 00, 0 < v < 1, (5.89)

where C is a positive constant. Hence we need this condition to estimate the kernel
(5.88). Indeed, invoking with inequality (1.100) we find that

@ < [Tl (5)

Further, by interchange v~! = u we have

Ko(v cos §)v*~2dv, § € (0,7/2). (5.90)

u

< et ( [l o (“’:6) wdut [ (@) Ko (°°:5) u-fdu)
= e (L(z,€) + L(s,€)) - (5.91)

Hence recall again the asymptotic behavior of the Macdonald function by formulae
(1.96)-(1.97) and observe that uniformly by € > 0

e —67 bt 6 —€
VoG] < e [ o o (222wt

a é
heo) = [l o (220) s < Cllblom: (652
oo )
h(z,e)= [ 1 (2| Ko (“j )u-eduscr.»lwm,uu,w,;hg,), (5.93)

where C;, ¢ = 1,2 are positive constants that depend only from fixed z > 0 and
§€(0,7/2).

Now begin directly establish inversion formula (5.87). Since under conditions of
this theorem ¥(z) € L,1(R4), then multiplying through in (5.84), namely in the
equality

(f * 0)(v) = %l.i.m.,_.0+v"'1 [ sinb((x ~ )7) Kir ()2 (e

by ¥(z/v)/v and integrating through by v € R4 we obtain

[vE)ome
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== oo Lim.coo4¥ <£) vt /oo 7 sinh((7 — €)7) K (v) Y[ fldrdv. (5.94)
72 Jo v 0

Thus we organized in the left-hand side of (5.94) the iterated Mellin convolution

(1.217). However, (f *0)(z) € L,,o(R+). Therefore, as is known from Theorem 1.20

and properties of the Mellin convolution the operator (¢ * (f * 8)) maps the space

L, (Ry) into itself and by Fubini’s theorem it is easily to deduce the distributivity

of the Mellin convolution, precisely the equality of kind

(% * (f *0))(z) = (( x6) * f)(2), = >0. (5.95)

Furthermore, according to Theorem 1.17 it is not difficult to write an analog of the
Mellin-Parseval equality (1.214) for the convolution (5.82) as

(f +0)(z) = 51;; / _+: F(5)6"(s)z~"ds, (5.96)

where the product f*(s)8*(s) € Li(v —ioo, v +100) by virtue of the Holder inequality
(1.8). Consequently, substituting it into the left-hand side of (5.95), change the order
of integration by the Fubini theorem in view of the absolute convergence of iterated
integral (y(z) € L,1(R4)). As result we obtain

1 v+ioo
Wr(F20)@) = 5= [ £ () (s)"ds. (5.97)
Functional equation (5.86) reduces it to
@re@) = g [T Tt = iy (s99)

Note, that the integral by y in (5.98) converges absolutely due to the estimate by
using the Holder inequality (1.8), namely

T z 1/q
(1-v)g-1
[ 1@y <1l ([ v00ay)
1-v

T @A =v)i

Let us treat now the right-hand side of (5.94). By boundedness of the operator within
the integral by v, one can carry out the limit sign and change the order of integration
by virtue of estimates (5.76), (5.92)-(5.93) and the Fubini theorem. Finally invoking
with notation (5.88) we arrive to (5.87). This ends the proof of Theorem 5.12. o

1flluprz >0, 0< v <1. (5.99)

5.3 Watson’s type kernels
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Here we consider slightly different index transforms, which involve compositions
of the Kontorovich-Lebedev transform (2.1) and Mellin convolution transforms of the
Watson type (1.220). One can occur such transforms apart from the previous ones
in Section 5.1. Besides, we give sufficient conditions of their inversions drawing a
parallel with the representation through the Kontorovich-Lebedev singular integral
(2.42).

Let us introduce the following index transform

se= [ seswa, 2o, (5.100)
where the kernel SY,(z) is given by formula
00
S¢(z) = /0 Koo (y)o(zy)dy, z > 0. (5.101)

In spite of the fact that index transform (5.100) can be reduced to the transform with
kernel (5.69) by means of changes of variables and functions we attract our attention
to these transforms separately. Furthermore, it gives us some advantages in obtaining
suitable estimates below.

Theorem 5.13. Let ©(z) be from the space L,,(R,), where v < 1 and p > 1.
Then for all 7 > 0 the following estimate of L, ,-norm for the index kernel S.(z) is
true

1158, < 277112 (1%") cos* 167 ||pll,p 0 < E < /2. (5.102)

Proof. By the same arguments as in previous section we obtain the chain of
expressions
p) 1/p

oo oo 1/p
. pr—1 P
< [T 1K@y ([~ 2 o)l do)

= I|<pllu,p/0 v |Ki-(y)| dy

hat 1
158 1lg = ([ a7 da

/Ow K- (y)p(zy)dy

< e lellvp /0 Ko(y cos §)y~"dy

=212 (1;—'/) c0s" 1 e |||y, 0SS < /2 (5.103)

This completes the proof of Theorem 5.13. o

From Theorem 5.13 we immediately have the following result.
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Theorem 5.14. Let ¢ € Li_,,(R4) and f(z) be from the space L,p(R4),v >
0,p>1,p7' + ¢! = 1. Then indez transform (5.100) can be estimated by

500 < 27702 () cos™ 8¢ liplhsallfllpy 06 <7/2 (5104

We omit the proof of this theorem. Analogously Corollary 5.1 one can formulate

Corollary 5.2. General indez transform (5.100) is the bounded operator from the
space L, ,(Ry),v > 0,p > 1 into the space L. (Ry),r > 1.

Consider now the following operator

(I;"g) (z) = %/ sinh((r — €)7)S¥ (z)g(r)dr, z >0, (5.105)
7% Jo

where ¢ € (0,7) and S¥(z) is index kernel (5.101) with a function ¢(z).

Theorem 5.15. Let v¥)(z) € Ly((0,a];logz) N Ly41,1([b,0)), a,b > 0. Let ¢ be
from Ly_, ,(R4),v > 0,9 > 1. Then on the functions g(7) = [S Tf] bemg represented

by indez transform (5.100) with the density f(y) € L, ,(R4),p~* + ¢~ = 1, operator
(5.105) has the form

(1"’ (2) = sme/ /°° uv Ky (vV/u? + v? — 2uv cos €)
Vu? + v? — 2uvcose
xp(zu)(® f)(v)dudv, (5.106)
where (® f)(z) is the operator of Watson’s type (1.220)

@N)(@) = [ eley)f@)dy, =>0

with the kernel o(z).

Proof. First we show that for the index transform (5.100) under conditions of
this theorem the following composition is true

(S5 1= Ki- [(21)], (5.107)

where K;,[f] is the Kontorovich-Lebedev transform (2.1) . In fact, it follows in the
same manner as in previous section appealing to Theorem 5.14 and Fubini’s theorem
for the iterated integral in the right-hand side of (5.107). Further, substitute in
(5.105) instead of g(r) the expressmn of index transform (5.100) by formula (5.107)

and instead of the kernel S¥(z) its definition like (5.101), respectively. Hence it
becomes

(1) (&) = 2 [ rsinb((r = e)r) [ (aw) i ()



General Index Transforms 165

b /ooo Ki;(u) /000 f(y)p(uy)dydudr, z>0. (5.108)

Make use inequality (1.100), the asymptotic behavior of the Macdonald function and
the condition on the function ¥(z) at the present theorem. As result we obtain for
each = > 0 the estimate of the kernel S¥(z), namely

1S¢(2)] < &0 /0 %(v)| Ko(v cos §)dv

<edr [Cl /01 |4 (zv)|log(v cos 8)dv + +C, /loo |¢($U)|vud”]

< Crppe™, (5.109)

where é € (0,7/2) and all constants depend from z, v, §. From this invoke with (5.104)
and consequently, for each z > 0 and ¢ € (0, 7) integral (5.108) can be estimated as

follows
|(1#0) ()] < 02 (%) cos™ 8Cunslilaoval 1l
X/ 7sinh((r — €)7)e"27dr
0

= :c,u,ﬁ,s“‘P“l—u,q“f”u,m (5110)
where v > 0,7 + p™' =1, C,, 5. is a positive constant and we may choose § such
that (m — €)/2 < § < n/2. This gives the convergence of the integral by 7 in (5.110).
Therefore, perform to change the order of integration in (5.108) and calculate the

integral by 7 using formula (2.17). Thus we lead to representation (5.106). This ends
the proof of Theorem 5.15. o

The inversion of the general index transform (5.100) in L, , -spaces is given by

Theorem 5.16. Let 1 < p<2,0<v <1, g(r) =[S f] for f(z) € L,,(Ry) N
L,i(Ry) and ¢ € Li—,o(Ry) N Li—,1(Ry),¢7 +p~ = 1. Let a function (z) being
satisfied the condition of the previous theorem belong to Ly, ,(Ry). Then the limit
equality of type

lim.c o4 (I;l’g) (z) =z /z fly)dy, >0 (5.111)
0
by the norm of L1y, is valid if and only if
P (L+8)p*(l—s)=(1=35)7" Rs=y, (5.112)

where the sign ” x” denotes the Mellin transform (1.203) of functions ¥(z) and ¢(z).
Furthermore, the limit in (5.111) ezists also almost everywhere on R,.

Proof. First consider integral (5.106). After changing of variables v = u(cose +
tsine),u = u we immediately obtain

/ /oo tzt _:_t ls)mp(l‘U(cose + tsineg))
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x(cose + tsine)(®f)(u)dudt, €€ (0,7), (5.113)
where

R(t,u,e) = {usin e(t? + 1)V/2Ky (usin g(t® + 1)Y/?), t > —cote,

5.114
0, £ < —cote. ( )

By the same arguments as in (2.21) for any ¢t € R, u € Ry, and € € (0, 7), we have
|R(t,u,€)] < C, where C is a positive constant. Moreover,

El_i.x& R(t,u,e) =1.

Hence one can estimate the norm of operator (5.113) in the space L, ,(R4) for each
fixed € € (0,7) by using the generalized Minkowski inequality (1.10) and conditions
of this theorem. We have

C foo
¢ —
l (It g) v+l,p S T _/0 ul(Qf)(“)'
© |l¥(zu(cose + tsine)) |41, .
X -[—cots 241 (cose + tsine)dtdu

< Ditblhrns [ u [ 1 @)p(un)ldyd

o (cose + tsine)™
x [ (2 BT g < Gy liplhsssllelhsall (5.115)

where C and C, are positive constants. The last integral by ¢ is convergent when
0 < v < 1 by virtue of formula 3.252.12 in Gradshtein and Ryzhik [1] (see also
(2.181)), precisely

Ie=/°° (cose +tsine)” &t

—cote 12 + 1
sin—v e /°° v w sin(ve)
= v = .
o (v—cote)?+1 sin(7v)

Further, since f(z) € L,,(R4),p > 1, then one can show that
=7 [ f(1)dy € Liap(R4). (5.117)

Indeed, it follows straightforward from the generalized Minkowski inequality

z”? /: f(y)dy ! /01 f(zy)dy

(5.116)

v+l,p v+1l,p

oo 1/p
< /01 dy (/0 |a:"f(my)|”%£) = ||f||.,_,,/ol yrdy<oo, 0<v<l  (5118)

Consequently, appealing again to the properties of the Poisson kernel (1.14) from
representation (5.113) we obtain that

(1#9) -7 [ sw)dy

< l/°° | cose + tsine |

v+1l,p T J—o0o t2 + 1

dt “/0“’ w(®f)(u)



General Index Transforms 167

x R(t,u,e)¢(zu(cos e + tsine))du — 72 /oz f(y)dy

dt. (5.119)

v+1l,p

It is clear our desire now to establish that the right-hand side of inequality (5.119)
tends to zero, when € — 0+, 1 < p < 2. This fact evidently means limit equality
(5.111). Indeed, in view of the above estimates we perform to use the Lebesgue
dominated convergence Theorem 1.2 and the property of the continuity of L, ,-norm.
Hence we find that the right-hand side of (5.119) tends to the following expression

|7 wt@n@mpiznd -2 [ sy

(5.120)
v+l,p
Our purpose now to show that it is equal to zero, when 1 < p < 2. As it fol-
lows straightforward due to conditions of this theorem and from the Mellin-Parseval
equality (1.214) the Watson type operator (® f) can be written as

1
271

v+i00
@N@ =5 [ fs)et(1 - s)a*ds, (5.121)
where ¢*(s) is the Mellin transform (1.203) of the function (z) and ¢*(1 —v —1it) €
L,(R),1 < p < 2. Since f*(v +it) € L,(R),p~! + ¢! = 1, then by the Holder
inequality (1.8) we conclude that integral (5.121) is absolutely convergent. Moreover,
the following inequality immediately can be deduced from (5.121)

I(8f)(z)| < Cz*~1,z > 0. (5.122)

Meanwhile clearly, that our assumption ¥(x) € L1((0, a];log )N L, 41.1([b, 0)), a,b >
0 provides the condition ¥(z) € L;;,1(R4). It allows us to change the order of
integration, substituting (5.121) into the integral in (5.120). Thus invoking with
(5.112), we obtain the chain of equalities

|7 wt@nmiends— =2 [T ru)dy

v+1l,p

= |lom [ rowra + )1 = e tas =72 [ sy

—100

L/V,,Jrioo f_.(ﬁlx""‘ds g2 /0= f(y)dy

27t Ju—ico 1 —s

v+l,p

=0. (5.123)

v+l,p

Note, that we used representation (1.213) to establish the last equality in (5.123).
Conversely, if

=0, (5.124)

v+1l,p

e [ 70w+ her = a7 [ st

then almost for all z > 0

/0z fly)dy = % _+: F(s)9*(1 4 5)p*(1 = )z’ ~*ds. (5.125)
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However, Theorem 1.16 show that it is possible only if almost everywhere on
(v — i00,v + i00) the relation (5.112) is to be satisfied. Thus it leads to the de-
sired limit equality (5.111). The existence of the limit almost everywhere on R,
follows from the radial property of the Poisson kernel (1.14). Theorem 5.16 is proved.
.

5.4 Compositions with the Mellin-Barnes inte-
grals

Throughout this section we deal with the index transforms being represented by
composition (5.107). However, the operator (® f) is the Mellin-Barnes integral of type

1 1—v+4

@NE) =5 [

= 2mi

e () (1 = s)z%ds, z > 0. (5.126)
As is known the Mellin-Parseval formula (1.214) gives us such representation provided
that Mellin reimages exist, for instance, by Theorem 1.16 and belong to the corre-
sponding L,-spaces. Nevertheless, in the case of index transforms of the Kontorovich-
Lebedev type we have to take into account that integral (1.213) for the function ¢*(s)
can be divergent in spite of the fact, that the respective integral (2.128) as for the
function 0(s) remains even absolutely convergent (see Theorem 2.8). For example,
if ¢*(s) = [['(s/2)]7!, then ¢*(s) does not belong any space L,(v — ico,v + i00).
However, one can substitute it in formula (2.128) instead of 6*(s) and observe its
absolute convergence, which can be easily verified by Stirling’s formula (1.32). In
particular, by the similar way the general G-transform of the Mellin convolution type
was introduced (see details in Samko et al. [1], Vu Kim Tuan et al. [1]). Note, that
this approach is also worth mentioning in our considerations below.
So we begin setting the following result.

Theorem 5.17. Let f(z) be from the space L, ,(Ry), where v > 0,1 <p <2 and
let o*(1—v+it)e~™M/2|¢|*~1 € L,(—00,00). If p*(s)f*(1—5) € L,(1—v—ic0,1 —v+
100), then composition (5.107) with operator (5.126) can be represented by formula

(S f] = Z%/ll__f: 2-'T (1 = ") r (1 =2 ”) o () f*(1 = s)ds. (5.127)

In addition, this composition has form (5.100) with the kernel

1 fl-vtico /] — 5437 1—s—ir
.W = — * -3
So(x) ywr ./l—u—ioo F( 5 )F( 7 )Lp (s)(2z)°ds, = >(0. |
5.128
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Proof. To deduce (5.127) apply the Mellin-Parseval equality (1.214). Indeed, due
to the condition ¢*(s)f*(1 —s) € Ly(1 — v — 100,1 — v + ic0) and Theorem 1.16 it
follows that (®f)(z) € Ly, 4(R4) with ¢ = p/(p—1) and the convergence of integral
(5.126) is meant by the L;_,-norm. Meanwhile, by using directly the asymptotic
behavior of the Macdonald function by formulae (1.96)-(1.97) observe that for each
T € Ry we have K;;(z) € L,,(Ry),v > 0,1 < p < 2. Consequently, the desired
formula (5.127) immediately arises, invoking with the Mellin-Barnes integral (2.124).

Furthermore, according to condition ¢*(1 — v + it)e ™/2|t}~1 € L,(—o0,00
and Stirling’s formula (1.33) conclude that the product *(1 — v + it)e~"It/2|¢]v1
asymptotically coincides with the integrand of (5.128). Therefore, appealing again
to the Mellin-Parseval formula (1.214) and taking into account the condition f €

L,p(R4), v> 0,1 < p <2 arrive to (5.100) with the kernel (5.128). This completes
the proof of Theorem 5.17. o

Considering the boundedness of the operator of index transform (5.127) in the
space L,(Ry), r > 1 we need to establish an analog of inequality (5.104). How-
ever, in this case it can be reduced to (5.104), when we assume additionally that
¢*(1 —v +it) € L(R,). Nevertheless, one can estimate the norm of operator (5.127)
in term of the Watson type operator (5.126). Namely, making use composition rep-
resentation (5.107) we arrive to the following theorem.

Theorem 5.18. The indez transform, given by formula (5.127) is a bounded
operator in the space L,(R,),r > 1. Moreover, the following estimate takes place

HISEA1z, < CH(@Nh-vg <00, ¢>1, (5.129)

where C is a some constant.

Proof. First to show inequality (5.129) it is sufficient to take the composition
(5.107) and to apply the Holder inequality (1.8). Thus as above we obtain

S5 < [ 1Ka@@NO]dt < e [~ Koftcos ) [(@1)(0)ldt

1/p
et ( /0 * P-1 K2 (¢ cos 6)dt) (@ ) l1osg < 00, (5.130)

provided that 0 < § < 7/2,v > 0. The fact (®f) € L;-,,(R4) follows from previous
Theorem 5.17. Consequently, integrating through by 7 € R4 in (5.130) in view of
(1.1) we have the relation

sz i, = ([ sz ar)”

oo 1/r
< Cupll@)lmwa ([~ 7877dr) " = CUN@ - (5131)
which leads us to (5.129). Theorem 5.18 is proved. o
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Now one can formulate corresponding Theorems 5.15-5.16 in the case of operator
(5.126), slightly changing conditions accordingly to the Theorems 5.17-5.18.

Theorem 5.19. Let v satisfy the assumption of Theorem 5.15. Then under con-
ditions of Theorem 5.17 on the functions g(1) = [SY, f] representation (5.106) of the
approzimation operator (5.105) is fulfilled.

Remark 5.1. The proof of this theorem and detailed verification we leave for the
reader. Note only, that it is a slight change in the proof of Theorem 5.15 and we may
start from estimation of the following iterated integral

(Ig’g) (z) = % /:o 7 sinh((7 — €)7) /Ow Y (zv)Kir (v)dv

x /0 * Kior(u)(®f)(u)dudr, z > 0. (5.132)

Theorem 5.20. Let 1 < p < 2,0 < v < 1,9(7) = [S{ f] be under conditions of
Theorem 5.17 for f(z) € L,p(R4+). Then for (z) € L1((0,a);log z)NLy41,1([b, 00))N
Liy,(Ry), a,b> 0, and (®f)(z) € Li-,,1(R4) equality (5.111) is true if and only if
functions ¥*, p* satisfy equation (5.112) almost for all s € (v —i00,v +i00). Besides
the limit in (5.111) ezists almost everywhere on R,.

Remark 5.2. The proof of Theorem 5.20 can be established in the same manner

as in Theorem 5.16. However, we need here to assume that (®f)(z) € Li_,1(R4).
In this case, for example estimate (5.115) takes form

|(z29)

9 /°° || (zu(cos € + tsine))||, 2
—cote t2 + 1

<¢

vilp = T

[ ul@nw)

? (cos € + tsine)dtdu

C 00
< Zlllns [ w™I(@F)(w)ldu

0 cos€ + tsing)™Y
x [T LR O < Gl @Dl (5.13)

Finally note , that in subsequent chapters we shall exhibit some examples of
general index transforms which contain hypergeometric functions as the kernels.



Chapter 6

Index Transforms of The
Lebedev-Skalskaya Type

In this chapter we examine separately enough wide class of the index transforms
generated by the following operators

[Rf](r) = /0 “RK, () f(t)dt, 2 = a+ir, (6.1)

[Sf)(r) = /0 SK,()f(1)dt, 7 = a +iT, (6.2)

where we mean as usually by

Ka-h'f (t) + Ka—i‘r (t)
2 )

Kor+|"r(t) - Ka-ir(t)

21 ’
the real and imaginary parts respectively, of the Macdonald function (1.91) of the
complex index z = a+i7,7 € R with fixed real parameter a and variablet € R,. One
can draw a parallel with the Fourier transform (1.191) and the corresponding cosine
and sine Fourier transforms (1.197)-(1.198). Here we have in general the Kontorovich-
Lebedev transform (2.84) and investigate its - and S-analogs as the index transforms
(6.1)-(6.2).

First these transforms appear in Lebedev and Skalskaya [3], namely it was consid-
ered the case z = 1/2 + i7 in connection with applications to the related problems in
mathematical physics. There it was shown the composition structure of the Lebedev-
Skalskaya transforms by means of their representations through the Kontorovich-
Lebedev transform (2.1) and the Riemann-Liouville fractional integral of the order
a = 1/2. We remark here that miscellaneous results on the fractional integro-
differential operators are contained in the monograph of Samko et al. [1]. Later
the Lebedev-Skalskaya transforms were investigated by Rappoport [1], Poruchikov
and Rappoport [1]. Detail consideration of these transforms in L, has been given
recently by the author in Yakubovich and Luchko [2]. The attempt to spread the

RK,(t) =

(6.3)

SK,(t) = (6.4)
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Wimp approach on the Lebedev-Skalskaya transforms is undertaken in Yakubovich
et al. [1, 1994].

6.1 Useful representations and estimates

The aim of this section is to provide necessary integral representations and mis-
cellaneous estimates for kernels (6.3)-(6.4) and apply it to study below the mapping,
inversion and convolution properties of the Lebedev-Skalskaya type index transforms.

We begin from integrals (1.98), (2.83) and (4.47) related to the Macdonald func-
tion (1.91) to obtain the respective representations for functions (6.3)-(6.4). Indeed,
taking, for instance integral (4.47) and using elementary trigonometric formulae we
immediately deduce that

RKotir(z) = /ooo e™=°*"? cosh(aw) cos(Tv)dv, (6.5)

SKotir(z) = /ooo e~=*h sinh(aw) sin(7v)dv, (6.6)

where we mean z > 0 and a € R. Hence it is not difficult to obtain the following
uniform by 7 € R inequality

{5} Ko

We need to comprise also the case of inequality (1.100) for the Macdonald function.
Consequently, in the same manner by analytic continuation of the integrand in (6.5)-
(6.6) on the strip 8 € (26 — 00,18 + co) with § € [0,7/2) one can write key formulae

< /000 €= cosh(av)dv = K,(z). (6.7)

1 fif+oo hB+i

REK i (z) = 3 ) e~=coshB+iB osh(aB)dB, = > 0, (6.8)
1 16400 h .

SKatir(e) = 5 e b+i76 sinh(aB)dB, = > 0. (6.9)

Therefore we find the inequalities being involved as follows

{f} Kotir(z)

)

6—51'

<

/ e—a:cos&cosh‘ucosh(av)dv = e_&r](a(:l) Ccos 5), (610)

where § € [0,7/2), z > 0. In particular, when a = 1/2 it becomes

R
{ g} Kijayir(2)

s

S c—ﬁf—-zcosés‘ (611)

2z cos §
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Considering integral representation (2.83) immediately obtain the formulae

1 feo -
REKoir(z) = 5/0 e =242 cog(r log v)dv, (6.12)

1 [ —1
SKotir(T) = 5/0 e~= ) 2pa"1 5in(r log v)dv, (6.13)

that can be deduced directly from the above representations by the interchange v =

ev.

Let us touch now some reasonable formulae for the product of the functions
RKopir(z), SKayir(z) of different arguments. Our start point is the Macdonald
formula (1.103). So it is clear that one can write the identities as

1

R [Katir (2) Kair ()] = 5 / exp <_§ (%Jr + ))Maﬁ,(u)d—;i, (6.14)

S (i (2) Karin(y)] = 3 / exp (—-;- (’:y + 4t )) szfc.“,(u)%". (6.15)

Turn first to formula (6.14). The left-hand side of it yields
R [Ka+ir($)Ka+iT(y)] = RKorir(2)RKarir(y)

—S‘Ka.'.;,-(z)S‘Ka.,.;,-(y). (6.16)

Further, one can calculate the following useful integral that slightly different from the
right-hand side of (6.14), namely

L(z,9,7) = / exp (—% (%y+ " ))RKG_IHT(u)du. (6.17)

For this begin from formula (4.82), meaning instead of the index a the complex index
a +i7. Hence observe, that it is possible the differentiation through in (4.82) by the
parameter 3 in view of the uniform convergence of the integral by 8 > 1. Therefore,
making use the identity in Erdélyi et al. [1]

:cEd;K,,(z) = K, (2) = 2K,y_1(2), (6.18)

setting 8 = 1 and invoking with the Macdonald formula (1.103) find that the left-hand
side of (4.82) generates the equality

1 foo 1(zy zu uy d .
2'/;) xp (—2 ( u + y t z )) dch,.,.,.,(u)du
= _I(a+if(m)Ka+i‘r(y)
1 foo 1(zy zu
—5/(; exp (—5 (— —+ )) Ko 14ir(u)du. (6.19)
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Meanwhile, differentiating the right-hand side of (4.82) by 8 and letting there § =1
it is not difficult to deduce from (6.18)-(6.19) the final expression as

1 [ 1f{zy =zu uy
= S E T Y)) Kargir (w)d
2/0 exp( 2(u+y+z)) vir (u)du

T
=5 _f,yz [2Ka-14ir(y) Kotir(2) — yKa14ir(2) Kasir (y)] - (6.20)

Consequently, taking the real part through in equality (6.20) we obtain the value of
integral (6.17), namely

Io(z,y,7) = [1:?)? [Ka-14ir(¥) Kayir(2)] — yR [Kam14ir(2) Katir (¥)]] . (6.21)

In the case @ = 1/2 one can reduce formula (6.21) to more simple form. Indeed, invoke
with the evenness of the Macdonald function by its index and find that K_;/54:r(z) =
Kyj2-ir(z) = K;(z), where z = 1/2 + i7. Therefore, equality (6.21) can be simplified
to the identity

Lipa(z,y,7) = z—ﬁ/g [RE /2460 (2)R K1 /2402 (4) + SKip24ir (2) S K1 /2400 (v)] . (6.22)

Hence, combining with (6.14) obtain the analog of the Macdonald formula (1.103) for
R-functions

REK1/24ir(2)REK 124 (y)

1 e 1(fzy =zu wuy 1 1 1
= 4/(; exp (—2 ( " + y + ?)) §RK1/2+,,(u) (; + ; + ;) du. (623)

Similarly, appealing to (6.16) the related formula with the product of S-functions in
the left-hand side is straightforwarded, namely

3K1/2+i‘r(z)gK1/2+i‘r(y)

4/ exp (—— (x"" + 24 )) R 2 4ir (1) ( + i - —) du.  (6.24)

As is easily seen, putting in formula (6.23) 7 = 0 in view of the value of the
Macdonald function Kj/,(x) we arrive to the identity

e~ Y

el ) (o) g o

Finally in this section we demonstrate some index integrals being corollaries of
the above representations. For instance, by virtue of the inversion of the cosine and
the sine Fourier transforms one can deduce from (6.5)-(6.6) the following formulae

/ RK pyiy(z) cos(yr)dy = ge_”“h’ cosh(ar), z > 0,7 > 0, (6.26)
0
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/0 SK otiy(z) sin(yr)dy = %e"”s‘" sinh(ar), £ > 0,7 > 0. (6.27)

Furthermore, direct computations with the Fubini theorem by virtue of formulae

(6.23)-(6.24) enable us to obtain the equalities (see formulae 2.16.55.2 in Prudnikov
et al. [2])

[ cos(ar)RE a4 (2)RE p4in (y)dr

s a T+y
= —cosh — K ( 2 4 y?
PRt [\/1‘2+y2+2zycosha ! \/z ty +2£y008ha)

+Ko (\/:r,2 + y? + 2zy cosh a)] , (6.28)

/(; c0s(aT)SK1/24ir (2) S Ky j24i- (y)dT

™ a r+y (
= —cosh — K 24 .2
19 [\/a:2 + 9%+ 2zycosha | \/z +y* + 22y cosh a)
—-K, (\/m2 + y? + 2zy cosh a)] . (6.29)

As the corollary of above formulae (6.28)-(6.29) we give below the following one

/000 cos(ar)R [K1/2+;f(z)K1/2+-'f (y)] dr

T a
=5 cosh §Ko (\/:z:2 + y? + 2zy cosh a) . (6.30)

6.2 The Lebedev-Skalskaya transforms

Our purpose here is to establish the mapping properties and inversions of Lebedev-
Skalskaya transforms (6.1)-(6.2) in the weighted space L,,(R4). In particular, in
the case @ = 1/2 one can illustrate suitable inversion formulae and the Parseval-
Plancherel identities. However, we begin from the case of a general a to give theo-
rems analogously to Chapter 2 where we studied in detail the Kontorovich-Lebedev
transform. Assume that 7 € R;.

Theorem 6.1. The operators of the Lebedev-Skalskaya transforms (6.1) — (6.2)
map the space L, ,(Ry), wherep > 1, v < 1—|a]| into the space L,(R,), r > 1 and pa-
rameters p,r in general have no dependence. Furthermore, functions [Rf](7), [Sf](7)
are infinitely differentiable ones for any f € L, (Ry) with the parameters v and p
given above.
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Proof. The proof is straightforward by using the Holder inequality and obtained
estimate (6.10). Indeed, we have inequalities

({514 0| < [T} ensttso)

0o 1/q
< e ([ Ka(y cos 19~y 1l
= Cv,ﬁ,a,qe—sfllf”l/.p’ q= P/(P - 1), (631)

where C, 54, is a constant provided that ¥ < 1 — |a| (in view of the asymptotic
behavior of the Macdonald function K,(z cosé)) and § € (0,7/2). Consequently,
clearly that L,-norms of Lebedev-Skalskaya transforms (6.1)-(6.2) can be immediately

estimated as follows
. r 1/r
330, - (IEs ] ef «)

o0 1/r
< Cusaallfllvs ([ €dr) " = Clifllns (632)

where C is an absolute positive constant.

Further, appealing to (6.8)-(6.9) it is easy to show a performance of the differ-
entiability by 7 > 0 under integral signs in view of the uniform convergence of the
obtained integrals. Precisely, we find that for ¥ =0,1,...,

;: . ({ ‘%} Ka+.r(x)) . /_ Z T oomhuHiTY () {::1}:((23 } dv. (6.33)

6‘% ({2} Ka+.~,(x)> < /0 ” gmrcoshuyk {C?Sh(‘"’) } dv. (6.34)

sinh(aw)
Hence for the Lebedev-Skalskaya operators (6.1)-(6.2) it follows that

{5 o= [ ({8 o) s, (6.35)

and therefore, recalling the Holder inequality we continue

s [{ }f]() ;kk ({ }Ka+w(t)> f(t)ldt

| gk (R
< Wllat®e) [ |2 ({5} o)
One can show that the integral at the right-hand side of equality (6.36) is a constant
being uniformly estimated by 7 € R, by using the generalized Minkowski inequality
(1.10). Namely, invoking with (6.34) it can be treated as follows

(/ RE= ({ }Ka+.-,(y)) qyu-u),,_ldy)l/q

Thus

V]

1/q
y(l'")q'ldy> ) (6.36)
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cosh(aw) 0 coshy (1—p)o 1/q
< gycoshv, (1-v)g—1 )
/ { sinh(aw) } (/o ¢ y dy v

=g ) 7 e o b = O <o, 030

cosh!™" v | sinh(aw)

where C, ok is a constant. Indeed, one can easily verify under condition v < 1 — |¢|

that it provides the convergence of the integral by v in (6.37). This completes the
proof of Theorem 6.1.

Let us define the range of the Lebedev-Skalskaya index transforms of L, ,-functions
similarly to space (2.13) by

15y = {05 ot = [{5 7] 0 e bu®ab p2 1 v <110l 39

In order to establish inversions of the Lebedev-Skalskaya operators in suitable form
of the approximation operator like (2.14) by means of the representations obtained
above attract our attention to the case o = 1/2. Without loss of generality consider
now in particular, R-transform (6.1). To describe the range (6.38) in this case define
the approximation operator such that

4z° [
(Ifg) (z) = F/o cosh((m — 2€)T)RK1j24ir (z)g(7)dT, (6.39)
where ¢ € (0,7/2), z > 0.
Theorem 6.2. On functions g(7) = [Rf](r) being represented by the Lebedev-

Skalskaya transform (6.1) with @ = 1/2 and f € L,,(Ry), 1 < p < o0, v < 1/2,
operator (6.39) has the following form

(1%) (2) = & “"E[/ ka(v%2+y — 2oy cos(2¢) ) f(v)dy

o (z+y) K, (\/zz +y? —2zy cos(2e))
+/<; \/12 + y? — 2zy cos(2¢)

f@ﬂ4,x>& (6.40)

Proof. First by virtue of (6.11) and (6.31) observe that for each € € (0, 7/2) one
can deduce the estimate, namely

I(Ifg) (z)I < ﬂe—rcws

T cos §

X /m cosh((r — 2¢)7)e"2"dr
)

co: dy co
—ycos$ <C . e—1/2 —zcosé s 6.41
X A € lf(y)l\/g - &, z e ||f” P ( )
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where -
— _ —261'd
Cs,e - /0 cosh((m — 2¢)7)e T
oo 1/q
X (/ e'”qmsy(l/z"”)q"ldy) < o0 (6.42)
o

owing to the conditions ¥ < 1/2 and /2 — ¢ < § < m/2. Consequently, substituting
the value of g(7) being given by formula

9(r) = [ REs i) W)y, (6.43)

in (6.39) change the order of integration appealing to the Fubini theorem in view
of estimate (6.42). Finally, call representation (6.28) which leads us to the desired
formula (6.40). Theorem 6.2 is proved. o

Turn now to the inversion of the Lebedev-Skalskaya transform (6.43) of L, -
functions in terms of the approximation operator (6.39).

Theorem 6.3. Let g(7) be given by formula (6.43) , where f € L, ,(R}), p >
1, -1 <v <1/2. Then

f(z) = (I*9) (2), (6.44)
where (I*g) (z) is understood as
(I%9) (z) = lim... o (I%9) (z), z >0, (6.45)

by the L, p-norm (1.19). In addition, the limit in (6.45) exists almost everywhere on
R;.

Proof. The proof of this theorem shall be completed in the same manner as for
example in Theorem 2.2. Denoting by

R(z,t,€) = z°*'sine [sin 2e(t? + 1)Ko (x sin 2¢(#2 + 1)1/2)
+ (1 + cos 2¢ + tsin 2¢)(t + 1)Y/2 K, (z sin 2¢(¢* + 1)1/2)] , t> —cot2, (6.46)

R(z,t,e) =0, t < — cot 2, (6.47)
interchange variable in (6.40) by the replacement y = xz(cos 2¢ + tsin 2¢). Hence we
obtain for € € (0,7/2) that

(1%9) (z) = = / t2+ - f(a(cos 2¢ + tsin 26)) R(z, t, €)d. (6.48)

Meanwhile, it is not difficult to see, that due to formulae (1.96)-(1.97) of the asymp-
totic behavior of Macdonald’s functions Ko(2), Ki(z), for any t € R, z € R, and
€ € (0,7/2) it follows that |R(z,t,€)| < C, where C is a positive constant and

511'1101+ R(z,t,¢) = 1. (6.49)
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Further, owing to the generalized Minkowski inequality (1.10) estimate L, ,-norm of
the operator in the left hand-side of (6.48). We have

(z29)

1o 1 .
1 ,
oS g a(cos2e + tsin2e)) Rz, 1, )yt

241
00 l .
<C /_ corze EF 1IIf(:c(cosze: + tsin 2¢))||,,dt
o0 2¢ + tsin2e)™
= C Y / (COS dt _ ) 0
”f” P J_cot2e 241 Clllf“ \P) (6 )

where constants are provided by the boundedness of the function fl(:z:,t,e) and uni-
formly convergent integral (5.116) under —1 < v < 1/2. Therefore, making use
properties of the Poisson kernel (1.14), Theorem 1.4 for L, ,-spaces, continuity of
L,-norm and limit relation (6.49) immediately conclude that

[|(229) - 1

1 fo 1 .
< - - :
- /_ 2 le(z(cos 2¢ + tsin 2€))R(z, t,¢€)

—f(@)||spdt = 0, € = 0 +. (6.51)

The existence of the limit almost everywhere on R, one can motivate by Theorem
1.3. This ends the proof of Theorem 6.3.

As a corollary estimate (6.50) gives the uniform by ¢ inequality of kind
[(29)l,, < ¢ ||(1%9)

for any g € LSY*(L,,), p > 1, =1 < v < 1/2. Consequently, Theorem 6.3 implies
that

(6.52)

w,p wp

RfI(7) =0, f€ LyRy), p21,-1<v<1/2, (6.53)

if and only if f(z) = 0 almost everywhere on R,. Furthermore, one can introduce a
norm in the space LSY?(L, ) for instance, by the equality

lollsirzr, gy = 1fllops 9 = [(RF(T). (6.54)

Let us prove next theorem to obtain a description of the range (6.38).

Theorem 6.4. An arbitrary function g(7) being defined on Ry belongs to the
space LSV*(L,,), p > 1,—-1 < v < 1/2, if and only if g(r) € L,(Ry), where
1 < r < 0o in the necessity part, 2 < r < oo in the sufficiency part and also

Lim.enos (I%g) € Lup(Ry). (6.55)

Proof. The necessity of condition (6.55) follows directly from Theorem 6.3 and
estimate (6.32). Let us prove the sufficiency. Assume that g(7) € L,(R}), 2 <r < o0
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and relation (6.55) holds. Our purpose is to show that in this case there is a function
f € L, , under conditions on parameters v, p in the theorem such that the equality

g9 = [Rf] (6.56)

takes place. As is easy to conclude from condition (6.55) that for enough small € > 0
the function (Ifg) belongs to L,,(R4), p > 1,—1 < v < 1/2. Moreover, one can
calculate the following composition of operators (see also (6.43))

[® (1%9)] (r) = /0 " R jarin(y) (1R9) (v)dy. (6.57)

As usually for a set of smooth functions g with a compact support on R, which is
dense in L,, substitute the expression of the operator (I?) given by formula (6.39)
in (6.57) and change the order of integration. The inner integral arises, namely

I(Tﬂf) =/0 y‘?RKl/2+;T(y)§fil{1/2+;,(y)dy, (6-58)

and it can be evaluated by formula 2.16.33.2 in Prudnikov et al. [2] (see also (2.30)).

Hence we obtain
22 1 e+i(t+7) e+14i(r—1)
I(T’t)_I‘—(S[e2+(r+t)2 I‘< 5 +1)|T —

F(e+i(2'r—t)+1)F(e+l+2i(r+t))

2

1
+(;‘2<i-(r—t)2

] S e

Consequently, one can write composition (6.57) as follows

[® (1%9)] (7) = gu(r) = % /0 * cosh((r — 26)t)I(r, t)g(t)dt, (6.60)

for € € (0,7/2). In order to spread equality (6.60) for all ¢ € L,, we may prove
the boundedness of the operator in the right-hand side of (6.60). However, owing to
(6.59) and Stirling’s formula (1.33) the kernel of the integrand there equals to

0 (e-2€‘+"l(f-f>-l‘-f|1/2) , (t,7) € Ry x Ry, € € (0,7/2). (6.61)

One can establish the estimate like (2.33), namely, according to the Holder inequality
(1.8) there exists some parameter § € (7/2 — 2¢,7/2) and a constant C' such that

[[R (120)] (7)] < 0=/ [7 ela2eogaya < oCllgll. (662)

Thus we find the boundedness of the operator in the right-hand side of (6.60) in the
space L., 2 < r < co. Hence invoking with (6.59) and simple interchanges of variables
one can represent the function g.(7) as

2¢  g(ev — 1)
F(5+ 1)7['2 T/e 'U2+ 1

9:(1) =
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x cosh((r — 2¢)(ev — 7)) T (e(“;_“’) n 1) r (iT N % L e - iv)) i
2¢ /e g(T — ev)
+r@+1y2[w 11
 cosh((x — 2¢)(r — ev)) [T ((i;——) +1)r(ire g4 058 "")) dv
= g1¢(7) + g2¢(7)- (6.63)

Let us estimate the absolute value of ¢,.(7) depending on variable 7 > 0. Indeed,
owing to (6.61) we find

|gle(T)| < Ce 0°° ("_Tlgt()tz)—l_i_—e—z‘dt (664)

Making use the Holder inequality (1.8) and taking 7 > 1 arrive to the following
relations
© 1 1/r
aon ey ([ )
Igl (T)I = E”g“ < o ((T+t)2+52)r>

€
< Cl;_—ﬂl—/r”ynr, r'=r/(r-1), r <oo. (6.65)

Meanwhile, for 0 < 7 < 1 we set

l!he(T)ISCE( 01 lg(?)] dt+/;°° lg(2)] dt)

12 + €2 12 4 ¢2
= C6 (11(6) + 12(6)) . (666)
Hence for the integral I, we obtain
o dt 1/r'
Ly(e) < lgll- (/1 t2"> < oo. (6.67)

Conversely, the integral I; can be estimated as follows

dt

o 2462 Jo t2+1

. dt 1/r'
< -1/r /
— “g”"'a ( o (t2+l)rl>

< e |g|l, = 0, € = 04,7 > 2. (6.68)

Combining results in (6.67)-(6.68) find that under 2 < r < oo the function g.(7) €
L.(R,) and moreover,

ehe)=c [ 1O _ [ lote)

ll91ell- = 0, e > 0 +. (6.69)
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Concerning the function from (6 63) one can write

® g(r —ev) (: B ) :
g2¢(7) = - —v2 T H i h(r,v,€)dv, (6.70)
we H(z) is the Heaviside function and h(r,v,€) defined by formula
. 2¢
h(T, ’l),E) = m COSh((ﬂ‘ - 26)(7‘ - ev))
2
xlr( (lzw)“)r( +z +€—(1g—“’)) (6.71)

Taking into account the above estimates and conditions of this theorem invoke
with the generalized Minkowski inequality (1.10) and supplement formula (1.29) for
gamma-functions. Hence from equality (6.63) we obtain

llge — gll- < llgrellr + llg2e — gll-
<llowelle + 7 [ =
S el T Jooo ’1)2+1
X ||g(T —ev)H (g - v) il(T,v,E) —-g(7)

dv—0,e—-0,2<r<oo. (6.72)
However, on the other hand, estimate (6.31) implies that the operator [Rf] is bounded
inL,p p>1,—1<wv <1/2. In other words, there exists the following limit in L, ,-
norm (1.19)

lim..o4 [§R (]fg)] = [%l.i.m.z_.w (I?g)]
= [Rf], f = (I%9) € L,p(Ry). (6.73)

Since the composition [§R (I?g)] converges in the L,-norm too, the limit functions

coincide almost everywhere on R,. Thus from equality (6.73) we lead to (6.56). The-
orem 6.4 is completely proved. e

Remark 6.1. In the same manner one can treat the S-transform (6.2) in the case
a = 1/2. Thus we obtained pairs of reciprocal formulae for the Lebedev-Skalskaya
R-, S-transforms such that

[Rf)(r) = /0 " RKy 2110 (2) f(2)dz, (6.74)
f() = =5 [ cosh(rr)RKasir(2)RSN(r)dr, (6.75)
(817) = [ SKsasir(@)f (@), (6.76)
1) = 25 [ cosh(xr)SKsagir (2SS, (6.77)

where we mean f € L,,(R;) for 1 < p < 00, —1 < v < 1/2 and integrals (6.74),
(6.76) converge absolutely. Meanwhile, the convergence of integrals (6.75), (6.77) are

meant in terms of the corresponding approximation operators (6.39) (If) , (IE‘) by
respective Theorems 6.3-6.4.
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6.3 Ly-theory of the Lebedev-Skalskaya trans-
forms

We are going to consider here the limit case of the range (6.38) LSY/*(L,,) for
the Lebedev-Skalskaya transforms (6.74), (6.76), namely when v = 1/2 and p = 2.
In other words, we take f from the space Ly(Ry) = Lyjz2(Ry). Attracting our
attention to the R-transform we construct the Plancherel theory similarly as for the
index transforms considered above.

In accordance with formula (2.43) let us define the R-transform (6.74) in the form

N
[RA)(r) = Limyoco [ o R 2 ()W), (6.78)

where f € L,(R4) and the limit in (6.78) is understood in the meaning of convergence
in certain Hilbert space that shall be defined below. The integral in (6.78) converges
absolutely owing to Theorem 6.1. Indeed, if f(z) € Ly(R;), then for any number
N >0 f(z) € Ly([1/N, N]). Furthermore, the estimate

N

N
[Py < © [ 17 Pdy = O gummy (6.79)

enables us to conclude that f(z) € L,2([1/N,N]) for any —1 < v < 1/2. Conse-
quently, due to Theorem 6.1 integral (6.78) is absolutely convergent and the Lebedev-
Skalskaya transform (6.78) of the function fy = f(z), z € [I/N,N], f(z) =0, 0 <
z < 1/N exists.

Appealing to formula (6.75) determine the Hilbert space Lo (R+; :—zcosh(wr))
with the norm

D) oo ) 1/2
“h”LQ(R.,.;"—’;cosh(ﬂf)) = ; (/0 OOSh(WT)lh(T)l dT) . (680)

Hence take the inner product in this space and write formally

(1), o)) = = [ cosh(rr) A1) ReT ()

= 27 cosh(xn)RA) [ REzvir (1))
= /000 :‘J—(y_)dy% /Ooo cosh(nT)RK /24 (y) [RF)(7)dr

= /Ooo F@9@)dy = (f,9) L&) (6.81)

where the notation (,)z, is fixed for the inner product in the space Lz(Ry). The
respective conditions of validity of equalities (6.81) can be given by
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Theorem 6.5. If g(z) € Li(Ry;e *°%/\/z) and [Rf] € Li(Ry;exp((r —
8)7)), 6 € [0,7/2), then the Parseval equality for the Lebedev-Skalskaya transform
(6.74) takes place

(RS, [Ra]) = (£, 9)- (6.82)

In addition, for f = g we obtain the isometrical identity in the form

151l = Ry 1y cosren) (6.:83)

Proof. The proof of this theorem immediately follows from estimate (6.11) and
Fubini’s theorem that allows us to change the order of integration in (6.81) by virtue
of the absolute convergence of the respective iterated integral. o

Similarly as for the Kontorovich-Lebedev transform (2.43) one can verify the va-
lidity of the Parseval formula (6.82) for the space of smooth functions with compact
support on R,. Although here it is enough to take functions from C(V(R,) . Nev-
ertheless, we need to establish useful integral representation to estimate the kernel
RK1/24ir(z) by the index 7 at infinity for each fixed z > 0. Indeed, according to
(1.105)-(1.106) (see also Erdélyi et al. [1]) one can extend these formulae on the
complex parameter g = Rp+:i7, |Rp| < 1, 7 € R in view of the uniform convergence
by u being verified with the aid of the replacement v = sinh u as well as Abel’s test of
the uniform convergence of integrals. Consequently, letting there p = 1/2 + i7 after
simple manipulations it is not difficult to obtain the representation in the form

cosh (g) RK1/24ir(z) = -\}—é /:o cos(Tu)

X [cos(z sinh u) cosh(u/2) + sin(z sinh u) sinh(u/2)] du, = > 0. (6.84)

Further, in the same manner integral (6.84) converges uniformly by z € [0,a], a > 0.
Therefore, integrating through in (6.84) by z we find that

L z 1 o
cosh () [ Riyjaeir(t)dt = 25y costrw)

[sin(z sinhu) 1 — cos(zsinhu)

sinh(u/2) cosh(u/2)

Meanwhile, one can show that for each fixed z > 0 the function

] du, > 0. (6.85)

cosh(w7/2)|RK;jo4i-(z)| < C

uniformly by 7 € R,. Namely, to prove it consider separately each integral in (6.84),
dividing it for two ones. First as is evident from the uniform convergence of the
integral (6.84) by 7 € [0, A), A > 0 the function cosh(n7/2)RK1/24:-(z) is continuous
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by 7 for any x > 0. Thus we may to show its boundedness at infinity. For the first
integral in (6.84) we have

I(r,z) = /Ooo cos(z sinh u) cosh(u/2) cos(Tu)du

_ ( /0 Ny /N °°) cos(z sinh u) cosh(u/2) cos(ru)du

= Ii(7,z) + I(r,z), (6.86)

where N is an enough big positive number. The integral I;(7, z) is absolutely conver-
gent and consequently, it follows that |I(7,z)| < C. For the second integral in (6.86)
we find with the interchange v = sinh u that

oo cos(zv) cos (7 log(v + (v? 1/2
Iz(r,z):o(/m (2v) (lf/(5+( +1) ))dv>
o COS (mv + 7log(v + (v2 + 1)1/2))
=o(/~l 7 v

o cos (zv — Tlog(v + (v 1/2
+O(~, ( 1gf/5+( +1)12) ) O Ui, 2)40 U, ). (657

Treat each integral in the right-hand side of (6.87) integrating by parts and considering
enough big 7 € R,. Then, for instance, we obtain

o cos (zv 4 7 log(v + (v? 4 1)1/?)
Iu(r,z) = /;v ( /o )dv

sin (zNy + 7log(Ny + (NF +1)1/2)) (N2 + 1)1/?
NN+ 1) 1)
1 foo sin (:w + 7log(v + (v2 + 1)1/2)) (vV*+ 1)1/2
'U

*3 I, o (z(w? +1)172 +7)

o Sin (zv + 7log(v + (v? + 1)1/2)) Vo(v? + 1)“/2d
v
M @ + 175 7)
oo sin (:cv + 7log(v + (v* + 1)1/2)) Vv
+z ~/N1 (z(v? 4 1)1/2 4 7)?

Hence is obvious to observe that for each z > 0 the right-hand side of (6.88) is
bounded by 7 and we have

dv. (6.88)

[I21(7,2)| <

(6.89)

3/2 ’
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where C; is a constant that does not depend from 7. So we obtained that I (7,z) =
O(1), 7 — oo. Similarly verify the integral In,(7,z) in (6.87), integrating by parts
and choosing finally N; enough big number to separate a denominator of the inte-
grand from possible zeros in this case. Then details of this verification as well as
the estimation of the second integral in (6.84) we leave to the reader. Thus con-
clude our desired assumption concerning the uniform boundedness of the function
cosh(77[2)RK 1 j24ir(Z)-

Theorem 6.6. If the function f(z) € C(R,), then the Lebedev-Skalskaya trans-
form (6.78) belongs to the space Li(Ry;exp(wT/2)).

Proof. It is a simple matter to check that integral (6.78) is absolutely convergent
and under conditions of the theorem defines a continuous function of the variable
7 € R,. Moreover, one can write multiplying through in (6.78) by cosh(w7/2) that

cosh(77/2)[RS](r) = cosh(r7/2) /0 * RK i () f(y)dy

= cosh(r7/2) [ RKiyaeir (1) (0)dy, (6.90)

where we denoted by I the support of a function f being a compact set on R,. Hence
integrating by parts in (6.90) it becomes

cosh(r7/2)[Rf](r) = — cosh(r7/2) /0 “ Fy) /0 RK, jpair (1), (6.91)
Now calling representation (6.85) substitute it into the right-hand side of (6.91) and

change the order of integration by the Fubini theorem according to an absolute con-
vergence of the iterated integral. Denoting by

1 N .
Fi(u) = m/h f'(y) sin(y sinh u)dy, (6.92)

Fy(u) = m / F'(y)(1 — cos(y sinh u))dy, (6.93)

where we mean by I; the support of the function f’ arrive to the equality of type
cosh(n7/2)[RS](r) = / [Fu(x) + Fa(u)] cos(ru)du. (6.94)

Hence one can achieve the order of integrability by 7 at infinity of the function
cosh(n7/2)[Rf](7) taking into account differential properties of functions F(u), i =
1,2 and their vanishing with derivatives, when u tends to zero or infinity. Thus twice
integration by parts leads to the representation

cosh(r7/2)[Rf](7) = 7_1—2/000 [F{'(u) + F}(u)] cos(Tu)du. (6.95)

Therefore, owing to an absolute and uniform by T € R convergence of the integral
at the right-hand side of (6.95) being verified directly by a summable majorant we
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obtain that it equals O(1/7%), T — oco. This ends the proof of Theorem 6.6. o

Theorem 6.7. For the functions f(z) from the space CM(R,) the Parseval
equality (6.82) is true.

Proof. As it straightforwards from the previous theorem and Theorem 6.4 for
functions f € C(R,) formula (6.75) holds. Besides integral (6.75) is absolutely
convergent owing to the above estimates and one can derive the series of equalities
(6.81), taking into account the compactness of a support of the function f(z) and by
using the Fubini theorem. o

As for the Kontorovich-Lebedev transform in Chapter 2 choose an arbitrary func-
tion from Ly(R;). As is known there exists some sequence of functions with the
compact support from the space CM)(R,) being convergent to the given function f
by norm of the space Ly(R;). Denoting as usually through f, the common term of
this sequence from Theorem 6.7 we deduce the equality

[T 1@~ fm(@)de = 25 [ cosh(xr)[REN) ~ RAn(P)Pdr.  (696)

The left-hand side of equality (6.96) tends to zero by m,n — oo by virtue of the
completeness of Ly(R,). Consequently, the sequence {[Rf,](7)} is the Cauchy se-
quence. Furthermore, there exists a function k(1) = [Rf](7) € L, (R+; % cosh(wr))
such that [Rf,](7) — A(7) by the norm of this space. As is clear

RL)) = [ Ry () (), (6.97)

where I, is meant the least segment being contained the support of the function f,.
Hence integrating through in (6.97) by 7 we find

/(;T[%fn](t)dt = /I.. fa(y)dy /OT REK1/240(y)dt

= [ RE v )y, (6.98)
where we put by

RK(r,y) = /0 RK1/24ie(y)dt. (6.99)

Turn now to the left-hand side of the equality (6.98). In fact, since [Rf,](t) belongs
to L, (R+;%cosh(7rt)), consequently [Rf,] € L2([0;7]). As [Rf.](t) — [Rf] by the
norm of the.space L, (R+; % COSh(ﬂ't)) and

[ IR0 - RAOPd < CNRE - RO r, g gy (6100)
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then [Rf,] — [Rf] by the norm L([0; 7]). Hence the Cauchy-Schwarz-Bunyakovskii
inequality implies

[ Rz - ®A@)E| < [ 1RSI - BRI

Therefore,

lim /o "RS(0)dt = /0 "IRA(t)dt. (6.102)

In the similar manner one can pass to the limit at the right-hand side of (6.98)
preliminary derived an absolute convergence of the respective integral. Indeed, the
function f,(z) € L,(R,) and moreover, we find that

0o 0o 1/2
[T RK G faldy < ([T 1RE @) 1l (6.103)
0 0

Let us show that for each 7 > 0 the function RK(7,y) € L:(R;). Indeed, recall
representation (6.84) and invoking with (6.99) obtain

T t
RK(r,y) = C, /O cosh (3’2—) RE 2ie(y)dt

C‘r T 0o
= 7 o dt/0 cos(tu)
x [cos(y sinh u) cosh(u/2) + sin(y sinh u) sinh(u/2)] du, (6.104)

where C; is a constant. However, according to the uniform convergence of integral
(6.84) by T one can perform the integration through in the right-hand side of (6.104)
that gives

_C sin(Tu)
RK(r,y) = 7% /0 -
X [cos(y sinh u) cosh(u/2) + sin(y sinh u) sinh(u/2)] du. (6.105)

In the last integral make the replacement v = sinh u and consider the right-hand side
of equality (6.105) as the sum of the cosine and the sine Fourier transforms with some

coefficients that depend from y for each fixed 7 € R,. For example, the first integral
shall appear as

sin (T log (v + (v? + 1)1/2))
(v2+1)2log (v + (v? + 1)1/2)

/0 ~ cos(yv) (v2+1)1/2 41 dv. (6.106)

The integrand here is a bounded function of v > 0 and equals O(v=/2log™ v) at
infinity. Consequently, it belongs to L2(R4) and as is known from the theory of
Fourier integrals (see details in Titchmarsh [1]) the cosine Fourier transform related
to (6.106) defines a L,-function of y € Ry. In the same manner one can treat the
second integral in (6.105), appealing to the property of the sine Fourier transform.
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Thus, RK(7,y) € Ly(R4). Moreover, the limit relation f, — f by the norm of
Ly(R,) and Cauchy-Schwarz-Bunyakovskii inequality imply that

lim [T RE( @)y = [ RK(r,9) 1 (0)dy (6.107)

and together with the limit in the left-hand side of equality (6.98) we obtain
[ ®nwe = [7RK @) 1@)d. (6.108)
Meanwhile, [Rf] € L, (R+;1%cosh(7rt)) and it means [Rf] € Ly((0,N]). There-

fore, we find that [Rf] € L,((0, N]). Consequently, one can differentiate through in
equality (6.108) and to deduce for almost all 7 > 0 the formula

R = o 7 RE(r, )1 (6.109)

Turning to the isometrical identity (6.83), being spread for all functions f(z) €

Ly(R,) observe that the R-transform [Rf] € L, (R+; % cosh(7r7')) owing to the con-
tinuity of norms from the relation

fallams) = IR Falll, (R4 coshrr)- (6.110)

Hence as usually set in (6.82) g(y) =1, 0 <y < z, g(y) = 0,y > z. This can be
derived to the identity of kind

/Ox fly)dy = %/000 cosh(wT) /: RK j24ir (w)du[R f](7)dT. (6.111)

However, recalling formula 1.12.1.2 from Prudnikov et al. [2] (see (2.71)), one can
easily write the value of the inner integral at the right-hand side of (6.111), precisely

/z %1(1/2+,‘7(u)du
o
/271247 D(1/2 + 47) 1/2 —it . 5/2—ir z?
—§R1/Z+i‘r [ 1/2_27_ 1F2 9 ) 1/2-”-) __Q-—,I
23/2—612—3/2-1'11‘\(_1/2 _ ,”,)
R/ [ 3/2 —ir
— 3 — 2
x1 Fy (3_/2_2£ 3/2 + i, 7/22 ";%)]. (6.112)

Hence, differentiating through in (6.111) by z and denoting the right-hand side of
(6.112) by S(z,7) we obtain the dual formula for the Lebedev-Skalskaya transform
(6.109) as follows

f(2) = 2L % cosh(rr)S(a, r)RS(r)dr. (6.113)

w2dz Jo
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In order to formulate the Plancherel theorem for the Lebedev-Skalskaya transform we
may prove that formula (6.78) holds, precisely speaking our purpose is to establish
that the Lebedev-Skalskaya transform [Rf] is the limit in mean by the norm of the
space L (R+; = cosh(7r1')) of the integral

N
[ BEs24io () )y

with an arbitrary Ls-function f. For this in the same manner as in Chapter 2 from
equality

RIn(r) = 2= [ RK () ()

= % /:N RK(7,y)f(y)dy (6.114)
it follows that . N
RI)(r) = [ RE e () (1) (6.115)

Consequently, invoking with (6.83) we arrive to the relation

IRf] - [%fN]“iz(R.,,;;‘fcosh(w‘r)) =If = vl ry)

— 2
= [y g Sy = 0, N — oo, (6.116)

which implies that [Rfny] — [Rf] by the norm of the space L, (R+; ﬂ%cosh(wr)).
Similarly we establish the convergence in mean of the sequence {fy} to f by the
norm of Ly, if

4 N
fn(e) = = /0 cosh(77)RK /345, (z)[Rf)(7)dr. (6.117)
Thus we proved '

Theorem 6.8. The operator of the Lebedev-Skalskaya transform given by formula
(6.109) maps the space L,(R4) onto the space L, (R+; ;“,—cosh(wr)) and almost ev-
erywhere on Ry formula (6.113) takes place. In addition, formulae (6.78), (6.117) are
true as limits in mean by norms of L, (R+; % cosh(m')) and Ly(R,), respectively.

6.4 Convolution representations

As we saw in Chapter 4 it was established the series of miscellaneous results, con-
cerning convolution operator (4.1) being related to the Kontorovich-Lebedev trans-
form. Here one can succeed drawing a parallel with the respective representations
for the Lebedev-Skalskaya transforms (6.74), (6.76). The key formulae in these cases
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are (6.23)-(6.24). Furthermore, we appeal to the Wiener ring L* normed by (4.39),
letting there o = 1/2. As a result we reduce this space to the Lebesgue space of
summable functions with a power-exponential weight.

Let us introduce the following convolution operator

(f *9)n(2)

- ﬁ /0°° /0°° exp (—% (% +T 4 %)) (% + i + %) f(w)g(y)dudy. (6.118)

As is easy to see that (6.118) has the expression through the convolution of the
Kontorovich-Lebedev transform (4.1) by means of the formula

(0w = = @) +2 (10 82) )42 (L) )] . 6119

In order to derive the factorization property related to convolution (6.118) and Par-
seval’s type equality first deduce the integral representation for the kernel in double
integral (6.118). For this call Theorem 6.4. Indeed, owing to Macdonald’s type for-
mula (6.23) and estimate (6.11) one can hold the limit passage almost for all z > 0
in the respective approximation operator (6.39) and obtain the identity

1 (fzy yu uz 1 1 1
expl—z{—+—+— —+-+-
2\ u T y T Yy u

16 [
== /0 cosh(mT)RK apir (2)RK 2gir ()R K j2gir (). (6.120)

Moreover, integral (6.120) is absolutely convergent according to the inequality

/0 cosh(n7) [RE/24ir (2)RK f24ir (1) RE 2. ()| d

7I' n — cos §(z+y+u)
<
~ 2cosé v 2yzu cos ¢

x / % elr=30)7 g (6.121)
0

where /3 < § < /2.

As we noted above to construct a suitable Banach algebra for the introduced
convolution (6.118) one can take functions from the ring L'/2. More precisely, let
us assume that an arbitrary function f belongs to the normed ring Li(R4;e™%//x)
with

o e—t
@i = ) 71 @1t < oo (6.122)
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Theorem 6.9. Let f(z), g(z) be from the space Li(Ry;e//x). Then convo-
lution (6.118) ezists for almost all z € Ry and belongs to L1(Ry; e /\/z). Further-
more,

”(f*g)R“Ll(R.;;e“/\/E) < “f“Ll(R.q.;e"/\/:?)”gl|L1(R+;e"/\/§)‘ (6123)

Proof. Since functions f,g € L;(R4;e™//z), by definition of the norm (6.122)
we obtain

1+ ellaemsive = [~ 2l * o)alelde: (6.124)

Consequently, substituting the value of convolution (6.118) into the right-hand side
of (6.124) one can estimate it as follows

oo e"‘I
“(f*g)allLl(R-{.,e_‘/\/E) S/D _ﬁd‘”

1 00 foo 1(zy wuwy =zu 1 1 1
v oo (5 (2024 7)) G+i+3)
x| f(u)g(y)|dydu. (6.125)

Thus according to conditions of this theorem one can change the order of integration
in (6.125) and calculate the inner integral by formula (6.25). It immediately leads to
the right-hand side of the desired inequality (6.123) as decomposed double integral
in the product of two integrals (6.122) by y and u. The existence of the convolution

(6.118) for almost all £ € R4 provided by the finiteness of norm (6.124). Theorem
6.9 is proved. o

The next theorem is a straightforward corollary of the Macdonald type formula
(6.23) for the product of R-functions RK1/24ir(z)RK 124 (y).

Theorem 6.10. Let f(z), g(z) € Li(Ry;e™/+/z). Then the Lebedev-Skalskaya
transform (6.43) of convolution (6.118) (f * g)r(z) for functions f(z) and g(z) ezists
and equals to the product of the Lebedev-Skalskaya transforms for these functions,
namely the factorization property

R(f * 9)=)(r) = \/%[?Rf](f)mg](f),'f >0, (6.126)

holds. In addition, if f,g being taken from a subspace L,(Ry;e P/ /z) with some
fizred 0 < B < 1, then the corresponding convolution representation of Parseval’s type
yields the form

5/2 oo
(f*g)n(z) = (%) /0 cosh(mT)RK jo4i- ()[R f](7)[Rg)(7)dr (6.127)
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as well as the uniform estimate is true

e B

|(f *g)ﬁ(x)l < Cﬁ \/5 ”fl|L1(R+;c‘ﬁ’/\/5)||g||L1(R+;e‘3’/\/E)7 z > 0. (6128)

Proof. Indeed, according to the previous theorem one can conclude that the
Lebedev-Skalskaya transform (6.43) of convolution (6.118) exists. Therefore, apply
it through (6.118) after interchanging the order of integration by Fubini’s theorem
invoke with identity (6.23) and obtain the chain of equalities

R+ 0)sl(7) = [ REjassr()(S + 9)a(e)de

- 2\}27 / " RK a4 (z)de / * / ” f(w)g(y)

1 1 1
xexp(—— <ﬂ+y}i+ﬂ)> <—+—+l)dudy
2\ u T Y T Yy u

- \/g/:o REK 1 j24ir(u) f(u)du /0°° REK /2442 (y)g(y)dy

= @[%f](f)[%y](f)- (6.129)

Thus we arrived to (6.126). To derive formula (6.127) and estimate (6.128) turn to
identity (6.120) and integrate it through by y and u after multiplication both of sides
on the product (2\/2_1)_1 f(w)g(y). The changing of the order of integration can be
performed by using inequality (6.121), letting there 8 = cosé, 7/3 < § < 7/2 and
conditions of this theorem. As a result apply the Fubini theorem and come to the
desired identity (6.127). Inequality (6.128) can be immediately obtained from (6.121),

namely
_pz
e

Jz

00 e—ﬂ“ oo e"ﬁy
i -— dy. 1
x [, Sl [ el (6.130)
This ends the proof of Theorem 6.10. o

I(f * 9)=(2)] < Cp

Remark 6.2. Note here that in the same manner the algebraic properties of com-
mutativity (4.4), associativity (4.56) and distributivity (4.57) for the R-convolution
(6.118) can be derived as for the Kontorovich-Lebedev convolution (4.1).

Now we begin to consider the convolution Hilbert space for convolution (6.118).
Theorem 6.10 gives us that if f,g € LP = L;(R4;e7?*/\/z), 0 < B < 1, then owing
to estimates (6.128), (6.130) it follows that (f * g)x € L® and furthermore,

1(f * 9)zllze < CollfllLellgllLe, (6.131)
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where ép is a positive constant being depended from 8. Call equality (6.127) for
two complex-valued functions f,§ € L? and an arbitrary positive function w(z) being
defined on R, such that w € LA. Hence as is evident, by virtue of (6.128) the following
integral

/o “(f * §)r(z)w(z)dz

is an absolutely convergent. On the other hand, multiplying through the respective
equality (6.127) by w(z) and integrating through by z € R, we find that

[T (¢ 9e(@)(z)de

= (Z)s/z /0°° w(z)dz /0 m cosh(n7)RK1/24ir (z)[Rf](7)[RG](7)dT. (6.132)

s

The above conditions on functions f,g and the function w(z) enable to change the
order of integration in view of the absolutely convergent iterated integral (6.132).
Therefore, one can write the equality

/0 Z(f * )w(e)w(z)dz

5/2 roo
2(2) /0 cosh(m7)o(7)[Rf)(7)[Rg)(r)dr, (6.133)

T

where the weighted function ¢(7), 7 € R supposed to be a positive one and defined
by the integral

o(r) = /0 RK, 2450 (2)(z)da. (6.134)
Now to require the left-hand side of (6.133) to be an inner product and denote it by

[+ @@z = (£,9), (6.135)

it remains to show that the identity (f, f) = 0 is valid if and only if f = 0 almost
everywhere on R. Indeed, this identity leads to the following one

jo * cosh(r)o(r)|[RS)(r)[2dr =0, (6.136)

and consequently, owing to the assumed positiveness of the weighted function g it
means that [Rf](7) = 0, because of the continuity of the Lebedev-Skalskaya trans-
form (6.43), when f € LP. Meanwhile, according to integral representation (6.5)
R-transform (6.43) can be written as a composition of the Laplace and the cosine
Fourier transforms with multiplier in the same manner as in Theorem 4.12, namely

[Rf](r) = \/g [Fc cosh (g) (L f)(cosh u)] (7). (6.137)

This immediately implies that [L f](coshu) = 0. Finally, appealing to Theorem 4.12
obtain the desired result, that f = 0 almost for all z € R,.
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Thus it is straightforward that (f, g) defined by (6.135) possesses by all properties
of the inner product. With this inner product the set of functions L? becomes the
pre-Hilbert space. Usual completion procedure of it brings to the convolution Hilbert
space denoted by S,. So for any elements f € S,, g € S, the inner product (f,g) is
defined as well as the norm ||f||s = \/(f, f). If f € LP, g € LP, then invoking with
(6.118) we find that

(1,0) = [ (f *Da(e)o(e)d
= o= [t [ [Cow (3 [ 2 2])

x (% + _11; + %) f(u)g(y)dudy

= /Ooo /0oo S2(u,y) f(u)g(y)dudy, (6.138)

where we mean by

1 il 1 1 1 1
S®(u,y) = m/{) w(z) exp (—5 [% + % + %]) (; + v + ;) dz. (6.139)

In fact, the positiveness of the inner product (f, f) in the form

(0= [ [7 sBw9)f()Tw)dudy, (6.140)

is provided, for instance, by the right-hand side of (6.133) setting there f = g. More-
over, if f(z) satisfies the condition

/000 /om Se(u,y)1f(u) f(y)|dudy < oo, (6.141)

then ||f||s, < co and f € S, D LP. Furthermore, if f(z) and g(z) satisfy (6.141),
then similar to (4.105) we find that

(£, 91 < | llsllgllse (6.142)

and it implies that the integral

/o°° /:o S®(u,y)|f(u)g(y)|dudy (6.143)

is convergent being satisfied to equality (6.138).
As in Chapter 4 denote by H, = Ly(Ry;(2/7)%/? cosh(n7)e(7)) the corresponding
Hilbert space of images for the Lebedev-Skalskaya transforms h(7) normed by

5/ oo
IIkl[Z, = (%) ’ /0 cosh(rr)o(r)|h(r) *dr, (6.144)
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where p(7) defined by formula (6.134). In addition, the inner product of two functions
¢, € H, can be derived as usually

(o, %) = (%)5/2 /om cosh(77)o(7)e(7)d(T)dr. (6.145)

So equality (6.133) shows that the operator of the Lebedev-Skalskaya transform (6.43)
maps the space L? into H, and moreover,

2

e, = (2)" [ comirmretmlimrar

= [+ D@yw(z)dz = 11153, (6.146)

Consequently, due to the Banach theorem one can extend by the continuity the
Lebedev-Skalskaya operator for all f € S,. Thus operator (6.43) is defined for all
f € S,, its range LS(S,) belongs to H, and for any f € S, we have

1£lls, = IRAlw,, [RfI(7) =0, iff f=0. (6.147)

Hence this implies that there exists the inverse bounded operator [R~!%]. Appealing
to Theorem 6.10 conclude that if f, g € L? then (f * g)x(z) € LP and furthermore,
equality (6.126) is valid. Consequently, we find that

(f *+ 9)a(s) = \/2 [R 1)) (o). (6.148)

It implies, in turn, that if for two elements of the convolution Hilbert space S, f, g the
product [Rf](7)[Rg](r) = ¢(r)(r) € LS(S,), then the element (2/7)/2[R~ [pe]]
is called the generalized R-convolution of elements f, g.

In the same manner as in Chapter 4 prove that for any f € S, and g € L?
convolution (6.118) exists and moreover,

I1(f * 9)=lls, < sup [%(7)] {1f1lss (6.149)
where we mean oo
P(r) = [Ry)(r) = /0 RK1j24i(y)g(y)dy. (6.150)
Indeed, since g € L? then by virtue (6.11) with 8 = cos § we find
m —-pT
¥(7)| < ,/ﬁe gl e (6.151)

Therefore, as is evident sup,.|¥(7)] = M < oo and consequently, (7)y(7) €
H,, o(r) = [R1](7).

It remains to show that ¢(7)¥(7) € LS(S,). The proof is straightforward by the
choice of some sequence f,(z) € L? such that ||f — f,||s, tends to zero as n tends
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to infinity. Hence according to (6.128) h,(z) = (fn * g)x(z) € LP. Denoting by
¢n(T) = [Rf,](7) and invoking with (6.144) we have

lon = Bl = {I(fn = fm) * glls, = [R(fn — fm]lR9]l|x,
= [l(pn — em)dlln, < Mllon = emlln, = Ml|fa = fulls,- (6.152)

Hence conclude that the sequence h, is convergent at the Hilbert space S,. Put the
corresponding limit by A. Then it follows that

[RR](r) = \/g[%f](f)[%y](f) = (r)(r). (6.153)

Thus we obtained the desired result that the product (7)1¥(7) belongs to LS(S,).

We are ready now to establish the analog of Theorem 4.19 being dealt with the in-
version formula for the Lebedev-Skalskaya transform (6.43) in the convolution Hilbert
space S,.

Theorem 6.11. Let the weighted function w(z) be from the space LP. Then for

functions f € S, for allz > 0 the following inversion formula of the Lebedev-Skalskaya
transform is true

5/2 o
(f *w)g(z) = (-2-) % [ cosh(mr)e(r)S(z, T)RA(Tdr, (6.154)

us

where the kernel S(z,7) defined by equality (6.112). In particular, if f € LP C S,
then

5/2 roo
(f*w)n(z)z(z) /0 cosh(n7)o(r)RK1/24ir ()[R S)(7)dr. (6.155)

™

Proof. Setting in (6.133) g(y) =1, 0 <y < z; g(y) =0, y > = and invoking
with identity (6.112) we derive the formula

/: /o00 Sa(u,y) f(u)dudy

= (%)5/2 /o°° cosh(n7)o(7)S(z, )[R f](7)dT. (6.156)

Hence the desired results follow after differentiation through by z taking into account
definition (6.118) of the convolution. In addition, we note that if f € L? that it
gives the possibility to perform the differentiation under the sign of the integral in
the right-hand side of (6.156). This completes the proof of Theorem 6.11. o

The last theorem of this chapter shows coincidence of the range LS(S,) with the
Hilbert space H,.
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Theorem 6.12. The range of the Lebedev-Skalskaya transform SL(S,) coincides
with the Hilbert space H,.

Proof. In fact, it means that there no exists in H, any element except zero that
is orthogonal to LS(S,). Hence, by formula (6.145) we have, that (@o, [Rg]) = 0 for
arbitrary g € S,. In particular, take the function g as g(y) =1, 0 <y < z; g(y) =
0, y > z. Meanwhile, the equality

(oo [ REspartirin) = ()7 [ cos(rmiatrreots)

™
x /0 " RK, (y)dydr = 0 (6.157)
after differentiation by z yields
/ * cosh(n7)e(7)po(r)RKy jair (z)dr = 0 (6.158)
0

for all z > 0. It is possible owing to absolute and uniform convergence of the integral
(6.18) in view of estimate

/Ooo cosh(r7)e(7)|po(T)RK1/24ir(2) dT

e~ =B I 1/2
7 [leollH, (/0 cosh(wr)g(r)e_w’dr> < oo0. (6.159)

Consequently, the left hand-side of (6.158) is a L;-function on R;. Further, as is
known by using inversion formula (6.75) for the Lebedev-Skalskaya transform (6.74)
and index integral 2.16.54.3 in Prudnikov et al. [2], one can deduce the following
identity

<cC

&I

2 [ =t
: /x TR a1 )it = Kin(2), 2> 0. (6.160)

Then multiply through in equality (6.158) by the integrand of (6.160) and perform
after the integration with changing the order by the Fubini theorem in view of estimate
(6.159). As a result we arrive to the equation like (4.128), namely

/ooo cosh(m7)e(7)po(7)Kir(z)dT = 0. (6.161)

Applying, in turn, through in (6.161) the cosine Fourier transform (1.197) , change
again the order of integration and by formula 2.16.14.1 in Prudnikov et al. [2] we
obtain that

In the same manner as in Chapter 4 conclude that the integrand in (6.162) belongs

to the space L;(R4) by 7. Thus we led that ¢o(7) = 0 almost everywhere. Theorem
6.12 is proved. o

e(7)po(7) cos (r log(z + Vz? + 1)) dr =0. (6.162)



Chapter 7

Index Transforms with
Hypergeometric Functions in The
Kernel

This final chapter completes the presentation of the theory of the index transforms
by various examples of operators being depended upon the parameters of special
functions of hypergeometric type. Here we shall study several index transforms that
involve as the corresponding kernel the Gauss hypergeometric function (1.47), the
Whittaker function (1.131), the Appel F3-function (1.140) and certain combinations
of the Bessel functions which were introduced in Chapter 1. As is known these special
functions are particular cases of the general Meijer’s G-function (1.59) and Fox’s H-
function (1.63). In this volume (see lines (1.107)-(1.140)) we listed their expressions
as well as other formulae to show the important connection between special functions
of hypergeometric type and the theory of the Mellin-Barnes integrals. Consequently,
we possess now by the common point of view to investigate the respective index
transforms. We shall be based on the Mellin-Barnes type integral representations in
L,-spaces and the compositions through the Kontorovich-Lebedev transform as well
as the Mellin convolution type operators. Note, that the general index transforms with
arbitrary kernels have been considered in Chapters 2 and 5. Nevertheless, we draw
here special attention and single out the particular cases mentioned above by virtue of
the exceptional properties of the kernels and the possibility of their explicit inversions.
Furthermore, we spread this approach to introduce the essentially multidimensional
Kontorovich-Lebedev transform by means of the composition of the multidimensional
Fourier transform and special modification of the multidimensional Laplace transform.
Concerning this modification of the Laplace transform we refer the reader to more
detailed information on this matter in the book by Brychkov et al. [1, 1992] (see also
Nguyen Thanh Hai et al. [1], Vu Kim Tuan 3], [6], Vu Kim Tuan and Nguyen Thanh
Hai [1]).

Historically, the index transform depending upon a parameter of Gauss’s function
first appeared in Olevskii [1] and it was named as the Olevskii transform or the index
2Fy- transform. Later it was investigated by the author for instance, in Yakubovich
[1], [4], Yakubovich et al. [1, 1987]. Let us mention that recently the cycle of papers
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of Hayek et al. [1, 1990,1992], Hayek, N. and Gonzalez, B.J. [2]-[3], Hayek, C.N.
and Gonzalez, R.B. [1}-[2] has been devoted to the consideration of the index ,F}-
transform including its distributional analog. Concerning index transforms involving
different hypergeometric functions as the kernels the reader can find in Lebedev [7]-[8],
Marichev [1], Wimp [1], Brychkov et al. [1, 1986], Vu Kim Tuan et al. [1], Yakubovich
and Luchko [2], Yakubovich et al. [1, 1987,1994].

Our key purpose in this chapter is to apply the L,-theory of the Kontorovich-
Lebedev transform and the Mellin transform technique exhibited above for investiga-
tion the L,-properties of the index transforms with hypergeometric functions as the
kernels and obtaining their explicit inversions.

7.1 Index transforms of the Olevskii type

We may introduce here first the Olevskii transform being contained the special
case of the Gauss function as the kernel with symmetric parameters. However, let us
mention beforehand that we already investigated certain of its particular cases, when
we considered the generalized Mehler-Fock transform (3.93). Consequently, taking an
arbitrary function f from suitable space of functions being defined below we introduce
the following index operator

iri 1 _ ga—2L((a+p+ir)/2)[((a+ p — i7)/2)
2F1 [f]_2 F(,u+l)

X /000 v L R (a + l;+ ZT, at 'l; — ZT;y + 1 —v2) f(v)dv. (7.1)
As it is easily seen similar to representation (3.92) one can derive the kernel of the
Olevskii transform by integral (1.101). Therefore, we assume that arbitrary parame-
ters o, p satisfy the condition R(cr+p) > 0. By simple interchanges the left-hand side
of identity (1.101) can be reduced to the index kernel (5.69) with the corresponding
function @ as the Bessel function with a power multiplier. Hence one can apply the
general results from Chapter 5. Nevertheless, we shall study the Olevskii transform
(7.1) independently and shall be based on the known asymptotic properties of the
Bessel functions. Thus observe that integral (1.101) gives us the possibility to esti-
mate uniformly by (7,z) € Ry x R, the Gauss hypergeometric function in (7.1) by
using our key inequality (1.100). Namely, denoting by ,Fi"(z) the kernel of (7.1)

P((a+ p+ir)/2)0((a + p — 27)/2)
T(p+1)

Xm“2F1(a+};+zr’a+;;—zr;u+1;_12), (7.2)

Fi7(z) = 277
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rewrite operator (7.1) as follows

FEU = [0 R ) () (7.3

and we have the uniform estimate of kernel (7.2)
A @) < e [ 4R u(ay) Koy cos 6)dy, (7.4)

where as usually 6 € [0,7/2). To continue inequality (7.4) use the same arguments
as in Chapter 3 (see (3.96)) and finally we obtain

IgFfT(z)l < Ce 7% /m yREH-1 K (y cos 6)dy
0

= Cpsz™e%,(1,2) € Ry x Ry, (7.5)
provided that R(a+ p) > 0,Rp > —1/2 and C, 4 is some positive constant. Further,
applying formula (1.86) of the asymptotic behavior of Gauss’s function observe that
in our case for each 7 > 0 kernel (7.2) is O(z7®*),z — co. Moreover, it is easily
verified by means of equality (1.51) that  F{"(z) = O(z%®*),z — 0+4. Consequently, in
a similar manner to (3.97)-(3.98) the Olevskii transform (7.3) of an arbitrary function
f € L,,(R;) can be estimated as follows

LET1] < Ce 1Sl

1
x [(/1 v(&t(a+u)—V)9‘ldv) . + (/w v-"v—ldv)llq] . (7.6)
0 1

Clearly, that integrals in the right-hand side of (7.6) are convergent when 0 < v <
R(a + p). In addition, it gives us immediately the analog of Theorem 3.6 for the
Olevskii transform (7.3).

Theorem 7.1. The Olevskii transform (7.3) is a bounded operator as a mapping
from the space L,,(Ry) with p > 1,0 < v < R(a + p),Rp > —1/2 into the space
L.(R,),r > 1. In addition, the Olevskii transform can be factorized via a composition
of the Kontorovich-Lebedev transform (2.1) and the Hankel transform (1.225) with
power multiplier applied in the order

2F[f] = Kir [10_3/2 [Ju{fa_3/2f(x)}]] 720 (*

Proof. Indeed, taking into account definitions of the Kontorovich-Lebedev and
the Hankel transforms the right-hand side of equality (7.7) becomes the iterated
integral. It equals the value of the Olevskii transform (7.3) on the function f €
L, (R4) because of representation (1.101) is true, and one can perform the changing
of the order of integration by Fubini’s theorem owing to the above estimate (7.6). o
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It is natural now to invert composition (7.7) and to give the inversion formula of
the Olevskii transform which as is evident generalizes the respective formula (3.100)
for the Mehler-Fock transform (3.93). The following statement is valid.

Theorem 7.2. Let f € L,,(R,), where 1 < p <2 and max(0,p™" + Ra—3/2) <
v < min(l,R(a+p)), Rp > —1/2,Ra < Rp+2. Then the inversion formula for the
Olevskii transform
$2(1—a)+#
@)= o

xr(l_*_e—a-;y+zr)r(l+€—a-;p—z‘r)

Lim.,_042°72"! /ooo Tsinh((7 — €)7)

E—a+p—1T
2

e—a+p+:ir
2

X, Fy (1 + 14 ;14 p; —:1:2) 2 FiT[fldr (7.8)

s valid.

Proof. Clearly, that to establish formula (7.8) first one may examine composition
(7.7) on the matter to satisfy the inversion Theorems 1.21 and 2.3 of the Kontorovich-
Lebedev and the Hankel transforms, respectively. For this observe that since f €
L,,(R4) then the product z*~3/2f(z) belongs to the space L,_s43/25(R+). Hence
the conditions of the present theorem allows us to conclude that [J,{z*~3/2f(z)}] €
Lo_y1/25(R4),1 < p < 2. From composition (7.7) and Theorem 2.3 it follows that
2F{7[f] € Li_,p,(Ry) with v € (0,1) according to the condition on the parameter v
of the theorem. Thus inverting the Kontorovich-Lebedev transform by formula (2.19)
we find that

[J,‘{z"_s/")f(:c)}] = %l.i.m.z_.m_ /:o 7 sinh((r —e)7)zs "2 K, (2), Fi7 [ fldr, (7.9)

where the limit is meant by the norm of L,_,_1/2,-space. The Hankel transform, in
turn, can be inverted by Theorem 1.21 and moreover, one can carry out the limit
sign owing to its boundedness as the operator from the space L,_o43/2,(R+) into the
space Lo—,_1/2p(R4). Therefore it gives us the following iterated integral

a— 2. ® o
T zf(x)zﬁl.l.m.,_,g_,_/(; Yyt (zy)dy

x /0 * rsinh((7 — €)7) Kir (v)2 F¥ [ f]dr- (7.10)

The above estimate (7.6) and inequality (1.100) enable us to change the order of
integration within integral (7.10). Appealing to equality (1.101) under condition
Ra < Rp + 2 calculate the inner integral by y and arrive finally to the inver-

sion formula (7.8) for the Olevskii transform (7.3). This completes the proof of
Theorem 7.2. o
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Now let us consider another example of the index transform by the second index
of the Whittaker function (1.131). This transform was deduced in Wimp [1] as a
particular case of the general expansion (1.237). Afterwards it has been studied by
the author mainly its composition structure and connection with the Kontorovich-
Lebedev transform. Let us mention the paper of Virchenko and Gamaleya [1] that
contains the inversion L,-theorem for Wimp’s transform with the Whittaker func-
tion. As we saw in Chapter 1 owing to Slater’s theorem G-function (1.131) can be
expressed by means of formula (1.171). Furthermore, its asymptotic expansion, which
is equivalent to the asymptotic formula by index of the Whittaker function is given by
relation (1.172). Here we appeal in our discussions to the Mellin-Barnes integral re-
lated to Meijer’s G-function in (1.131) to reduce it by the Mellin transform technique
demonstrated above and to apply for the composition representation.

Thus we introduce the index transform with the Whittaker function as the kernel
by the following integral

Weirlfl = [ Wosr (vl_z) N {0\, (7.11)
where 7 > 0, p is some fixed complex parameter and an arbitrary function f possesses
by the properties of L, ,-functions. We start from the correspondence (1.131). Making
use the reflection formula (1.61) for the respective G-function and simple interchange
of variable in the Mellin-Barnes integral the kernel of the index transform (7.11) can
be written in the form

1 ~(222)-1 1 v+ico 1-3s . 1-s .
Weir (55) 07 = o [0 (S50 4im) 0 (52 - )

xmds, (7.12)

where we assume that v < min(1,2(1 — Rp)). We need this assumption to provide
the positiveness of the real parts of gamma-functions in the gamma-ratio of integrand
(7.12). So, if f € Li—,»(R4),1 < p < 2, then in accordance with Theorem 1.17 we
obtain the representation by the Mellin-Parseval equality as

Woinlf] = 4—;;/_:% (5= +in)r (2 -i) F_(Tf-'_(lg;_ss)/?)ds. (7.13)

Meanwhile, recall identity (2.125), which immediately gives another representation of
the index transform (7.11) through the Kontorovich-Lebedev transform, namely

Weirlf] = /; ” Knin(9) f1(y)dy, (7.14)

where the function f; is defined by formula

By =g [ ————Ffl r (,_,1__ :/)2)z—ads, (1.15)
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In addition, let us assume that integral (7.15) is absolutely convergent. Then to
invert the index transform with the Whittaker function invoke with identity 2.19.28.7
in Prudnikov et al. [3], which contains the index integral from the product of the
Macdonald and the Whittaker function. More precisely, we have

/oo 7sinh(277)T (% —o+ iT) r (% -o— iT) Koir (y)Wo,ir(z)dr
0

24 .2
= r2Ue-Ny1-2eze exp <—2$4i) , Ro < 1/2. (7.16)
T
The condition Rp < 1/2 means that 2(1 — Rp) > 1 and consequently, from the above
assumption we find that v < 1. Consider the index operator

(Ig)(z) = /Ooo 7sinh(277)T (% —o+ i‘r) r (% o ir) W,ir(z)g(r)dr  (7.17)

with respect to an arbitrary function g. Using the Stirling formula (1.33) and asymp-
totic expansion (1.172) of the Whittaker function by its second index one can easily
show that for each z > 0

7 sinh(277)T (% -0+ iT) T (% —o— iT) Woir(z) =0 (1'1/2""6”/2) , T — oo.

(7.18)
Therefore under condition g € L, (R+; T""“e"ﬂ) operator (7.17) exists in view of
evident estimate

U@ < C. [~ e lg(r)lar, (7.19)

where a positive constant C, depends from z. Further, the above assumptions en-
able to estimate composition (7.14). Indeed, invoking with inequality (1.100) after
substitution representation (7.15) within (7.14) we obtain the following estimate

/0 ” Ko(y cos §)y~"dy / _+: _——mf *_(1(,__?/2)

2ue—26'r

IWe.iT[f]I <

ds

. (1.20)

Here as usually § € [0,7/2) and moreover, integrals by y and s are convergent owing
to condition v < 1 and our assumption above. Consequently, one can achieve the
condition W, ;,[f] € L, (R+;'rl/2”ge”/2) choosing parameter § from the interval
(r/4,7/2).

Let us evaluate the following composition
(IWeir ) (@) = [ 7sinb(zn)l (5 -0 +ir) T (5 - 0—ir)
o 2 2
XWir(2)W,ir[fldT. (7.21)

The above estimates perform to change the order of integration in (7.21) after sub-
stitution the value of the index transform (7.11) given by formula (7.14). Making use
the identity (7.16) we arrive to the representation

(IWoir[f]) (z) = m?2%e"Vgee=/2 /:’ yi"2ee VT £, (y)dy. (1.22)
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Since by our assumption the Mellin transform satisfies the condition
fra-v—it)e L (R; [T — o — (v +it)/2)] ),

then change again the order of integration substituting the value of f;(y) by formula
(7.15). Thus, calculating the inner integral by y with the aid of Euler’s integral (1.22)
under condition R(p + v/2) < 1 after simple interchange of variable v = y?/4z we
obtain that

V4100

IWoir[ D) (z) = 11— s)z~*ds. (7.23)
However, as is obvious the Mellin transform f*(1 — v —it) € L;(R) because of the
above condition of the integrability with the weight [I'(1 — ¢ — (v + it)/2)]~. Thus
the inversion of the Mellin transform gives us finally that

v—ioco

n2\/ze~*/?
(Wil o) = V521 (7). (7.24)

We summarize our results by the following theorem.

Theorem 7.3. Let f € L,_,,(Ry) with1 < p <2 and v < 1. Furthermore, let
the Mellin transform f*(1—v—it) belong to the space L, (R;[['(1 — o — (v + 1t)/2)]71).
Then the index transform g(1) = W,i,[f], 0 < 1/2,7 € R, with the Whittaker func-

tion as the kernel given by formula (7.11) ezists and can be represented by composition
(7.14). Moreover, for each z > 0 its dual formula of kind

/(%) -+

X /:o 7 sinh(27x7)l' (% -0+ i‘r) r (% —0— i‘r) W,ir(2)g(7)dr (7.25)

holds.

Remark 7.1. After replacement v=2 = z in formula (7.11) and functional substi-
tution f(z) instead of e*/2[22%/%]~1 f(z~/?) in (7.25) we immediately arrive to the
pair of reciprocal formulae of the index transform with a Whittaker function gener-
ated by expansion (1.234).

Our purpose now is to consider one direct generalization of the Olevskii transform
(7.1) which contains special case of the Appel F3-function as the kernel. We called
this transform as F3-transform (see the references at the beginning of this chapter).
As is known for example in Erdélyi et al. [1] the Appel F3-function of two variables
is defined by the following double series

(@)k(a1)m(b)k(b1)m z*y™
Fs(a,ay,b,b5¢; 2, E 7.26
s(@,a1,b,bi;¢;7,9) = R (©)k4m Elm! (7.26)
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being convergent absolutely in the domain |z|,|y| < 1. However, as is shown in
Marichev [1] the special case of the Appel function (7.26) (z — 1)°Fz(a,a1,b,b15¢;,1 —
z,1 — ') with power multiplier for £ > 1 can be expressed in terms of Meijer’s
G-function owing to Slater’s theorem. Indeed, as a corollary of the expression (1.140)
we obtain the following Mellin-Barnes integral

1
H(z-1)(z-1)"'F (a, a;, b byl —z,1 — ;)

_T(c) pHeT(l—a—b—s)I1+a—c—s)F(1+b—c—3s)

T 27 Jyieo T(l—ay—s)I(1—b—s)I(1+a+b—c—s)
provided that the parameters satisfy the conditions ®¢ > 0, v <1 —R(a; +b1), 1+
R(a —¢), 1 + R(b — ¢) and H(z) is the Heaviside function. To introduce the Fj-
transform we slightly change representation (7.27) in accordance with properties
(1.61)-(1.62) of Meijer’s G-function and correspondence (1.207) of the Mellin trans-
form. More precisely, let c = 1—a,Ra <1anda = (1—ir)/2—a,b=(1+i7)/2—a.
Then one can write the following relation

z7%ds, (7.27)

1—:7 147
—Q,a,

H(x—l)(l'z—l)-“Fa( —a,bl;l—a;l—zz,l—%)

_T(l—a) e (1—iT—s 14+ir—s s
T u-;oor( 2 )P( 2 )P(l'“‘_b‘_i)

x [r (1 —a - %) r (1 —by— %) r (1 - %)]—l e~ds.  (7.28)

Consequently, for 7 € R, define F3-transform by the following formula

(BN ) = smay Jo =1

1—2z7 147 1
sz( 5 a5 —a,bn;l—a;l—v2,1—v—z)f(v)dv, (7.29)

where we assume that Ra < 1 and f € L1, ,(Ry), 1 < p <2, v > max(0, —2Ra).
Since the integrand in (7.28) related to F3-transform (7.29) equals O(|t[**1), ¢ =
Os € R owing to the Stirling formula (1.33), then it belongs to L,(R) iff R <
1/q,q = p/(p—1). Therefore by virtue of the Mellin-Parseval formula (1.214) we find

that
1 vtico 1—ir—s l14ir—s s
F. —_ — _ _ 2
(Ff)(1) = 1 /u_goo F( 2 )F( 2 )F(l a=b 2)

x [r (1 —al—%)l"(l by - %) I‘(l —a—%) T r—sds. (1.30)

Denoting by F(s) the gamma-ratio

) = (1 —a;—b —s/2)
Fls) = (1 —a;—s/2)I'(1 -8 —s/2)T(1 —a—s/2)

(7.31)
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and by fi(z),z > 0 the function of type
L[ e p(s)p ~d 2
fi@) = 5= [ 2P (1 - ). (7.32)

As is easily seen F(s) = O(e™%l/2|s|+®>-1) ' |§5| — oo. Hence owing to representa-
tion (2.125) under condition

f‘(l —y— it) € Ll(R; er|t|/2|tlu+9!a—l)
from the Mellin-Parseval equality (1.214) we obtain that
(Faf) (1) = Kulfil = [ Kir) iw)dy. (7.33)

Let us call now one auxiliary index integral given in Prudnikov et al. [2] by formula
2.16.49.1

/Ooo 7 sinh(x7)T (s -;") r (s _2”) K (y)dr = n?217y". (7.34)
As is shown in Chapter 1 for each y > 0 the Macdonald function Kj;.(y) behaves
asymptotically by formula (1.148) when 7 — oo. Hence invoking with Stirling’s
formula (1.33) we obtain that the integrand in (7.34) equals O(7*~'/%),7 — oo,
where we mean as usually » = Rs. This implies that integral (7.34) is conditionally
convergent under assumption 0 < v < 1/2 because of the presence the oscillation
multipliers in asymptotic expansions. On the other hand, the left-hand side of (7.34)
can be written almost everywhere on R, as the following limit

. o s+ir s—1r
51_1.1(1’1+ A 7sinh((r — e)7)T ( 3 ) r ( 3 ) Ki-(y)dr
= El_igl_'_ I(y,€). (7.35)

Recalling again identity (2.125) substitute it in (7.35). Taking into account the value
of the integral (2.17) after changing the order of integration we obtain

Ky ((y? + v® — 2vy cos €)V/?
(y? + v? — 2vy cose)l/?

H 1-s : : ot s )
51_1*1(1)1+ I(y,e) =2'*ny El_l’r(§1+ s.ln[-:/O v dv. (7.36)
Of course, we performed the changing of the order of integration owing to Fubini’s
theorem. By the same treatment as in Theorem 2.2 we show that the limit in (7.36)
exists under condition 0 < v < 1/2 and equals to the right-hand side of (7.34).
Furthermore, it gives us the uniform boundedness by s = v + it,t € R. Precisely, we
change the variable v = y(cose+usin€) and estimate the obtained integral as follows

A+ D"

Hwel<c [~ 08

du < oo,v < 1, (7.37)

where C > 0 is an absolute constant.
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Now consider the following particular case of the Fox H-function (1.63)

(a1,1/2), (b1,1/2), (e, 1/2)
s ( (#7/2,1/2), (—i7/2,1/2), (al+b171/2)>

1 vtico  rs4ir s —1T T
= — d
2wi[/—imr( 2 )F( 2 )F(s+1)s

~5i /L ()T ()
LA = 8)/2 = a))T((1 = 5)/2 = b)T((1 = 5)/2 — @)
I'((1—s)/2—ay,—b)

where the contour in (7.39) separates the series of the left and the right poles of
gamma-functions. It can be achieved by the condition 0 < v < min(1-2a,,1-2b;,1—
2a). Hence combining (7.39) and (7.35) after integration through by s, changing the
order by Fubini’s theorem and the use of Lebesgue’s theorem to carry out the limit
we arrive to the following relation

z~*ds, (7.39)

1 g
Jim — /0 7sinh((7 — €)7)Kir (y)

xH2,3 (:D (a'l + 1/2a1/2)’(b1 + 1/2’1/2)v(a+ 1/2a 1/2)> d
&3 (ir/za1/2)’(—i7/271/2)a(a1 +bl + 1/2’1/2)

_ o3 (2_1; (a1 +1/2,1/2), (b1 + 1/2,1/2),(a 4+ 1/2, 1/2))
TRy (a2 + b +1/2,1/2) )

Calculate now the composition of operators such that

(7.40)

I(z) = e—»o+ 212/ 7sinh((w — €)7)

1/2,1/2), (b +1/2,1/2),(a +1/2,1/2)

XH2,3 (al + ) E] ) ’ ) .

3 ("‘ (7/2,1/2), (=ir/2,1/2), (a + by +1/2,1/2) ) (PP (141)
Substitute representation (7.33), change the order of integration and pass to the limit

owing to the above assumptions. Making use (7.40) as a result it leads us to the
equality

1) = [ fiw)
< 03 (21: (a1 +1/2,1/2), (b, +1/2,1/2), (a+1/2,1/2)>
¥ \y (a1 + b +1/2,1/2) v

Recall formula (7.32) after substitution within (7.42) and apply the Mellin-Parseval
equality being slightly different from (1.214). We find that

(7.42)
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I() = / _+: £ = s)o=*ds = % f (%) : (7.43)

Thus under the above assumptions we arrive to the following pair of reciprocal for-
mulae of the F3-transform, namely

(B (1) = gy Jo 0F =10

1—2 1
xFa( 2"—a,al,ﬂ—a,bl,l a1 —v? 1——)f(v)dv,

f(z) = /0 7sinh((7 — €)7)

c 0t dnz

1((ay +1/2,1/2), (by + 1/2,1/2), (a +1/2,1/2)

H2,3 = 1 ] ) ) 1] .
] C AP Yol ) ICD T

where we need the values of £ > 1. It is easy to show with the aid of Slater’s theorem

that the H-function in formula (7.44) can be reduced to the sum of two 3 Fy-functions
with symmetric parameters +i7.

7.2 General R-transforms

In this section following Yakubovich et al. [1,1994] we deal with certain generaliza-
tion of the Lebedev-Skalskaya transforms being considered in the previous chapter.
Namely, we introduce the general R-transforms that contain the kernels in terms of
real (or imaginary) parts of the Meijer G-function by fixed complex index. In partic-
ular, we attract our attention to some examples of general expansions with the Bessel
function kernels.

We need to give here some additional notions and facts concerning the theory
of the Mellin convolution type integral transforms as well as several new relations
between Meijer’s G-functions and some of their particular cases. We shall use it for
proving representation theorems for the introduced index transforms. First we give a
definition of the G-transform being mentioned in Chapter 5. More detail information
see, for example in Samko et al. [1].

Definition 7.1. The G-transform of a function f(z) is defined by the integral

(o)

(Gfl(=) = (G’Z’J‘

f(t)) (z) = ﬁ/a Y(s)f*(s)z™ds, z>0, (7.45)

q

where the kernel ¥(s) defined by the gamma-ratio (1.60), f*(s) is the Mellin transform
(1.204) of the function f, o is the contour {s;Rs = 1} on the complex s-plane, and
vectors (ap) and (f3;) satisfy the condition

{%ﬂj>_%7 j=17"'7m; Raj<%’ j=1"“’n;

gta_1>_"2“7 j=n+1,"',P; %ﬂ,<%, j=m+17"'7q

(7.46)



210 Index Transforms

Well regulated pair (c¢*,~v*) with

J=1 b

P 9
c‘=m+n—&-¥, 7'=§t(2a,-— ﬁj) (7.47)
=1

is called the characteristic of the G-transform (7.45).

Remark 7.2. As one can conclude from Definition 7.1 the operators used above
in compositions with the Kontorovich-Lebedev transform to invert more general index
transforms in L,-spaces are similar to the G-transform (7.45). Nevertheless, we dis-
tinguish it here as a separate case in view of the contour of integration o and special
space of functions being defined below which relates to the G-transform (7.45).

Definition 7.2. Let ¢, be real numbers with
2sign ¢ + signy > 0. (7.48)

The space of functions f(z) of the form

1
@) = 5 [ (s)ads, (7.49)
with
7 (s)ls]"e™¥l € L(o) (7.50)
is denoted by M_)(L), where o = {s;Rs = 1}.

Y

The space M_}(L) with the norm

I F Nazzay= [ lsPemli = (s)as| (7.51)

is a Banach space.

These notions of the G-transform and special suitable space of functions are de-
scribed precisely for instance in Samko et al. [1], Vu Kim Tuan et al. [1], Nguyen
Thanh Hai and Yakubovich [1]. Here we give certain properties of the G-transform
(7.45) in the space M_}(L) which shall be useful for our considerations below.

Theorem 7.4. The G-transform (7.45) with the characteristic (c*,7*) ezists in
the space M)(L) if and only if the next inequality

2sign(c+ ¢*) +sign(y+4*) 20 (7.52)
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holds. Moreover, this G-transform is an isomorphism of the space MZI(L) onto the
space M} 1 e(L).

Theorem 7.5. Let f(z) be from the space M7}(L) and inequality (7.52) be valid
as well as

2signc” +sign(y* + 1) < 0. (7.53)
Then if the G-transform (7.45) [Gf)(x) be from the space Li(Ry;z~1/?), its inversion
formaula is given by
(B7*1); (Bm)

1@ = [ e (—
b Y (3, ()

where the integral is absolutely convergent.

) [Gf](y)%, (1.54)

Proof. According to the Definition 7.1 it is clear that [Gf](z) is the inverse
Mellin transform (7.49) of the product ¥(s)f*(s) along the contour ¢ and due to the
Stirling formula (1.32) for gamma-function we have that ¥(s) ~ |Ss|™7 e~ I%Im"  as
|Ss| — co. Hence by condition (7.52) we conclude that integral (7.45) is absolutely
convergent and we have

z=1/2
(GA@) < T [ 19(s)"(s)ds| = Aa~2, (7.55)

Further, inequality (7.53) allows us to observe that integral (1.59) for the G-function
within the right-hand side of (7.54) is absolutely convergent too. In fact, the kernel
of this G-function is ¥~'(s) and it behaves as |Ss|7"e/%*I"™" when |Ss| — co. Since
[Gf)(z) is from the space L;(R4;z~"?), then we have the estimate

. | B, 6n)

I oo (— )[Gf](y) &

: Y (a3*), () v

<o [TIGHWI 5 [ |G| < oo (7.56)

Therefore we apply the Fubini theorem to change the order of integration in the right-
hand side of equality (7.54) after substituting representation (1.59) for the respective
G-function. For this we need to evaluate the inner integral

[enwya, (7.57)

which gives the value ¥(s)f*(s) according to the inverse theorem for the Mellin trans-
form (see, for example Titchmarsh [1]), when both of the function and its Mellin image
are absolutely integrable. So we have finally from the right-hand side of (7.54) the

equalities
( (B*1), (Bm)
/ Gp-—nq m

(az*1), ()

dy
) [Gfl(v) "
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=/ @% [T16nww " dvds

27rz/ () L) (s)a7ds = f(a). (7.58)

This gives the desired result for the function f of M_}(L). Thus the proof of Theo-
rem 7.5 is completed. o

Now let us consider some simple identities between G-functions (1.59) and their
particular cases to complete the list of formulae (1.107)-(1.140) and use in our further
discussions for constructions the general R-transforms. At first it is not difficult to
check with the reduction formula (1.23) for Euler’s gamma-function the following
identities

T(a—b—1/2)T(a+b+1/2)+T(a+b—1/2)[(a — b+ 1/2)

=(2a—1)(a—b—1/2)[(a +b—1/2), (7.59)
T(a—b—1/2)T(a+b+1/2) —T(a+b—1/2)0(a—b+1/2)
= 2b0(a — b—1/2)T(a + b~ 1/2), (7.60)

where a,b are certain complex numbers. Hence making use identity (7.59), we have

the equality
1/4 +1i7,-3/4 — i1,(a)
RirGoing |2

(8y)
1/4+i7,1/4 —ir,-3/4, ()
=Gt (:z: ) . (7.61)
(By),1/4

Indeed, taking account of (1.59) and putting in (7.59) a = 5/4 — s,b = i1, we have
1/4 4471, -3/4 —i7,(ap) )
(8a)
1 3 . 7. _s
—Er-z:%;, U(s)l (——11—3)F(Z+zr—s)z ds
1 T
m )[F(——17—3>F(Z+zr—s)
+F( +zr—s)f‘(£—i‘r—s)] z7%ds
_ 1 3 . 3 . T(7/4 - s) -
= 2m'/L\I’(S)F (4 ' s) r (4 - 3) TG/a—s" &
, 1/4 +i7,1/4 —it,—3/4,(ap)
':-,}-73+q+1 .
(Bg),1/4

m,n+2
§R""G p+2,9 (

(7.62)
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Similarly, using identity (7.60) we find

—1/4 —ir,3/4 +i7,(ap)
Sir ’;‘fztlz z

(B)
3/4—ir,3/4+ i1, (cp)
=rGo |z . (7.63)
(By)
More precisely, letting ¢ = 3/4 — 5,b = i7 in (7.60) we have
—1/4—ir,3/4 + i1, (o)
S‘TG’:}&T;’ z
(B)
1 5 . 1 .
= E/L\Il(s) [F(Z—zr—s)l"(z+zr-.s)
-r (5 +iT — s) r (i —iT — s)] z7°ds
1. B
2m/ U(s) (——zr—s)F(Z+zT—s)z ds
3/4+1i71,3/4 — i, (o)
=Gy = : (7.64)
(By)

By this way, combining some particular cases of G-functions we can complete the
list of formulae in Chapter 1. For instance, taking relation (1.117) with the square
of the Macdonald function owing to the reflection formula (1.61) for the respective
G-function and the obtained identity (7.59) we corresponds the following equality

3/2—11,3/2 47,1
Ric? 1 _ ﬁco,a . /2 —1i7,3/2 +iT
1/2+i7 \/5 2 3,1

We reduce below the list of such useful new relations of R-functions for R-index
transforms

(7.65)

3/2

3/2—ir,3/2 +17,1/2
(L (Y] 2 VTges ’ ’
wfi (45) s ()] - et o] ] s
) 3/2—ir,3/2 +ir
e VRK  ja4ir (2—) =rG% |« , (7.67)
’ 3/2
. 3/2—ir,3/24 17
1 7 sinh(77) ’
1/2¢ Y - 1,2 )
AERK i ( 22) TG, (m o ) r>0, (7.68)
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TRIE)

3/2 —ir,3/2 4 ir, 1+ (a — B)/2,1+ (B — a)/2 )
, (7 69)

1,3/2

where o+ 3 =1,

Rir [+ i7 — )T (—p = i7)(1 + 2)*/2 P (1 + 23)]

1—ir+p/2,1+ir+ p/2,
_a2 s , (7.70)
_#/2) 1+ #/2
where P} (1 + 2z) is the Legendre function (1.55) and
Rir [(142)#/2P4(1 + 22)]
. 1—i7—p/2,1 401 —pu/2,
_ 7sinh(r7) a0 (z 7> 0. (7.71)
p :

To establish this list we need some additional discussions for which we take up for
instance, formula (7.68). To write its right-hand side we need to adopt as the contour
the right infinite loop for the respective G-function (see the description under formula
(1.60)), because there exists no straight line to separate three series of poles. Indeed,

we have
3/2—1i1,3/2 4+t
Glj?l T

1/2
1 1 1 . 1 . —s
_%/LWI‘(§+S)I‘(—i—zr—s)l"(—§+z‘r—s)x ds, (7.72)
where the right loop Lo, separates the right series of the poles s = —1/2—it+m, m =

0,1,..., s=-1/24ir+n, n =0,1,..., from theleft ones s = —1/2—k, k =0,1,....
Applying identity (7.59) and dividing (7.72) into two contour integrals, we obtain

. ( 3/2—17,3/2 +ir )
Gii |z

1/2
1 1 1 . 1 . _s
——m/ml‘(§+s)[‘<—§—zr—s)I‘(-2-+zr—s>z ds

1 1 1. 1 . s
+m'/LwP(§+s)F(—-2-+z7'—.s)1"(§—zr—s)a: ds. (7.73)
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The last integrals of the Mellin-Barnes type in (7.73) can be evaluated by spreading
the reflected equality (1.115), precisely

- 1 cos(T vtico 1
) <%) - 27(5\/’;) " (s + 5) T(u—s)T(—p—s)z™°ds, (7.74)
where —1/2 < v < —|Rpu| on the loop’s type contour. Changing the contour in
(7.74) to the respective right loop by the analytic properties of the integrand, putting
g = 1/2 4 it one can easily arrive to (7.68). Similarly we can establish the other
formulae exhibited above.

We start now to consider one general index transform that involves G-function
(1.59) and generates the expansion of an arbitrary function f similar to (1.237).
Namely, we introduce the general ®-transform of kind

1/4 441, -3/4 —it, (ap)

(B,)

where 7 > 0. The key purpose is to establish sufficient conditions for the validity of
the following expansion

(RGS) (1) = [~ RaGyE (y

) fy)dy,  (7.75)

N T
f(z) = sl—l»lcg-ﬁ A 7 sinh(277)

g—m+1,p—n+3
><§I'\'i‘erJ+4,q+2 (z

3/4—e+ir,—1/4 — e —iT, 3[4 — &, —(ap*!), —(n), 3/4 )

—1/47 _(ﬂ;n-}-l), _(,Bm), _1/4 — €
- 1/4 + i, —3/4 — i, (ap)
X/ %"TG';-’:ZT: y
° (B:)

which leads to the inversion formula for the general index R-transform (7.75) as

) f(y)dydr, z >0, (7.76)

f(z) = lim lz 0°°rsinh(21rr)

e—0+ T

g—m+1,p—n+3
XRir G0+ (z

3/4 —e+ir,—1/4 —e—ir,3/4 —e,—(apt"), —(n),3/4 )

_1/4’ _(ﬂ¢;"+1)’ _(:Bm)’ _1/4 —€
x (RGS) ()dr. (7.77)

We are ready to prove the following theorem.

Theorem 7.6. Let f(z) be M;}(L) N Ly(Ry4;27Y/2) and the G-transform

-3/4,(ap),—1/4 f(%)) -

1
(B), 1/4 ¢

m,n+1
(G p+2,9+1
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1 I(7/4—s)
B '2}7/ T(3/4 —s)[(—1/4 + s)

be from Ly(Ry;e® ™ £73/2). Moreover assume that the system of inequalities

U(s)f*(1 - s)z’ds,z > 0, (7.78)

1 b)
2ign (¢ ) +sign (v+7" - >0, (7.79)
3
2sign (c* + 1) + sign ( * - 5) >0, (7.80)
1
2sign c* + sign (7‘ + (5 — 5) (p— q)) <0, (7.81)

holds valid, where 1/4 < £ < 1/4+¢e,e > 0 and parameters (c*,v*), (c,7) are defined
by formulae (7.47) — (7.48), respectively. Then under the conditions on parameters of
the kernel

{%ﬂj>_%a j=17"'vm; §Raj<%, j=la"'7n;

, (7.82)
§Raj>—%a Jj=n+1l,---,p mﬂj<%a j=m+1l,---,q

expansion (7.76) takes place for each point x > 0.

Proof. By making use of identity (7.59) it is not difficult to establish the relation

3/4 —e+ir,—1/4 —e—ir,3/4 —e,—(a}*"), — (), 3/4
o G (o

—1/4, _(ﬂ;n-'-l)w ~(Bm),—1/4—¢€
3/4 —e+ir,3/4 — e —ir,—(ojp*), — (), 3/4
,  (7.83)
_1/4’ _(b;n+l)a _(bm)
where the contour is chosen as the vertical line Ly = (§ — i00,& + 100),1/4 < € <

1/4+¢€,e > 0 in view of (7.82). Denoting the iterated integral in the right-hand side
of equality (7.76) as I(z,€) and using identities (7.61), (7.83), we write

_ (9—-m+1,p—n+2
=G p+3,9+1 (93

I(z,e) = %/Ooo 7 sinh(277)

9—m+1,p—n+2
XG o3 g+ (z

_1/4a _(ﬂ;l+l)a —(ﬂm)
o 1/4+147,1/4 —i7,-3/4,(ap)
x/ Gr:ﬁ::ﬂ (y )
° (B,),1/4

The inner integral in (7.84) is already denoted as (RGf)(7) and we now need to prove
the following integral representation holds valid

3/4—e+1ir,3/4 —e—1T, —(a’,}“), —(am),3/4 )

fy)dy. (7.84)

(®G1)(r) = 5 [ b=
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xF(%—ir—s)F(%ﬁ-i‘r—s) f*(1 — s)ds. (7.85)

Indeed, the integrand in (7.85) contains the integrand of the G-function of the in-
troduced R-transform (7.75). We have the asymptotic |Ss|//2~7 e~ I95Im(="+1) when
Rs = 1/2 and |Ss| — oo from Stirling’s formula (1.33). Since the correspond-
ing integral (1.59) for this G-function under conditions (7.82) contains singularity
only at infinity, inequality (7.80) provides its absolute convergence and the condition
f € L(R4;z7'/?) allows us to apply the Fubini theorem to change the order of inte-
gration in the iterated integral (7.75) after substitution instead of the G-function of
its respective representation (1.59). This leads to equality (7.85).

On the other hand we use the value of the integral being easily deduced from
relation (1.115) by changing the variable and parameters

VT / 0 L\ 2y, s—7/a
— ir | 5= *=%d
cosh(w) Jo K 2y ¢ y 4

=F(%—ir—s)F(%+i7’—s)l"(s—i) (7.86)

in order to obtain the integral representation of R-transform (7.75) through the
Kontorovich-Lebedev transform (2.1) and G-transform (7.45) as

RGF) (1)

o VT [P (L) ey
_COSh(T(‘T)./(; Kir 2y ¢ y

—3/4,(ay),~1/4 |, 1)
(3 @)y (7.87)
(B, 1/4 ? (t) vy

A similar treatment for the integrand in (7.78) implies the estimate

mn+1
x (G PH2,0+1

_3/4a(ap)a’"1/4 1 1 )
Golagn -f(7)] @
( R ETIRY  (3)
zl/? I(7/4 - s)
<5/ TG/ (—1/ats)

xlsl—'ye—wc|3‘s||s|—yeﬂ’clgs| |f~(1 _ S)dSl
< AI1/2/ |S|~(‘y+’y‘—5/4)8—1r(c+c‘—1/2)|?rs||s|-ye1rc|$a||f-(1 _ s)ds|

< Alzl/znf”M;_"(L) < 0o, (7.88)

by virtue of Definition 7.2 and relation (7.79), where A, A, are positive constants.
Thus, substituting the value of integral (7.86) into representation (7.85) and applying
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the Fubini theorem and formula (7.78), we obtain (7.87). Here inequality (1.147) and
the convergent integral

00 1 _
/0 Ko (ﬂ) @)y =54y < oo, (7.89)

are applied. Consider now the G-function in the outside integral (7.84). Using formula
(2.125) with simple interchanges arrive to the value of the integral

*® . i s—5/4—¢ _ (l g ) (l T — )
2/0 Km(\/g)y dy=T 4+(-: it—s|T 4+6+2T s, (7.90)

which, in turn, leads to the relation

g—m+1,p—n+2
G p+3,9+1 (a:

3/4 —e+in,3/4 —e —it,— (o)), —(an),3/4 )
_1/41 _(ﬂ;n+l), "'(ﬂm)

1 T(~1/4+s) 1 ) 1 -
= o LfF(3/4+S)‘I’(1—8)F(Z_ZT+€_S F(ZJ’””_S)’” ds

o0 2 —5/4—¢ —m+1p-n [ T
oo i
_1/4a_(ﬂ;n+ )7_(:Hm

where the contour L¢ was announced with (7.83). Indeed, the last equality is ob-
tained by changing the order of integration, because the integral on the contour L, is
absolutely convergent under condition (7.81) in view of Stirling’s formula (1.33) and
the convergent integral

‘(a;*‘l)’ _(an)v 3/4

) dy, (7.91)
)

o0 2
£-5/4—¢
/0 K, (—\/g) Yy dy < oo, (7.92)

when 1/4 < ¢ <& +e.
Further, substituting the obtained representations (7.87) and (7.91) into (7.84),
we find that

2 o bl 2\ s
I(z,e) = ;3/—2/0 Ts1nh(7r7')/(; K. (ﬁ) y5/4

v (] @) 37
XGo T+t dy
)

z
Y1 -1/4,—(Br*), —(Bm
% f (%)) (u)dudr.

” 1 (2u)~!, -7/4 m,n+1 —3/4’ (aP)v _1/4
XA K{‘r (%) € u Gp-’f.zvq+1
(7.93)

(By),1/4
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To change the order of integration (we omit details) in this iterated integral we need
to use inequality (1.100) as well as the following estimates

z-1/4

y/sinh(77) '

where A is a positive constant (see Lebedev [1]),
(I —(ap*), ~(an), 3/4
_1/41 —(ﬂ;‘ﬂ), _(ﬂm)

[Kir(z)| < A z >0, (7.94)

g—m+1,p—n
G p+1,0+1

) =0 (jul'""*) ,u -0, (7.95)

—(a:+1)7 _(an)1 3/4
-m -n |z -
GUaty (; —0(jul*),u—oc0,  (796)
_’1/4) __(ﬂm+l)’ '—(ﬂm)
where a = — +mg‘l Roy and f = min(— mgic RB,—1/4). By virtue of the in-

equalities (7.83) a.nd the condition for the G- transform (7.78) being from the space
Ly (Ry; e®)” ~'£73/?) we are led to the expression

1 1

+f (;)) (v)

—3/4, (), —1/4
—(ait1), —(an), 3/4 )u—5/4~e

I(z,e) = 3/2/ @)™y~ (G':+n2+q1+1 B/
—-1/4,—(B*"), —(Bm)

q—m+1,p—n
/ Gr+1 q+1 (

x [ Tsmh(7r1')K.,( )Kg., (%) drdudy. (7.97)

But the inner integral by 7 in (7.97) is evaluated by formula 2.16.51.9 in Prudnikov
et al. [2]

/0 7 sinh(r7) K, ( ) Kair (%) dr = f;/—z %e-”ﬂ“-‘u‘. (7.98)
Hence we obtain
—3/4, (o), —1/4
(Ba),1/4
—(op*?), —(em),3/4

—1/4,—(B7*"), = (Bm)

o0
Ize)= [y (G",:;;t:ﬂ
0

g—m+1,p—n
/ GP+1 q+1 (

) e Yy dudy. (7.99)
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Now we represent the inner integral in terms of gamma-functions by using the defi-
nition of the G-function, Euler’s integral (1.22) and Fubini’s theorem. As a result we

obtain, that
1
(8),1/4 (7)) v

1 [(-1/44+s)T3/4+e—3s) (z\°
—/ —] dsdy.
2mi L, T(3/4+s)¥(1 —s)

By this expression of I(z,e) we can see that it converges uniformly when ¢ —

0 owing to the Lebesgue theorem, since the included G-transform belongs to
Ly(Ry; @)™ £73/2), Then

—3/4) (Ot,,), _'1/4

oy

hat —-2—¢ m,n+1
](1',€) =/0 K (Gp+2,q+l 1

(7.100)

_3/41 (aP)1 _1/4

(B),1/4
1/41 _(a:+l)’ —(Ot.,,),3/4 >

dy.
—1/4’ _(ﬂ;"+1)a _(ﬂm)

For the G-function in (7.101) one can choose the contour o as in formula (7.49) due
to conditions on its parameters. After that in order to obtain our expansion (7.77) it
is sufficient to use the analog of Theorem 7.5. In other words substitute the integral
like (1.59) for the respective G-function and change the order of integration by the
Fubini theorem. As result we arrive to the integral (7.49), i.e. I(z) = f(z). This
completes the proof of Theorem 7.6. o

I(2) = Jim I(z,) = [ v~ (Ga

(7.101)

g-m+1,p—n+1 | T
xG p+1lg+1 ( y

Let us consider special cases of the general formulae (7.75), (7.77). Setting in
(715)m =n=p=0, ¢g =1, fi = —3/4 use identity (7.67) and the translation
formula (1.62) for the respective G-function. Then up to the simple replacement we
arrive to the Lebedev-Skalskaya transform like (6.43)

1 had -1 1
— —(2u) . —5/4
g(1) —\/7?/; e REK 1 jo4ir (_2u) f(w)uMdu, 7>0. (7.102)

The corresponding inversion formula (7.77) in this case follows immediately applying
(7.83). Hence invoking with (7.68) after changing the contour L on the right loop and
passing to the limit under the sign of integral with additional condition, for instance
g(r) € L(R4; 7sinh(277)) we shall obtain

26(237)_1 oo 1
f(z) = 1(3/2—:':3/4/(; cosh(7T)RK /24 (ﬂ) g(r)dr, = >0. (7.103)
Another example is given by the R-transform (7.75), when m = 0,n = p =

g = 1,04 = 1/4,6; = —1/4. Appealing to identity (7.66) we obtain the following
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R-transform

9(r) = % /0 > [K,vr (%) Kitir (%)] fwyudu, >0 (7.104)

Its inversion can be deduced directly by calculation of the Meijer G-function owing to
the Table of the Mellin transforms and G-functions in Prudnikov et al. [3]. Omitting
here the exact conditions of passing to the limit in the inversion formula (7.77) we
demonstrate formally the reciprocal formula of the ®-transform (7.104). In fact, using
relation 8.4.21.26 in Prudnikov et al. [3] and identity (7.62) we obtain

-5 e () e ()

I (%) . (\/LE)] g(r)dr, z>0, (7.105)

where I,(2) is the modified Bessel function defined by formula (1.90). More general
situation of the index transform with the combination of Bessel functions can be
derived by using formula (7.69). In this case we arrive to the following pair of the
reciprocal formulae

o) =7 / [1{a+,,( )K,,+., (%)] flwudu, >0, (7.106)

0 a3 (1)

A (%) Ipsir (—\%)] g(r)dr, z>0, (7.107)

where we mean a + 8 = 1. One can exhibit here also the pair of dual formulae with
the squares of the Bessel functions, namely

o) = [T R [T (V) = i (V)] S0}y, (7.108)
@) =5 [ R [Wasir V) + e VD) 9()r. (7.109)

Similarly this approach one can spread on the S-type index transforms and to obtain
a new pairs of theirs.

7.3 Note on the essentially multidimensional
Kontorovich-Lebedev transform
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We conclude this final chapter with the brief announcement of the idea to spread
the above index transform constructions on the multidimensional case. In particular,
it concerns the so-called the essentially multidimensional Kontorovich-Lebedev trans-
form. We shall introduce it basing on the notions of the multidimensional Fourier
transform and certain modification of the essentially multidimensional Laplace trans-
form (see the references at the beginning of this chapter). Note that detail investiga-
tion of this object as well as other multidimensional index transforms falls outside of
the framework of this book.

As is known the n-dimensional Fourier transform of the function f : R* — C is

defined to be 1

[F1)(e) = Gy /R" ) (1)t (7.110)

where z = (z1,...,2,), {t,2) = 181 + ... + zat,. The essentially multidimensional
Laplace transform was first introduced in Vu Kim Tuan [6] by formula

(Af)(z) = /Rn exp (= max(rty, .. ., zatn)) f(2)dt. (7.111)

We need also to define here the multidimensional Mellin transform (see, for example,
Brychkov et al. [1,1992]) as follows

F*(s) = / 2V f(z)dz, (7.112)
R}
where we mean as usually s € C", f: R} — C and integral (7.112) is understood as

* - o s1-1 ot s2—1 *° sn—1
f (s)—/(; z3 /0 z5 /0 z;2 7 f(2)dzy . . . dz,. (7.113)

Let us consider the n-dimensional analog of integral representation (1.98) of the Mac-
donald function. Namely, we introduce the following kernel

1
K™x(z) = 7 /Rv- exp (— max(z; coshuy,...,z, coshu,) + i{r,u))du, (7.114)

where z € R}, 7 € R". Consequently, it gives us the possibility to define the
essentially multidimensional Kontorovich-Lebedev transform of the function f : R* —
C accordingly

Ko=) = /R" K™ () f(z)dz. (7.115)

As, is obvious, the case n = 1 leads us to the Kontorovich-Lebedev transform (2.1).
However, one can express the introduced kernel (7.114) for the Kontorovich-Lebedev
transform (7.115) in terms of the special functions of several variables. For this we
exhibit the key Mellin transform formula of the Laplace kernel exp(— max(z, ..., ,))
(see Brychkov et al. [1,1992])

/ z*~' exp(— max(zy,...,z,))dz = Fdt+sit...+ s").
R: 81...8n

(7.116)
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It immediately implies that the inversion formula is true

1 / / T(l4si+...4sn)
@m) Jon) T Jm) $1...5n

xzy®™ .. .z, %dsy .. . dsy, (7.117)

exp(— max(z1,...,%,)) =

where v; = Rs; > 0, ¢ = 1,...,n. Making use this representation substitute it within
(7.114) and change the order of integration. To evaluate the obtained inner integrals
invoke with integral (1.104) namely with its reciprocal relation as the inverse cosine
Fourier transform (see also formula 2.5.46.6 in Prudnikov et al. [1]). Calling the
reduction formula (1.23) for gamma-functions as a result we find that

r
/ / (Lts+ +3")$f"...z;’"dsl...dsn
(1) (vn)

S81...8,

XH/ COSTiU . _ 4-n / / Fl+4s14...4+sn)
cosh™ u @ri)" Jo) Jea) T(s1+1)...T(sn + 1)

sj +7; s; — i1\ [x;\ 7%
() (5) (3) e -
x [I ( 5 r 5 5 ds; (7.118)

i=1

As is shown for example in Marichev and Vu Kim Tuan [1] integral (7.118) is easy
to reduce to the H-function of several variables. Furthermore, applying the Mellin-
Parseval formula for the multidimensional Mellin transform (7.112) (see Brychkov
et al. [1,1992]) one can deduce the relation for the Kontorovich-Lebedev transform
(7.115) such that

ax FT(l+si+...454)
K== (27rz)" /(u,) /(L,.) I'(si+1)...T(sp +1)

< [T (SJ' ;”") r (s" ”2"") 2% (1 — s)ds, (7.119)

j=1

under condition f € Ly(R};z™"), v = (v1,...,vn) € R}. Here we mean that
s=1(51,...,8,), ds =ds;...ds,.

Let us demonstrate the formal deduction of the inversion formula for the multi-
dimensional Kontorovich-Lebedev transform (7.115). For this use identity (7.34) to
organize n-times integration through in (7.119) by indices 75,57 = 1,...,n. Change
formally the order of integration after calculation of the inner integrals we arrive to
the equality

( )/ HT]Slnh(WTJ)I{"](x])I max| f]dr

+]1

T(14+s14...4+s5)
Sf*(1 — s)ds. 7.120
(21rz)vn /(ul) /(un)r s +1). r(s,,+1)”” frQ = s)ds (7.120)
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Choose now the contour (v) = (v; — 100, vy +100) X ... X (Vs — 100, vy + t00) With
0<vy;<1l,7=1,...,nand Y v; > n—1. Consider the auxiliary kernel that can be
easily reduced to the Meijer G-function of several variables, namely

1 I'(s1)...T(sn) s
G(=) = (2mi)m ./(.,) T(si+..+sm+1—n)" ds. (7.121)

This function generates the kernel of the inverse Kontorovich-Lebedev transform.
Indeed, let us define the kernel such that

Kf',‘“_l (z) = / G(zoy) H Kir,(y;)dy, (7.122)

i=1

where we mean by z oy = (z1y1,...,Z.yn). Hence applying through in (7.120) this
operator of the Mellin convolution type change formally the order of integration and
we obtain

(i)n'/R:jIj;Tj sinh(77;) K2 (z) K[ f)dr

2

1 j ) 2 (1 - s)ds = z’;(—z-l)— (7.123)

=(21rz)" ® 2,52’

where z7! = (z7%,...,z;'). Thus we deduced the pair of reciprocal formulae of the
essentially multidimensional Kontorovich-Lebedev transform

Kz™(f] = [ KE™()f(2)de,

FiCawl (”2)/ T1 75 sinh(rr;) K2 () K25 fdr. (7.124)

zl xﬂ +J 1
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Notations

Ly(w) 1
Rsl

P(t)3
Lyp(R4)5
I'(z) 5

(2)a 7
B(s,t) 7
F}(2)9
Q2(2)9
oF1(a, b; ¢; 2)9
2FiT[£]200
J.(2) 13
I(2) 14
K,(2) 14
Ki-(z) 14
(K fl(z) 30
[Ff](z) 30
[Fefl(z) 31
[Fef(z) 31
f*(s) 31
(Lfl(z) 33
(f * 9)(z) 33,57,105
[Juf)(z) 35
Ki;[f] 40
(Ig)(z) 42
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K,[f] 56

K7 12l f] 64
[0f](<) 64
Yi(z) 64
KL[f)(r,z) 68
MF[f(r) T5
MF(L,) 78
MPF[f](r,z) 101
(Juf)(=) 101
M f(t); s} 31

a1,...,Gp;
oFy [fiririz] 8

Grir (#1{33) 10

W,.ir[f]203

Fy(a,ay,b,by; ¢z, ¥)205

(Faf)(2)206
[G£](=)209
MZY(L)210
(RGf)(z)215
K™%(2)222
K[ f]222
(KF)(z) 106
K(z,u) 106

L> 114

L3115

M, 119
P_yj24ir{f} 138
K1[f)(=) 141
#p(Fyy) 144
[SZ.f] 162
[Rf)(r) 171
[Sf](r) 171
LS*(L,,) 177
(f * g9)z(z) 190
S2(u,y) 195
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